BekTopebr B
NPOCTpAHCTBE.

feoMeTpuS,
11 knacc.

C
S Ry 1 R 6 My i
AC = AB+ AD + A4,

AN

[ 5klass.net]

Bopobbes JleoHna AnbbepTosud, r.MUHCK




I. Onpenenenune Bektopa. OCHOBHbIE NOHATUSA, CBAA3aHHbLIE C BeKTOpaMu.

Kak u B NMNOCKOCTM, B MNPOCTPAHCTBE BEKTOP ONpedenseTcs Kak HaripaeneHHbIl
OMpPE30K: B
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Touka A — Hayasio sekmopa, B — koHely sekmopa. 3anucsiBawot: AB unn .
OBbIYHYI0 TOYKY B MNPOCTPAHCTBE Mbl TaKKe MOXEM CYMTATb BEKTOPOM, Y KOTOPOro

Ha4ano coBnajaeT C KQHEYHON TOWYKOW. TaKoW BEKTOP Ha3blBaeTCs Hys1eebiM U
obo3HavaeTca: Q v 44 .
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[OnuHa oTpeska, u3obpakalroLllero BEKTOP, HasbiBaeTca modysieMm (unu abcomntoTHOM

BENUYMHON) BEKTOPA, T.€.
AB|= AB (aa 100. )

ECTeCTBeHHo 4yTO ‘AA O

BekTopsl AB n BA ABNSAIOTCSA
rnpomueononoXxHsimu. O4eBNOHO, YTO: A

T




[1Ba BeKTOpa Ha3blBalOTCHA KOsI/TUHEAPHbBIMU, €CIN OHW NeXaT Ha O4HOW NMPSMOn Nnu Ha
napannenbHbIX NPAMbIX:

M b

1=

C

O603HaYeHNe KONMMHEapHbLIX BEKTOPOB: a," b, allec, c|b.

KonnuHeapHble BEKTOPLI, B CBOK O4epedb, ObiBalOT OANMHAKOBO HarnpaBreHHbIMU (MNnn
COHOI'IpaBJ'IeHHbIMVI) N NPOTUBOMOSOXHO Hal'lpaBJ'IeHHbIMl/I B HalLeM cny4Jae:

“

a 11 ¢ — coHomnpasneHHble BEKTOpbl, Tl b - /@p@bvbsononoxHo
Harpas/ieHHbIe BEKTOPbI.

[1Ba BEKTOPA HA3bIBAKOTCA pasHbIMU, €CIIN. 1) OHWN COHOMpPaBJiEHbI, U 2) nx Moaysiu
paBHbIl, TE€. =7 =7

a=be atthé |d=| / /



OT NpPOU3BONBbHOM TOYKM MPOCTPAHCTBA MOXHO OTNOXWUTb E€AWHCTBEHHbIN BEKTOP,

paBHbIN JaHHOMY:
L N
da o LLLLT
a=MN
M

Tpl/l BEKTOPA Ha3bIBaAOTCA KOMrlJiaHapPHbLIMU, €CITN OHW J1eXaT B OHOW MITOCKOCTW:

Yrrnom MeXxagy BekTopaMin Ha3bIBaeTCFI yroJl Mexxgy nx HaripasrineHUAMn:

a‘ ’ J;Tb o
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BenuunHa yrna mexagy Bekropamu MmoxeT nameHstes ot 0° go 180°. NMoaymainTe, koraa:

a) Ko =0 6) o= 1500 2
Omeem: a)aTTb 6)ale



I1. DencTBua c BekTOpamu.

BekTopbl MOXHO CkraabiBaTh — B pe3yrbraTte nonyyaerca eekmop. [1pu cnoxeHum aByx
BEKTOPOB MPUMEHSIKOTCH NpaBuna mpeyaobHUKa UN naparinenozpamma:

1 |_| n npumeHeHunn npapuria TpevrojfibHMkKa oamH N3 BeKTOpOB OTKMaAdbiBakKOT OT KOHLaAa
) Flpwn np HeH v npapnna, They A P O 1l

Apyroro, t.e. MK + KF = MF~

a+b L

a

b

2) lNpn npnmMmeHeHnn npagyiig Napgafrenekamma oba BeKTopa OTKnaablBaroT U3 obLen
HayanbHoW Toukn, 1.e. MK + MN = MF , rae F — BepwnHa napannenorpamma,
NPOTMBONOMNOXHAasA 00LLEen Ha4yanbHON TOYKE BEKTOPOB.
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a +b4>




Mpu cnoxeHun Tpex n bonee BEKTOPOB MPUMEHSIIOT 11pasusio MHO20Y20/1bHUKA:

4 7

u 7 .
a+b+c+d+e
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Obpatnm BHUMaHWE, 4YTO MPU CIIOKEHUM COHOMNPAaBMNEHHLIX BEKTOPOB MOsfyyaeTcs
BEKTOP, COHOMNpPAaBIIEHHbIW C AaHHbIMU N €r0 MOAYMb PaBeH CyMMe Moyrnen craraemMbix
BEKTOPOB: s = f f

P e e P e
° > a+b

[Mpy CnoXeHun MnpPOTUBOMOSIOKHO HanpaBEHHbIX BEKTOPOB MOMy4YaeTCs BEKTOP,
COHOMPAaBIiEHHbIN C BEKTOPOM, MMEKLWUM BOnbLUY0 ASIMHY U ero mMoaysflb paBeH ...
(nogymanTte, yemy?):
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a a b |a+b[ |b —|a{
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Takke MOXHO HanTu Pa3sHOCTb ABYX BEKTOPOB — B pe3yribrate rnosyiy4aeTcAa eeKmaop. rlpl/l
BblHNTAHUN OBYX BEKTOPOB MNMpUMEHAETCA BUOOU3IMEHEHHOE [1pasursio mpeyeosibHUKa —
BHa4ane oba BEKTOpa CTpPOATCA C obuiern Ha4vanbHOMW TOYKOW, 3aTeM COEeaUHSIOTCS
KOHLUbI 3TUX BEKTOPOB C BbI60pOM HarpaBJieHNA K «KyMeHbLLUAEMOMY» BEKTOPY.

— - 4 - 4
Unn: Tx. a—b=a+ —152 , TO MOXHO BHavane nocTtpouTb BEKTOP, NPOTUBOMNONOXHbIN
BeKTOpy b , a 3aTem 00a BeKkTopa CrNoXuUTb NO NpaBumy TPeyronbHM1Ka.




CnoxeHune BEKTOPOB, KaK 1N ClioXXeHune 4Yncest nog4nHAeTCcAa 3akoHam.

7 7 4

1) a+b=>b+a - nepemMecTUTENbHbLIN 3aKOH CIOXEHUS;

- 4

T — 4 o
2) a+ (b +;) = (a + [;)+ ¢ — codeTaTefibHbI 3aKOH CIOXEHUS:
3) a+0=a ;
- it
4) a+ (—_) =0\
Cneayouwee oencTeme ¢ BekTopamm — yMHOXeHne Bektopa Ha vncno k. B pesynbrarte
9TOro AEUCTBUS MNOSTy4YaeTcs BEKTOP, NPUYEM:

1) ecnun k>0, 10 ka:TT a: n lka =|k|-‘a :
2) ecnn k<0, 70 fkagtla W |ka =|k|-la ;
3) ecrmk=0,70 (., =0 - =



 elwe ogHO gencrTeme C BEKTOpamMm — YMHOXEHME OBYX BEKTOPOB. B LiKOMbLHOM Kypce
rEOMETPUN WNIYYaETCA CKalldpHoe T[ipou3eedeHuUe BEKTOpPOB. B pesynbrate 3Toro

aencteua (B OTNMHMM OT Mnpedblaylinx OEeUCTBUMA C BEKTOpaMM) MNOoSlyvYaeTca 4Yucro,
paBHOE Npou3BeaeHUI0 Moaynen AByX AaHHbIX BEKTOPOB Ha KOCUHYC yrna mMexay 3TumMu

BEKTOpamu, T.e. s =y
ab= |;HbTCOS Jz_',Tb.

[eoMeTpMYeckn ckanspHoe npou3BedeHMEe BEKTOPOB MOXHO MOHMMAaTb Kak nnowagb
napannenorpaMmma (Mnu  NpPOTUBOMONOXHAs €W  BennyMHa), CTOPOHbI  KOTOPOro
o6pasytoTcs OAHUM N3 AaHHbIX BEKTOPOB M BEKTOPOM, MEPNEeHaNKYNAPHbIM BTOPOMY C
TakuUM e Moayrem:

= ‘J-‘ﬁsin (90O —a) = ‘cq'ﬂ-cosa = c;’b_;’ = ‘cﬂﬁsin (oc —-90° ) = —|cq-‘l:’-cosa =

1 —F 0.d. |abl=S
R o R L
AR - g
90" ~a LA o b» o =90’ %‘ b>

0 — OCTpbIN yrors O — TYMOW yros



I11. KoopanHaTtbl BekTOopa. lencTBUSA B KOOpAUHATaX.

Ternepb paccMOTpuUM BCe 3TU TMOHATUS W OEUCTBUS C TOYKU 3PEHUSA KOOPAWHATHOIO
npocTpaHcTBa. BcrnomHum, YTO nwobasg To4yka nNpPOCTpaHCTBa 3adaercd  Tpems
KoopauHatamu A(X;y;z).

Ecnn  npuHATL  BekTOp 3a  napannenbHbIn
B(x,;¥,1Z,) nepeHoc HauanbHOW TOYKM A(X,;YZ,) B
KOHeYHyt Touky B(X,;y,Z,), TO KOOpAMHAaTbI
BEKTOpPA MNOKa3blBalOT: Ha CKOJIbKO U3MEHSHOMCH
coomeemcemaeyrouiue KoopouHamsal HadalrbHoU
moyKu — ripu —napaienibHOM — repeHoce 8

A(X,;3¥Z,) KOHeqHﬁ'T.e.
AB(x2 — X1 Yo Wb 25 _Zl)

Luuy LLL,
EctectBeHHo, Yt0 A4 (O;O;O) n BA (x1 —=X5 V=V B —zz) :

T.x. Moayrb BEKTOpa paBeH OfiMHe n3obpaxkatoLLero ero otTpeska, To:

Ll
IAB‘ = \/m2 +n°+k> ,mme AB (m;n;k) — KOOPAMHAaTbI BEKTOpA.

[1Ba BekTOpa, 3agaHHble koopanHaTamm a(ml;nl;kl) e b(mz;nz;kz) OyayT paBHbl,
ecnu (nogymamTe) ...
..-PaBHbI UX COOTBETCTBYIOLINE KOOPANHATDI, T.e. M, =M, , 1, =N, k, =Kk,



Ona cnoxeHus ABYX BEKTOPOB, 3afaHHbIX KoopaAnHaTtaMi, HYXHO MPOCTO CIIOXKNTb UX
cOOTBETCTBYHOLLMNE KOOPAOUHATHI, T.e.

iml;nl;k1 )+im2;n2;kz )= m +m,;n +n,k +k,

Mpu BblYUTaHUY BEKTOPOB, 3adaHHbIX KOOpAMHATaMW, HY)XXHO HaWTW PasHOCTU  UX
COOTBETCTBYHOLLNX KOOPANHAT, T.€.

iml;nl;k1 }—imz;nz;k2 )=(m, —m,;n, —n,;k -k, ).

YMHOXeHne BEKTOpa, 3afaHHOIro koopanHataMu, Ha 4Y1Mcrio BbINOJTHAETCA Tak:

aman:k)=(am:an;ak),  €R/

CkanspHoe NpoM3BEOEHNE ABYX BEKTOPOB, 3adaHHbIX KOOpAMHATamMu, PaBHO CyMMe
NPON3BEAEHUI COOTBETCTBYIOLLMX KOOPOVHAT, T.e.

iml;nl;k1 )i m,;n,k, )=mm, +nn, +kk,.

YcrnoBneM  KONMnMHEeapHOCTM [OBYX BEKTOPOB, 3adaHHbIX KoopauHaTtamu, 6yaer
NPONOPLMOHANBHOCTb NX COOTBETCTBYIOLLMX KOOPAMHAT:
- —> n, k, — —
ddtba> x8. =1 =% ==
m, n, k,

K] 4

CamocToATenbHO pasbeputech, korga g 11bh w atlb.



Ansa BbIACHEHNSA KOMMSTAHaPHOCTU TPEX BEKTOPOB HEOBXOANMO, UYTOObI Ntobon N3 aTnux
BEKTOPOB MOXHO 6le'|0 Pa3NOoXMThb N0 ABYM OCTABLUMMCS, T.€.

4

abcea<:>c—xa+yb x,y € R.

67 HanomMHuM Kak 3To BbIrMSaanT reoMeTpunyeCKu:

Mo npanmy napannenorpamma' AC AB+AD Ho AC c, AB ||a AD ||b

3Hauur, AB xa, AD yb = c—xa-j—yb x,y € R.
B JaHHOM KOHKpeTHOM cnyyae: ¢ = 2a + 3) , ecnu annnukaTtbl BCex ToYeK PaBHbI.



AHanNMTNYeCKN BLIACHUTb KOMIMJ1aHapHOCTb TpeX BEKTOPOB, 3adaHHbIX KOOpAUHaTaMM,

MOXXHO peluas cuctemy: I
my, = xm, + ym,, z)(mlﬂnlﬁkl)

\ 1, =xn +yn,, ddd b_gmz;nz;kz).

| iy =Xk + Yk, c(m3;n3;k3)

Ecrniv cuctema uMeeT eVHCTBEHHOE PELLEHNE, TO BEKTOPLl  , b, C  KOMMnaHapHs.I.

Nio6ol BEKTOP MPOCTPAHCTBA MOXHO PE3JOKUTL MO TPEM HEKOMMNNAHADHbIM BEKTOPaM,
T.C. d=xa+yb+zc, didab,céga; x,y,z€R.

L7
AHanuTu4eckn pasnoxeHune NOoro BekTopa d(m4;,n4;k4) No TpemM HekoMnnaHapHbIM

BEKTOpam a(ml;nl;kl)’ b(mz;nz;kz) P c(m3;n3;k3) CBOAMNTCA K peLleHnio
CUCTEMBI:

7~

m, =xm, + ym, + zm,,
y n, =xn,+yn, +zn,,

k, = xk, + vk, + zk,,

"

A pelleHe S9TOW CUCTEMbI — YNCN3 X, ) U z §BRATCH KO3 duuneHTamn pasnoxeHus
BEKTOpa J MO TpeM Bektopam . b e c.



[feomeTpnyecku aTo O3Ha4aeT BO3MO>KI|-1IQCTb MOCTPOEeHUA Napannenenunena, B KOTOpom
AnaroHanb 3agJaeTcd BEeKTOROM d , @ BCe& TpU WUIMEpEeHUsa — BEeKTopamu,
KONINMHEapHbIMU BEKTOpaM ¢ b e ¢ -
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B npsiMOyronbHOi c1ucTeMe koopanHaT B npocTpaHcTee BekTopkl (1;0;0), (0;1,0) ¢

k (0; GsBpbIBaIOTCH EOUHUYHBIMU KOOPOUHAMHBIMU 8eKmMopamu (unu épmamu). T.K. aTv
BEKTOPbI SBMSIOTCA HEKOMMNMaHapHbeIMU, TO MoGON BEKTOp NPOCTPaHCTBA MOXHO
pasnoxuTb no optam. Mpu aTom obpasyeTcs MPSIMOYroNbHLIA napannenenvnesn, a
KO3 PULNEHTbI pasnoXXeHnsa — koopamHaTbl JaHHOrO BEKTOpPA.

LAy  Lanids LI Luag- I Wi B LlLJLlIZF’y
AC, =AD+ AB+ A4 =xi+yj+zk = AC (x;1;z)

LA e,
B naHHOM cnyvae x=-3; y=4, z=6, T.e. koopauHaTbl BekTopa AC, (—3;4;6).



YMeHune BbINOSIHATL  AEUCTBUSA C BEKTOpaAMnN WU NOHUMaHUE  BbILLEN3ITOXKEHHOIO
MaTepuasria rno3BOJiAEeT pelaTb HEeKOTopble reoMerpmndyeckmne 3agayvm C MNOMOLLBHO

BEKTOPOB. OTOT CNocob nomyynn Ha3BaHMe BEKTOPHOro crocoba peleHus 3agay. Mol
NO3HAKOMUMCS C HUM Ha CreayloLLnx ypokax... .

S 1
Ons moboro Tetpasgpa: SO = 3 (SA + SB+ SC



