NEKUUNA 2. MTPEOEJT ®YHKUNI.

[ToHATME YNCNOBOWU PYHKLUN
Cnocobbl 3agaHnsa PyHKLNK
XapakTepuUcTmkm oyHKLUA
OCHOBHbIEe arieEMEHTapHblIe PYHKLNU
[Mpeoen yHKUMK

OOHOCTOPOHHUE NPUAESbI
TeopeMmbl 0 npeagenax @yHKUnm
3amevaTterbHble npuaensl

BeckoHe4yHO Manble n 0eckoHe4vyHo bonblLune
BEINMNYUHbI

[Mpnmepsl



MOHATUE YACNOBOW dYHKLINA

[loHATUE PYHKUMU ABAAETCA OAHUM U3 OCHOBHbIX
MaTEMaTUYECKUX MOHATUN, OHO CBSA3AHO C
YCTAaHOBAEHUEM 3aBUCUMOCTU (CBA3U) MEXAY
3ANEMEHTaMMN ABYX MHOXECTB.

[lyCTb A@Hbl ABa HEMYCTbIX MHOXECTBa AEUCTBUTEABHbIX
ynucen X uY. CoorBetrctBue f, KOTOpoe KaXxAomy
AAQHHOMY YUCAY X € X CONOCTaBAAET OAHO U TOAbKO
OAHO YUCAO Y E Y, Ha3biBaeTcsd YUCAOBOU PYHKLUEN U
3anucbiBaerca y = f(x)

[OBOPAT eLle, uto GyHKUUsA f otobpaxaer MHOXECTBO X
Ha MHOXECTBO Y.



MOHATUE YACNOBOW dYHKLINA

[lepeMeHHas x Ha3bIBaeTCs apryMeHToM (hyHKLUMMK
NN HeE3aBUCUMOW NepemMeHHon, a y — 3Ha4YeHuem
byHKLUM nnn 3aBUCUMOIN NEPEMEHHON (OT X).
OTHOCUTENBHO CaMUX BEMNUYNH X N Y TOBOPAT, YTO OHU
HaxoasaTcs B (PYHKUMOHArIbHON 3aBUCUMOCTM.

MHoOXecTBO X Ha3blBaeTcsl 00nacTbio onpeneneHus
dyHkummn t n obosHavaetcs D(f). MHOXeCTBO BCEX Y
Ha3bIBAETCA MHOXECTBOM 3Ha4YeHUMN PYHKLUN T 1
obo3Havaetcs E(f)

Ecnn nepeMeHHble X Ny paccMaTpuBaTb, Kak
OeKapToBbl KOOpANHaThIl, TO rpadPKOM (PYHKLUN y =
f(X) Ha3bIBAETCA MHOXECTBO TOYEK KOOpAMHATHOM
nnockoctn OXY c koopanHatamu (X,y).



CMNOCOBbI SAJAHNA GYHKLINA

OCHOBHblE $pOPMbl aHAAUTHUYECKOIO cnocoba 3apaHuUS
OYHKLNA

1) ABHaA popma: PyHKUMA 3aAaeTCHa B BUAE OAHOU UAU
HECKOAbKUX GOPMYA, HANMpuUmep

1,ecitux >0
y=GHx—1*umy={—-1ecaux <0
0,eciux =0
2) HeABHada ¢opmMa: PyHKLUA 3aAaeTCsA B BUAE YPaBHEHUS,
Hanpumep xy-1=0

3) napameTtpuyeckasa ¢opma: 3HaYeHUA X U Yy BblpaXkaroTcs
yepes TPETb0 BEAUYUHY, Ha3biBaEeMYO MapaMeTpoM,
Hanpumep x=sin t, y=cos t



CNOCOBbI SAAAHUA PYHKLINA

Tabnun4HbIN cnocob: PyHKUMS 3adaeTca Tabnmuen

psaa 3Ha4YeHUn aprymeHTa n COOTBETCTBYOLLUX
3Ha4YeHUN PYHKLNN.

Ha npakTmnke 4acTo NpuUxoanTCcd Nonb30BaTbLCA
Tabnuuamuy sHa4eHNN QPYHKLUKUIN, NOSTyHYEHHbIX
OMbITHBLIM NYyTEM UM B peayrbrate HabnogeHun.

'padhnyeckmnn cnocob: 3agaetcs rpadpmk yHKLUN.
[TpenmyLLecTBOM rpadpmyeckoro 3agaHus ABAsETCA
ero HarnsagHoCTb, He4OCTaTKOM — €ero HETOYHOCTb



YETHbBIE N HEYETHBIE ®YHKLIWA

PyHKuMAa y = f(X), onpepeneHHan Ha MHoXxecTBe D,
Ha3bIBAETCA YETHOU, eCAU AN At0DOro X € D
BbINOAHAKOTCA ycAOBUA -X € D u f(-x)=f(x);

HEeYeTHOMU, eCAn ANA AOOOTro X € D BbINOAHAKOTCSA
ycAoBUA -x € D u f(-x)=f(x).

[PadnK yeTHON GYHKLMN CUMMETPUYEH OTHOCUTEABHO
ocn Oy, a HEYETHOU — OTHOCUTEABHO HayaAa
KOOPAMUHAT.

2

Hanpumep, v = x?; y=+vV1+x?; y=In|x|; —
YEeTHblE QYHKLIUU;
y = sin(x); y = x> — HeueTHble QYHKUMU;

y=X—1,y = /X — OyHKUMKN 0OLLEr0 BUAS, T. €. HE
YeTHble U HE HEeYETHbIe




[NEPUNOOAUNYHECKUE ®YHKLINA

dyHKuMa y= f(x), onpepereHHasa Ha MHoXecTBe D,
Ha3blBAE€TCA NEPUOAUYECKOU HA 3TOM MHOXECTBE,
€CAU CYLLECTBYET Takoe YMCcAO T> O, UTo NpU KaXXAOM
XE D 3HaueHne (x+T)eDuf(x+T)="1(x).

[1pn 3TOM UncAO T Ha3bIBaeTca hepuoAOM GYHKLUN .

Ecau T - nepnop GyHKUUK, TO ee nepuopamMmu ByayT
Takke uncaa KT. rae k== +1; 2, ...

Hanpumep, ana f= sinx nepuoaamm byayt Yncaa +2r;
+4 1m; £6 1, ...OCHOBHOU NEPUOA (HAUMEHbBLLUMK MOAO-
XUTEAbHbIW) - 3TO NEPUOA = 2 TI.



O PAHUHEHHAA ®YHLIUA

OyHKums f(X) Ha3biBaeTcss orpaHUYEeHHOU CBEPXY, ECAU
CYLLECTBYET Takoe YNCAO M, uTO AN BCEX 3HaYeHUN XED
BbINOAHAETCA HepaBeHcTBO f(X)<M, 1 orpaHUYeHHOU
CHU3Y, ECAU CYLLLECTBYET TAKOE€ YMCAO M, YTO AAA BCEX
3HauYeHnn XED BbINOAHAETCA HepaBeHCTBO f(X)=m,

PyHKUMSA, OrPaHUYEHHAs U CBEPXY U CHU3Y, Ha3blBaeTCH
OorpaHUYeHHOU

Hanpumep, f(x)=x2 orpaHnyeHa cHuay, (m=0) n He
orpaHU4YeHa CBepxy,

f(x) = —x? orpaHuuyeHa cepxy (M=0) u He orpaHuyeHa
CHU3Y.

f(x)= sin(x) orpaHn4yeHa ceepxy M=1 n cHn3y m=-1



MOHOTOHHAA ®YHKLINA

[lycTb pyHKUUA f(X) onpepeneHa Ha nHTepBaAe (a,b);

dyHKUMA f(X) Ha3bIBaeTCcA Bo3pacTaloLen Ha (a,b), ecan Ans
Atoboi napbl 3HaueHu x4 € (a, b), x, € (a, b) U3 HepaBeHCTBa
x1 < X5 CAeAyeT HepaBeHCTBO f(x1) < f(x3)

EcAn U3 HepaBeHCTBa x; < X, CAEAYET HEPABEHCTBO
f(x1) < f(x;), TO PyHKUMA HA3bIBaeTCs HeybbiBatoLWen

DyHKumA f(X) Ha3biBaeTcsa ybbiBatoweun Ha (a,b), ecan pna Atobou
napbl 3HayeHun x; € (a,b), x, € (a, b) N3 HepaBeHcTBa
x1 < X CA€AYET HepaBeHCTBO f(x1) > f(x5)

EcAn U3 HepaBeHCTBa x; < X, CAEAYET HEPABEHCTBO
f(x1) = f(x3), TO GyHKUMA HA3bIBAETCSA HEBO3paCTatoLEN

Bospacrarowme, He Bo3pacTatoLume, yobiBatoLme u
HeybbiBatoLLME GYHKLMU HA3bIBAOTCA MOHOTOHHbIMMU



OBPATHAA OYHKLNA

[lyctb GYHKUMA Y=F(X) - UncAOBaA PyHKUMA C 0OAACTbIO
onpeaenenns D(f) n mHoxecTtBomM 3HauyeHuu E(f)

Ana aroboro y, € E(f) B MHOXecTBe D(f) Hanaetcs xota bl 0AHO
3HaYeHUe X=X, Takoe, uto f(Xy)=Y,.

Ecan y=f(X) HenpepbIBHAA U CTPOro MOHOTOHHAas, TO 3TO
3HayeHne X, EAUHCTBEHHOEe

CooTBeTCTBME, OTHOCALLEE KaXAOMY UMCAY Y, E E(f)
€AMHCTBEHHOE UMCAO X, € D(f), Ha3biBarOT GyHKUMEN, OOpaTHOM
K dyHKUMU f, o603HauatoT cumsonoM 1 n nuwyt x=fi(y)

Y100bl HAUTU PYHKLUMIO, OOPATHYHO AQHHOM, HY)XHO PELLUUTb
ypaBHeHUe f (X) = Y OTHOCUTEABHO X.

[pnumepsil.

1. Ara GyHKUMK y= 2X 0O6paTHON GYHKUMEN ABASETCA QYHKLMA X= %y:

2. Anst QyHKUMK y=x2, X € [0, 00) 06paTHON GYHKLMEN ABAAETCA X = (/Y



CBOVCTBA OBPATHOU ®YHKLIW

Ecniv dyHkumns x=F1(y) asnaetcsa obpatHon Ans pyHKLMK

y=f(x) , To dbyHKuns y=Ff(x) dyoet obpatHon ansa dyHKLUNN

x=F1(y).

T.e. dbyHkumu y=Ff(x) ux=Ff1(y) aBnsaorca B3aMmMHO
oOpaTHbLIMMN.

ObnacTtb onpegeneHus doyHkunm y=f(x) siensietca
MHOXeCTBOM 3HauveHuin dyHkummn x=F1(y), a MHoxxecmeo
3HavyeHuu yHkumn y=f(x) - obnactbto onpeneneHns
cbyHKLmn x=F(y)

[ padomkn B3anMHO 00paTHbIX YHKLUNKY CUMMETPUYHbI
OTHOCUTENBLHO DUCCEKTPUCHI MEPBOIO N TPETLETO
KOOpAMHAaTHbLIX YrnoB KoopanHaTHow nnockoctn OXY,

E y:X
3 N =2
= f-1=Vx




CJIIOXHAA &YHKLINA

[ycTb y=f(X) — uncnoBas GyHKLUS C OOAACTbIO ONPEAENEHUS
D(f) n mHOXecTBOM 3HauyeHuu E(f), a z=g(y) - uncaoBas
dyHKUMA ¢ obAacTbo onpepeneHusa E(f) 1 mHoxXecTBOM
3Ha4YeHun E(g)

CoOTBETCTBME, KOTOPOE KaXXAOMY AAHHOMY UYnCAy X € D(f)
COMOCTaBASAET eAUHCTBEHHOE YMCAO Y € E(f), a aTOMy UUCAY
Y - EAMHCTBEHHOE YMUCAO Z € E(g), Ha3blBaeTCA CAOXHOU
dYHKUUEN (MAM cynepno3numen 3aAaHHbIX PYHKLUU, UAU
dGYHKUUEN OT GYHKUUN) U 3anuncbiBaeTcs Z = g(f(x))

Hanpumep , dyHKUUA Z=Sin 2X eCTb Cynepno3numsa AByX
OYHKUMM Z=SiN Y N y=2X



OCHOBHbIE 3MEMEHTAPHbIE
OYHKLINN

CreneHHas ¢yHKuma y = x¢

Y




OCHOBHBIE 3NEMEHTAPHbIE
OYHKLIN

CreneHHas ¢yHKuma y = x¢

Y
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OCHOBHBIE 3IEMEHTAPHBIE
OYHKLIAM

[Toka3aTteAbHas GyHKUMA y = a*,a > 0,a # 1

Y Y

=at
(a>1)
: e
(0; 1) (0<a<1i) (0;1)

r—’/ \-—.

O T O




OCHOBHBIE 3IEMEHTAPHBIE
OYHKLIAM

Norapupmmueckasa oyHkuma y = log, x,a > 0,a # 1

U e Yy
y=log, z (a>1) b
(0<a<1)
(1;0) I

Sl

0/(1;0) T 0 \x




OCHOBHbIE SJIEMEHTAPHbIE

OYHKLIN

TpucoHoMempu4yeckue PyHKLNU
y=sin X, y=cos X, y=tg x, y=ctg x

y=cos |
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OCHOBHBIE 3NEMEHTAPHbIE
OYHKLIN

O6pamHbie mpucoHoMempuy4yeckue OyHKLINK
y=arcsin X, y=arccos X, y=arctg x, y=arcctg X

{y Y

Y =arccos
T
Y
________ Y
e e LT e R & o et
2
y=arctg \
O T = y=arcctg T
5.
ST SRR TR HrcR; TR
0 x




AJIEMEHTAPHAA ®YHKLA

- 3Ta GYHKUMSA, 3apaBaemMmas OAHOU GOPMYAOH ,
COCTaBAEHHOW U3 OCHOBHbIX AAEMEHTAPHbIX PYHKLUN U
MOCTOSAHHbIX C MOMOLLLbKO KOHEYHOIO YMCAA

apuPMeTUYECKNX onepauum (CAOXXEHUSA, BblUMTAHUS,
YMHOXEHUSA, AEAEHURA) U Cynepno3nLumnim GyHKUUK

MpUMepbl IAEMEHTaPHbIX GYHKLMIA
y=GHx—-1?%;y=In(2+x3);y =sin2x — Inx
[pUMepbl HEIAEMEHTAPHbIX GYHKLIMI

l,eciux >0
y=3—1lecmmx <0
O,eciix =0




MPEOEN ®YHKLNW (MO FEENHE)

[lyctb pyHKUUA f(X) onpeaeneHa BO BCEX TOUKAX MPOMEXYTKa
(a,b). NocTponm nocAep0BaTEAbHOCTb 3HAYEHUW apryMeHTa
GYHKUMU f(X) Xq,XoyX3..... TAKYIO, UTOOBI BCE X, € (8,D0) U
MOCAEAOBATEABHOCTb  CXOAMAACH K X, € (a,D)

lim x,, = x;

n—00
Torpa 3HaveHus dpyHKuUMK f(X) Toxke 0bpasyoT YUUCAOBYHO
nocAeAOBaTEAbBHOCTD f(X,), f(X,), f(X3).....

Uncno A aBasetca npeperomM ¢yHKUUK f(X) npu X, cTpemMsaLLeMcs
K Xgy, €CAU AN AHOOOM MOCAEAOBATEABHOCTU 3HAUYEHUN
aprymMeHTa, CXOAALLMXCA K X,, MOCA€AOBATEAbHOCTb 3HaYEHUN

GYHKLMU CXOAUTCA K UMCAY A
lim f(x) =A

X—Xo



FEHPUX SOYAPLO FrEUHE (HEINRICH EDUARD
HEINE)

(1821-1881) — HemeLKkumn
MaTemMaTtuK. Y4yeHuk mnpuxne.

3yyan matemaTtuky B

[ €TTUHIEeHCKOM YHUBEPCUTETE,
beprnnHcKkoOM YHUBEPCUTETE U B
AnbbepTuHe B KEHUrcbepre,
611 Npodeccopom
MaTeMaTUKK

B boHHe n B ['anne.

3aHnmMancs Teopuen
noTteHunana, Teopuen PyHKLNM
n andpdpepeHLmanbHbIMK
YpaBHEHUAMM




NPEOEJT ®YHKLU AW (MO KOLWN)

Uncno A aBasetcs npepaenoM ¢yHKUMUU f(X) npu X,

CTPEMSALLEMCA K X,
Iim f(x) =A

X=X

EeCAU AN AODOTO MOAOXMUTEABHOIO YMCAA € HAUAETCS

TaKoe NMOAOXUTEAbHOE YMCAO O, 3aBUCALLLEE OT €, UTO

ANA BCEX X € (a,b), yAOBAETBOPAOLLNX HEPABEHCTBY
0<|x—x9] <0

BbINOAHAETCA HEPABEHCTBO
[f(x) — Al <e



NPEOEJT QYHKUUMN (OBOBLLUEHWE OJA

oorz
ycTb GYyHKUMA f(X) onpeapeneHa Ha MHTepBaAe (- oo, + o)
Uncno A aBasgetca npepenoM ¢yHKUMU f(X) npu X,

cTpemMaLlemMcs K + oo,
lim f(x) =A

X— CO

eCAU AN AFOOOTO MOAOXKUTEABHOIO YMCAQ € HAUAETCA TaKoe
MOAOXUTEABHOE UNCAO A, 3aBUCALLEE OT €, UTO AAA BCEX X,

YAOBAETBOPSAIOLLMX HEPABEHCTBY
- x> A

BbIMOAHAETCA HEPaBEHCTBO
[f(x) — Al <e

e i et ]
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NPEOEJT QYHKUUMN (OBOBLLUEHWE OJA

oocg
YHKLMA f(X) cTpemMutca K + oo, NpU CTPEMAEHUU X K X,
lim f(x) = 4o

X—X(

€CAU AN AHOOOTO CKOAb YTOAHO HOABLLIOIO NMOAOXUTEABHOTO Uncaa E
HaMAETCA TaKoe NMOAOXKMUTEABHOE UMCAO O, UTO AAA BCEX X,
YAOBAETBOPAOLLUX HEPABEHCTBY
0<|x—xp] <6
BbIMOAHAETCHA HEPaBEHCTBO
f(x) < E




OAHOCTOPOHHUWE MNMPELOEJBI

B onpeaenenumn npeaena ¢yHkummn lim f(x) = A
X—X0

CUUTAETCH, UTO X CTPEMMUTCA K X, AOObIM CMOCOOOM:
OCTaBafACb MEHbLUNM, YEM X, (CAE€BA OT X,), OOALLLUM,
yeM X, (cnpasa oT X,), AU KOAEBAACH OKOAO

TOYKK X, BbiBarOT CAyyau, korpaa cnocob npudAnMKeHuUs
apryMeHTa X K X, CyLLeCTBEHHO BAUAET Ha 3HaYEHUe
npeaena GyHKLUW.

[ToaTOMy BBOAAT MOHATUA OAHOCTOPOHHMUX

NnpeAenoB



OAHOCTOPOHHWE MNMPELOEJIBI

[ycTb f(X) onpeaeneHa Ha (a,x,) .Mucno A, ABAAETCA AE€BbIM
npeaenoM GYHKUMU f(X) Npu X, CTpeMsLLemMca K X, CAeBa
lim f(x)=A4;
X—Xo—0

€CAU AN AHODOTO MOAOXMTEABHOIO UMCAA € HAMAETCSH Takoe
MOAOXUTEABHOE YUMCAO O, 3aBUCSALLIEE OT €, UTO AAF BCEX X E (a,Xp),
YAOBAETBOPSALLMX HEPABEHCTBY Xy — X < O BbINOAHAETCSA
HepaBeHCTBO |f(x) — A1| < &

[ycTtb f(X) onpeaeneHa Ha (Xq,0b). Yncno A, aBaaeTca npaBbiM
npeaenoM GYHKUMU f(X) Npu X, CTpeMALLEeMCA K X, CnpaBa
i, f5) = 4,
eCAU AAF AHOOOTO MONOXKUTEABHOIO YMCAQ € HAUAETCH TaKoe
MOAOXUTEABHOE YMCAO O, 3aBUCALLIEE OT €, UTO AAA BCEX X € (Xq,0),
YAOBAETBOPSAOLLMX HEPABEHCTBY X — Xy < O BbINOAHAETCSA
HepaBeHCTBO |f(x) — Ay| < ¢



OAHOCTOPOHHWE MNMPELOEJIBI

[Mpeaenbl GYHKLMK CAEBa M cnpaBa Ha3blBaOTCA
OAHOCTOPOHHUMMU NPEAENaMM.

OueBMAHO, ecAM cywlecTByeT lim f(x) = A, TO CyLWECTBYIOT U
X—=X0
00a 0AHOCTOPOHHMX NpeaeAna, npuuem A=A, = A,
CnpaBeaAMBO M 0OpaTHOE YTBEPXAEHUE: ECAU CYLLIECTBYIOT 06a
npeaena lim f(x) =A; v lim Of(x) = A,
X—>Xo+

X—>Xg—0
Y OHU paBHbI, TO cyllecTBYyeT npeaen lim f(x) = A
X—Xo

Ecan xxe Ay # A, 1o mpepen lim f(x) = A He cyliecTByeT
’ X=X .

1 Y | i
] I 1
] | ]
] ] ]
i I 1
1 | 1
] | '
1 » ] 1
oY ;
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21 21 T

] 1 1

] 1 ]

1 1 1

] | 1

1 1 1

| ly=tgx |

] ] 1




TEOPEMbI O MPEAENAX ®YHKL W

1) OYHKUMA MOXET MMETb TOAbKO OAUH MPEAEA
2) Ecan pyHKUMK f(X) 1 E(X) UMEKOT NPeAeAbl Npu x — a, To
dyHKUMK f(x) + g(x), f(x) - g(x), T 1akxke UMetor

g(x)
NpeAeAbl MpU X — a, NPUYEM
lim(f(x) £ g(x)) =lim f(x) £ lim g(x)
x—a X—a X—a
lim(f(x) - g(x)) =lim f(x) - lim g(x)
X—a X—a X0

£(x) lim f(x)
m

li = =2

x=ag(x)  lim g(x)




CNEACTBWA TEOPEM O MPEQENAX
OYHKLIN

1) NMoCTOAHHBIN MHOXUTEAb MOXHO BbIHOCUTb 3a 3HaK
npeAena:

lim (cf(x)) =c 11m f(x)

X—Xo

2) [lpepen cteneHu ¢ HatypaAbHbIM NMOKa3aTeAeM
PaBEH TOU Xe CTENEHU NpepeAa:

lim (f(x))"= ( 11m fOO)™,

X—X

B YaCTHOCTU

lim| }'t =00}
XX



[MPUMEP 1

BblUMCAUTL NPEAEA
3 2 limx3 +3x%+5 limx3 + lim 3x% + lim 5
1imx + 3y _|_5_x1_r)r}x = X Tt _xl_r)r}x +x1_r)r} X +x1_)1

-1 2x2 —x+2 lim2x2—x+2 lim2x2—=limx+1lim2
X1 x—1 wd [ 431

lim x34+3 lim x*+5  (lim x)*+3(lim x)*+5  {.3.5 ¢

— x21 Xpl — X21 xX—1 Lty — =
2 lim x?—lim x+2 2(lim x)%2—-1+2 2-1+2 3
x—1 xX—1 xX—1

- UcnoAb30oBaHbl TEOPEMbI O MPEAEAE YaCTHOIO, CyMMbl,
NPOM3BEAEHUS



[TPUMEP 2

BbIUMCAUTDL NPEAEA

PR mAs L 2(x2—9)
xo3 x2 — 2x — 3 x53x% + x — 3x — 3

201+ B) (o H3) | 2(x+3)(x—3)

3x(x+ 1) —3(x+1) 13 (x+1)(x—3)

2(x+3) 12 3

x—3 Xx+1 1 T 1
Ynucamtenb 1 3HaMeHaTeAb PA3N0XEHbI Ha MHOXUTEAM,
APObb Npeobpas3oBaHa, 3aTeEM UCNOAb30BaHbI

TEOpPEMDbI O lNMnpepene 4aCTtHOoro, Cymmbl, NPon3BEAEHUA




[MPUMEP 3

BblUMCAUTB NMPEAEA
2x — 4

lim
X22\2x — 2

(2x —4)(V2x + 2) Tl (2x —4)(V2x + 2)
3oz (V2x — 2)(V2x + 2) 32 2x — 4

=lim (vV2x + 2) =4

X—2

Yucamtenb 1 3HameHaTenb ApOOU YMHOXEH Ha
BblpaXeHune, CoNnps>XeHHOe 3HaMeHaTeAr, APobb
npeobpa3oBaHa, 3aTEM UCMOAb30BaHbI TEOPEMbI O
npeAeAe YacTHOro, CYMMbl, MPOU3BEAEHUS



SAMEYATEJIbHbIE MNMPULETDI

B Te0pun npepenoB BaXHOE MECTO 3aHUMALOT CAEAYHOLLIME NMPEAEADI, C
MOMOLLLbHO KOTOPbIX BbIYUCAAKOTCA MHOTUE NPEAEAbI OT SIAEMEHTAPHbIX

OYHKLNK:
sin x

1)limx_>0 =1

X

i
2)limy,o(1 + %)= limy, (1 + )" = e

log,(1+x) In(1+x)

3)lim,_, ] = log, e,)lcl_r)% ¥ 1
. i1l et L

A)lim,._,q il Ina, )lcli% il 1,

5)lim,._,q o) ind IR

X



[MPUMEP 4

BblUMCAUTB NpeAen

sin x + sin 3x sinx + 3sinx — 4 sin3 x

lim — _ =/ 1m _ .
x-0Sinx —sin2x x-0 sSinx — 2SinXx CoS X

. 4sinx(1-sin? x . 4 COS X 4
= lim — ( ) — Jim = EIRE
x—0 Sin x(1—2 cos x) x—01—-2cosx

NcrnoAb30BaHbl TPUTOHOMETPUYECKUE GOPMYADI
ABOWHOIO U TPOMHOIO YrAa, npeobpa3oBaHue
APOOU 1 NepBbIN 3aMeyaTeENbHbIM MPUAEA



BECKOHEYHO BEOJIbLIUME ®YHKLNIA

OyHKumMA f(X) Ha3biBaeTcs 6ecKoHeYHOo HOAbLLOW PYHKLUEN
(BB®) npn x = a, ecAn pnsa Aroboro CKoAb YroAHO BOAbLLIOTO
MOAOXUTEABHOIO UMCAa E HamaeTca Takoe NOAOXKUTEABHOE YUCAO
O, UTO AASl BCEX X, YAOBAETBOPSIOLLMX HEPABEHCTBY
O0<|x—al <é
BbINOAHAETCA HEPABEHCTBO
If(x)| < E
T.e. ecam f(X) ctpemuTcs K +0o0, NpU CTPEMAEHUU X K a

lim f(x) = +oo

X—a



[TPUMEPbI|I BB®
f(x)zi npu x — 0

f(x) =tgx npux - "/,




BEECKOHEYHO MAJIbIE ®YHKLW

dyHKuMA f(X) Ha3biBaeTcsa 6eCKOHEeYHO MaAoOn PYHKLIMEN
(BM®) npn x — a, eCAn pna Aroboro CKOAb YrOAHO MAAOTO
MOAOXMUTEABHOIO YUCAQ € HAUAETCH TAKOE NMOAOXKUTEABHOE YUCAO
O, UTO AASl BCEX X, YAOBAETBOPSIOLLIMX HEPABEHCTBY
O0<|x—al<é
BbINOAHSETCH HEPABEHCTBO
If(x)| < &
T.e. ecan f(x) ctpemutca K O, Npu CTPEMAEHUN X K @
limf(x) =0

X—a



[MPUMEPbI EM®

f(x) =x*npnx -0

f(x) =cosx mpnx — 7/,

y=cosz} Y

-

— 1+




TEOPEMbI O BECKOHEYHO MAJIbIX
OYHKUOWMAX

1) AArebpanyeckas cyMmMa KOHEUYHOTO YNCAa BECKOHEYUHO
MaAbIX QYHKLMK €CTb OECKOHEYHO Manasa GYHKLUS

2) MNMponsBepeHne orpaHMUYeHHOU PYHKLMU Ha BECKOHEYHO
MaAYy0 GYHKLUMIO eCTb BECKOHEYHO Manas GyHKLUUS

CnaeactBue 1 lNMpounssepeHune Apyx BMO ectb BMO®
CneactBue 2 lNponssepeHrne BM® Ha umcno BMO

3) YacTtHoe oT pAoeneHns BECKOHEYHO MaAOU GYHKLIMK Ha
OYHKLMIO, UMEIOLLYHO OTAMYHBIN OT HYASl MPEAEA, ECTb
6ecKoHeuYHO Manasa GyHKUMSA

4) Ecan dyHKUMA a(X)— 6eckoHevyHo Mmanas (a # 0), To PyHKUUSA

1
P ecTb 6eCKOHeYHOo boabLLas GyHKLMA M HA0ODOPOT: ECAU

1
dyHKUMA f{X) — BecKoHeuHo BoAbLLas, 11 6eCKOHEeUYHO Manas



CPABHEHWE BEECKOHEYHO MAJbIX
OYHKLIAI

[1Be BM® cpaBHuMBaoTCs MeXxay cobon C NOMOLLbIO UX
OTHOLLUEHUS.

Kak n3secTtHo, cymma, pasHoCTb 1 NPpOn3BEAEHNE OBYX
BM®. ectb BM®. OTHOLEeHME ke AByx BM® moxeT
BECTN Ccebs pasfMyHbIM 06pa3oM: ObITb KOHEYHbLIM
YMCIoM, ObITb BECKOHEYHO DONbLLION PYHKLUMEN,
6ecKOHEeYHO Marion nnu BooobLLE HE CTPEMUTLCS HU K
Kakomy npegeny.



CPABHEHWE BECKOHEYHO MAJIbIX

OYHKLIN

Nyctb @« = a(x) u B = B(x) — nBe BM® npu x - x,.
lim a(x) =0, lim B(x) =0

X—X(0 X—X0

. a
1) Ecam lim == A # 0,70 a u 3- BECKOHEYHO MaAble
XX

OAHOrO NopAAKa

. a
2) Ecan lim = = 0, 10 a - 6eckoHeyHo manasa boaee
XX

BbICOKOro NopAaka, yem [

. a
3) EcAan lim = = oo, 10 a - 6eckoHevyHO Manas bonee
XX

HU3KOro nopsaka,yem f3

: a
4) Ecan lim 3 He CyLLEeCTBYET, TO & U [f- HECPaBHUMbIE
XX

AorvnUuAQlILN NMAALIA



OKBUBANEHTHBLIE BECKOHEYHO MAJIbIE
OYHKLINN

: a
Ecan lim — = 1,70 a u - 3KBUBAAEHTHble OECKOHEYHO
X—X0

MaAble a~f3
9KBMBANEHTHbIE BECKOHEYHO MaAble UTPatoT 0CObYHO
poAb cpean BM® opHOro nopsaaka

T.1. NMpepen otHoweHUa AByx BM® He nameHUtcs, ecau
KaXXAYHO UAU OAHY M3 HUX 3aMEHUTb 3KBUBAAEHTHOWU e

BMO.

T.2. Pa3HocTb ABYX 3KBUBaAAEHTHbIXx BM® ectb BMO®
OoAEE BbICOKOIO MOPAAKA, YEM KaXAAA U3 HUX.

1.3, Cymma koHeuyHoro yncna bM® pa3Hbix NOPAAKOB
9KBUBAAEHTHA CAAraemMomMy HU3LLEro NopsAKa.




OCHOBHbIE SKBVBAJIEHTHbBIE BECKOHEYHO

MANBIE dYHKHUNA

[
O

. 8Inx ~ x npu = — 0;
.tgx ~z (z = 0);
. arcsinz ~ z (x — 0);

arctgz ~ = (z — 0);

2
1—cosa:~‘% (x = 0);

ef =1~z (z— 0);

a* —1~z-lna (z — 0);
In(l4z)~z (xz— 0);

Nog,(14+z) ~x-log, e (z — 0);
(1+z)f=-1~k-2,k>0 (z = 0);

B 4yacTHOCTH, V1 + 2 — 1 ~ %



[MPUMEP 5

BblUMCAUTB NpeAen

111tg 2x
lim —
x—0sin 3x
Tak Kak sin 3x ~3x utg 2x~2x ,To
. 2 11} 2
lim 2= Jim 2 = 2

x—0SIn 3x x—03X 3



