[lpeankaTbl N KBAHTOPGI.
[lenctBusa Hag npeankatTamMmm un nx
CBOMCT Ba NpnHa bopucosHa

[MpocBMpHUHA

* [lpeaukarol
e KBaHTOpPLI
e OrpaHn4nTENbHbIE KBAHTOPDI

e Jlornyeckne sKkBUBanNeHTHOCTU BblpaXkeHUN,
coaepKallyx KBaHTOpbI

e OTpULLAHMA BbIpaXXeHnn, cogepKaLlmx
KBaHTOPbI

e Bro)eHHble KBAHTOPbI



[pennoxeHuns, cogepallmne nepeMeHHble, 4YacTo
BCTpeYaloTcs B

= MaTeEMaTUYECKUX YTBEPXKOEHUSNAX;
= KOMMbIOTEPHbIX MporpaMmmanx;

" cneundonkaumax CUCTeM.



lpMepbl Takux npearioXeHuu:

= “x > 3”, “x — y + 3”, “x — y + Z”,
" “komnbloTep x NoaBepraeTca aTake xakepa’,

= “komMmnbloTEP X PYHKLMOHUPYET B HOpMAribHOM
pexume”.

Ecnu 3HavyeHns nepemMeHHbIX, BXOOALKNX B 9TU
npeanoXxeHus, He cneyMduUUpoBaHbl, TO 3TH
npeanoXeHns He ABNAKTCA HU UCTUHHBLIMU, HU
NOXXHbIMM.



. x> 3"

[TpennoxeHune “x 6ornblue Tpex’ COCTOUT U3 ABYX
yacTtewn:

" nepBad YaCcTb: NepeMeHHas x, — noarexatlee
NpeanoXeHns;

" BTOpad 4yacTb: Donblie Tpex’, — npeguKkaT —
OOBbACHSAET, KakuM CBOMCTBOM obrnagaeTt
noaniexatlee nNpeanoXXeHus.

Ob6o3HauynM npegnoxeHne “x bonbLie Tpex' 4vepes
P(x), rae P obo3Ha4yaeT npeaukaTr, a x — MNEPEMEHHYO.



llpeonoxeHne P(x) elle Ha3bIiBAOT 3HAYEHUNEM
npono3vyuoHaribHon (pyHKUUM P B TOUKE x.

Kak Tonbko nepeMeHHon x dyaeT rnpucBOeHO
onpepgeneHHoe 3HavyeHue, yreepxxaeHue P(x)
CTaHeT BbiCKa3blBaHMEM, NPUHUMAIOLLNM
nornyeckoe 3HadyeHune “ctuHa” nnum nornyeckoe

3Ha4vYeHune “Jloxb’.



lfipnmep 1

[TycTb P(x) obo3Ha4aeT yTBepXaeHme “x > 37.
Hangem norndyeckune 3Ha4vyeHus BblCKa3bliBaHUU

P(4) n P(2).
P(4) — BbiCKa3biBaHMe “4 > 3", KOTOpOE ABNAETCH
NCTUHHbIM.

P(2) — BbicKa3biBaHue “2 > 3", KOTOpOE ABMAETCH
NOXHbIM.



llpnmep 2

[TycTb A(c,n) obo3Ha4aeT yTBepXKaeHne
“‘KomnbroTep ¢ nogcoeanHeH K cetn n’.
[TpeanonoXxmm, 4to komnbotep MATH1
nogcoeanHeH kK cetm CAMPUS?2, HO He
noagcoeguHeH kK cetm CAMPUS1. Hanpem
norndyeckue 3HadvyeHna A(MATH1, CAMPUS2) v

A(MATH1,CAMPUS1):
A(MATH1,CAMPUS2) =T;
A(MATH1,CAMPUS1) = F.




lpnmep 3
[TycTb R(x,y,z) 0O0O3HaA4YaeT yTBepPXKAEHMNE

“x +y = z”. Hangem nornyeckne 3Ha4vyeHus
BblcKkasbiBaHuN R(1,2,3) n R(0,0,1).

Y1BepxaeHue R(1,2,3) — 9TO BbiCKa3blBaHue
“1+ 2 = 37, KOTOPOE NUCTUHHO.

Y1BepxaeHue R(0,0,1) — 9TO BbiCKa3blBaHue
“0+4+ 0 =17, KOTOPOE JTOXHO.




PlpegnoxeHne, cogepxallee n nepemMeHHbIX

X1, Xy, ..., X,, ODO3HAYAIOT Hepes P(xq, Xy, ..., X,).
[lpeonoxeHue P(xq, x,, ..., x,) €Llle Ha3blBaloT
3Ha4yeHVeM npono3vuuuoHanbHoOU PyHKUUU P Ha
n-Habope (x, x,, ..., X,),

a P HasbiBalOT n —MEeCTHbIM NpeauKaToM Unn
n —apHbIM NpeauKaToM.



* Ecnn nepemMeHHbIM, BXOAALMM B COCTaB
Npono3nunoHanbHON PYHKLUUKU, MPUCBOUTL
HEeKOTopble 3Ha4YeHus, TO B pe3ynbraTe
Nony4vynTCcs BbiCKadbliBaHWe, UMetloLlee
onpegeneHHoe NCTUHHOCTHOE 3HaYyeHue.

* NmeeTca ewle oanH crnocob obpasoBaHus
BblCKa3bIiBaHUN N3 MPOMNO3nNLIMOHAlbHbIX
doyHKLUMWN, NU3BECTHbLIV Kak KBaHTU(PUKaLUA.

= Pasgen noruku, nsyvatowime npeamnkatbl U
KBAHTOPbI, Ha3bIBAeTCS UCHUCTIEHUEM
npeauKaToB.



KBaHTOpGI

@npegenenne 1 lNyctb npegukaTt P(x) onpenerneH
Ha HekoTopou obnactu paccyxageHun U
(Ha3bIBaeMon ganee ansa KpaTtkocTu «obnacTtby).

YHuBepcanbHOU KBaHTU(MKaLuMen npegunkaTa
P(x) oTHocuTernbHO obnactu U Ha3biBaeTCH
BblCKa3blBaHUE

VxP(x)="P(x) Ana Bcex 3Ha4eHnn x n3 obnactun U*.

Bbicka3biBaHue VxP (x) UCTUHHO TOrga v TOJIbKO
Torga, korga P(x) npuHMMaeT 3HadyeHune “ctnHa”
Ornsa Bcex aHa4vyeHum x 3 obnactu U.




KBaHTOpGI

. VxP(x)

CumBon V HasbiBaeTCa YHUBepCcanbHbIM
KBaHTOPOM.

Mbl YuTaem VxP(x) Tak:
= "anga Bcex x P(x)
= "nnga kaxgoro x P(x)".

ONeMeHT x, ANA KOTOPOro Bbicka3biBaHue P(x)
JNTOXKHO, Ha3blBAE€TCA KOHTPNpPUMEpoOM 114
BblCKa3bIiBaHUA VxP (x).



KBaHTOpGI

Bbicka3biBaHMe VxP (x) NOXHO Toraa U TOJNbKO
Torga, korga P(x) He aBndeTca UCTUHHbIM O
BCEX 3JIEMEHTOB x U3 obniacTtn paccyxageHun U.

Takum obpasom, BbickasbiBaHMe VxP (x) NOXHO
TOrga v TONbKO Toraa, Korga MMeeTcs
KOHTpNpMMep AOns BbiCKadbiBaHUA VxP(x) N3
obnacTtu paccyxgeHun U.



flpumep 4 lMycTtb P(x) — npeaukaT “x*< 10”7,

onpeaerneHHbIn Ha MHoXecTBe {1,2,3,4}. Hantu
riormyeckoe 3HavyeHue BbiCKa3biBaHUA VxP(x).



flycTb P(x) — npegukar, onpenenieHHbIn Ha
MHOXecCTBe {x, X,, ..., X, }, TOrga
VxP(x)=P(x,) AP(xy) A ... AP(x,).



ipumep S INycTb N(x) — npeaukaTt “KomMmnbloTep x

noacoeauHeH K ceTun’, onpegeneHHbIn Ha
MHO>XECTBE BCEX KOMMbLKTEPOB Kamnyca. Yto
O3Ha4yaeT Bbicka3biBaHue VxN (x) ?



lpumep 6 Hanaute nornyeckoe 3HavyeHue

BbiCKa3blBaHUA Vx(x?> x), ecnu

1) obnacTtb npegukata x> x COCTOUT U3 BCEX
BELLECTBEHHbIX Yncen;

2) obnacTtb npeamkaTta x?> x COCTOUT U3 BCEX
LUenbiX Ynucen.



KBaHTOpGI

@npegeneHue 2 [yctb npegukaTt P(x) onpenerneH
Ha HekoTopon obnactu U.

JK3NCTEeHUManbHOU KBaHTUdMKaLueun
npegukata P(x) OTHOCUTENBHO 0bnacTu
U Ha3blBaeTCH BblCKa3bliBaHUe

dxP(x) ="CywectByeT 3Ha4yeHne x U3 obnactu U,
Onsa Kotoporo P(x)".
Bbicka3biBaHMe JxP(x) NCTUHHO Toraa U TOJbKO

Torga, korga P(x) npuHMMaeT 3HayeHune “ctuHa”
0119 HEKOTOPOro 3HadeHus x U3 obnactu U.




. dxP(x)
CumBon 3 Ha3biBaeTcsd

KBaHTOPOM CYyLUeCTBOBaHMA.
Mbl Yntaem 3xP(x) Tak:

= “cywiecTtByeT x, Takon 4To P(x)";

= "Onsa HekoToporo x P(x)".



KBaHTOpGI

Bbicka3biBaHMe JxP(x) NOXHO Toraa v TONbKO
Torga, korga P(x) He aBndeTca UCTUHHbIM ONA
HEKOTOPOro afieMeHTa x U3 obnacTn paccyxaeHum
U.

Taknm obpasom, BbickasbiBaHMe JxP(x) NOXHO

TOrga U TONbKO Torga, koraa P(x) NOXHO Ans
noboro anemeHTa x U3 obnacTtn paccyxgeHun U.



llpnmep 7

[TycTb P(x) obo3Ha4aeT yTBepxaeHue “x > 3”.
Hawntu nornyeckoe 3HadeHne BbiCKa3blBaHUS
dxP(x),

ecnn obnactb npeaunkata P(x) COCTOUT U3 BCEX
BELLECTBEHHbIX Yuncen.



[flpnmep 8

[TycTb Q(x) obo3HauvaeT yTBEpXAeHne “x = x + 17.

Hauntu nornyeckoe 3HadeHne BbiCKa3blBaHUS
dxQ (x),

ecnn obnactb npeaunkata Q(x) COCTOUT U3 BCEX

BELLLECTBEHHbIX YMCen.



[flpnmep 9

[MycTb P(x) — npegukat “x?< 10", onpeaeneHHbIN
Ha MHOXecTBe {1,2,3,4}.

Hantn nornyeckoe 3HadeHue BbiCKa3blBaHUS
dxP(x).



flycTb P(x) — npeaukaTt, onpeaneneHHblin Ha
MHOXecCTBe {x, X,, ..., X, }, TOrga
dxP(x) =P(x,) v P(x,) v ... v P(x,).



lpmep 10 BblACHUM, YTO O3HAYaeT yTBepXaeHue

Vx <0 (x*>0), roe obnacTtbio SsBNSE€TCS
MHO>KECTBO BELLIECTBEHHbIX YMcen.

YtBepxaeHune Vx <0 (x?>0) o3Ha4aerT:

ansa noboro BeLwecTBEHHOro Yymcna x co
CBOWCTBOM x < 0 UMEET MECTO HEPABEHCTBO x?> 0,
T.e. “KBagpat noboro orpuuaTenbHOro 4Yucna
ABNAETCH YNCIIOM MONOXUTENbHbIM.

OTO yTBEPXKAEHNE IKBUBANIEHTHO TAKOMY
yTBEPXKAEHMUO: Vx (x <0 — x> 0).



llpnmep 11

Vx<0(x?>0)=Vx (x<0—x*>0)

3aMeTUM, YTO OorpaHU4YeHne yHmBepcanbHOu
KBaHTU(MKaLUUM CBOOAUTCA K YyHUBEpPCalbHOW
KBaHTU(UKALMN YCITOBHOIMO BblCKa3blBaHUS.



ipmep 12 BbIACHUTL, YTO O3HA4aeT

yTBepxaeHue Yy =0 (y3=0), rae obnactbto
ABNSETCS MHOXECTBO BELLECTBEHHbIX Yucen.



ldpnmep 13 BbigaCHMM, 4TO O3HaA4YaeT yTBepXAeHne

dz >0 (z*=2),roe obnactbio ABNSAETCS MHOXECTBO
BELLECTBEHHbIX YNCen.

YTBepxaeHue 3z > 0 (z?=2) o3Ha4aerT:
CYLLEeCTBYET BELLECTBEHHOE YUCIIO Z CO
CBOUCTBOM: z > (0, AN KOTOPOro UMeeT MecTO
PABEHCTBO z°=2, T.€.

“‘CyluecTtByeT apndmMeTU4ecknn KBagpaTHbIN
KOpeHb 13 yucna 2".

OTO yTBEPXKOEHMNE IKBUBASNIEHTHO TAaKOMY
yTBepXaeHuto: 1z (z >0 A z%2=2).



lpumep 14

1z>0(z°=2)=3z(z>0A z2=2)

3amMeTnM, YTO OrpaHNYEHNE SK3UCTEHLMANBHOM
KBaHTUUKALMN CBOAUTCS K IK3UCTEHLMaNbHOM
KBAHTUMKALUN KOHBIOHKLIUMN.



@npegenexnve 3

YTBEpXOeHna, cogepXxawme npegukaTbl n
KBAHTOPbI, NMOrM4YeCKU 3KBUBANEHTHbI Toraa u
TOJIbKO TOrga, Korga OHU UMerT OQMHAaKOBbIe
riormyeckme 3HayveHus ans roodbIX NOrm4eckmnx
3HAYEeHUN NepeMeHHbIX 13 0biacTu paccyKaeHun.

Ecnu gBa yTBepxaeHuna S n T, coaepxatlime
npegukaTtbl U KBAHTOPbI, NTOrMYeCKU
9KBMBANEHTHbI, TO NUwyT: S = T.



llpumep 15 lNokasaTb, 4TO
Vx(P(x) AQ(x)) n VxP(x)AVxQ(x)
NOrnM4yecKkn aKBMBareHTHbI NpU YyCNoBUKN YTO

npeaunkatbl P(x) u Q(x) 3agaHbl Ha 0QHOW
obnactn U.

CnepnyeT gokasaTb ABa YTBEPXAEHUS:

" eCnun UCTUHHO Vx(P(x) AQ(x)), TO
VxP(x) A VxQ(x) UICTUHHO,;

" ecnn VxP(x) AVxQ(x) NICTUHHO, TO
Vx(P(x) A Q(x)) UCTUHHO.




llpnmep 15

[okaxem, 4To ecnn UCTUHHO Vx(P(x) A Q(x)), TO
VxP(x) A VxQ(x) TakKe UCTUHHO.

[Tpegnonoxmm, 4to Vx(P(x) A Q(x)) = T. JT1O
O3Ha4aeT, YTO ECNU 3NIEMEHT a NPUHaONIEXNT
obnactu U, 10 P(a) A Q(a) = T. CnenoBaTtenbHO,
P(a) =Twn Q(a) =T gna noboro anemMeHTa a m3
obnactn U.

3HauunT, VxP(x) = Tu vxQ(x) = T. OTcroaa
cnepyet, 4yto Vx(P(x) AQ(x)) =T.




lpnmep 15

[okaxem, 4To ecnn UCTUHHO VxP(x) AVxQ(x), TO
Vx(P(x) A Q(x)) TaKkke UCTUHHO.

[Tpeanonoxum, 4to VxP(x) A VxQ(x) = T. OTtcroga
cnepyet, UTOo VxP(x) = TnvxQ(x) =T.
CnepnoBaTenbHO, eCnn 3fIEMEHT a NPpUHaANEeXuT
obnactn U, To P(a) = T n Q(a) = T. 3HauuT, ans
BCcex a n3 obnactn U nmeeT Mecto paBeHCTBO
P(a) AQ(a) = T. Otcroga crneayeT, 4to Vx(P(x) A
Q(x)) =T.

[loka3aTenbCTBO 3aKOHYEHO.




llpmep 16

PaccmoTpum oTpuuaHue yTBepXxaeHus

«Kaxabin ctyaeHT Balwuen rpynnbl nsyydaeTt Kypc
MaTeMaTUYECKOro aHanmaa». JTO YTBEPXXAEHNE
3anuwem B Buae VxP(x), rae P(x) — yTBepXaeHue
«CTyOeHT x Baluen rpynnbl nsayydaeT Kypc
MaTeMaTUYeCKOro aHanmsa», a obnactb COCTOUT
n3 cTyaeHToB Balwieun rpynnbl.

OTpuuaHue UCXoQHOro yTBepPXaeHUS:

«HeBepHO, 4TO Kaxabi CcTyaeHT Bawew rpynnbl
n3vdaeT KVvDC MaTeMaTUYeCcKoro aHanmaay.



lpumep 16

OTpuLIaHNE NCXOOHOro YTBEePXXAEHUS:

«HeBepHO, 4YTO Kaxxabi CTyOeHT Baluen rpynnol
n3yyvaeT Kypc MaTtemMaTMyecKoro aHanusay.

OTO MOXHO CKasaTb No-4pyromy:

«B Baweu rpynne ecTb CTyOEHT, KOTOPbIN He
n3ydaeT Kypc MatemMaTMyecKoro aHanusa.

dx—P(x).



llepBbit 3akoH [le MopraHa onsa KBaHTOPOB:
—VxP(x)=3dx—P(x)

lokazamesibCcmeo

—VxP(x) = T Torga n TonbKko TOrga, Korga

VxP(x) =F.

VxP(x) = F Torga v Tonbko TOrga, Korga

HanaoeTcs anemMeHT a n3 obracTtu, ans KoToporo

—P(a) =T.

—P(a) = T TOorga v Tonbko TOrga, Kkorga

dx—P(x) =T.m




llpumep 17 PaccmoTpuM oTpuLlaHne yTBepXaeHud

«B Bawuen rpynne ectb CTyAeHT, KOTOPbIA U3y4aeT
KypC MaTeMaTU4eCcKoro aHanmaa.

OTO yTBEpPXAEHNE 3anuwem B Buae IxP(x), raoe
P(x) — yTBEpXOaeHne «CTyaeHT x Bawen rpynnbl
n3yyaeT Kypc MmatemaTuyecKkoro aHanusay, a

obnacTb COCTOUT N3 CTyaeHTOB Baluen rpynnebil.

OTpuLaHNE NCXOOHOro YTBEPXKAEHUS:

«HeBepHO, 4YTO B Balwuen rpynne ectb CTYOEHT,
KOTOPbIN n3y4aeT Kypc MaTteMaTu4ecKoro
aHanusa.



lpumep 17

OTpuyaHme ncxogHoro yreepxaeHua:«HesepHo,
4yTO B Balleun rpynne ectb CTYOQEHT, KOTOPbIN
n3yyaeT Kypc MmateMaTU4ecKoro aHanumsay.

OTO MOXHO CKasaTb No-4pyromy:

«B Bawen rpynne HM oguH CTYAEHT He U3lydaet
KypC MaTemMaTuU4ecKkoro aHanmaan:

Vx—P (x).



« BTopoun 3akoH [1e MopraHa anga KBaHTOPOB:
—3dxP(x) = Vx—P(x)



lpumep 18

3anucatb npegnoxeHne «Cymma OByx
NONOXUTESbHbIX YNCEN — YNCIIO NOSIOXUTENBHOEY
B BME NOMMYECKOro BblpaXXeHus.

PelleHune
VaxVy(x>0O)A(y>0)—>(x+y)>0)),

rje MHOXEeCTBO LenbiX Yncen — obnacTtb Ang
00eunx nepemMeHHbIX.




lpumep 19

3anucaTb onpeaenexHne npegena BelwecTBeHHOU
dyHKUMN f BELLECTBEHHOro apryMmeHTa X B TOYKe a
n3 ee obriacTu onpegeneHus.

PewieHune
lim f(x) =L
X—a

O3Ha4yaeT, 4To
Ve>0d0>0Vx (0<|x—al<do—|f(x)—-L|<e).



llpmep 20

3anucaTb Ha pPycCcKOM Si3blKe criegyollee
Norn4yeckoe BblpaXKeHUe:

Vx(C(x) v 3y(C(y) A F(x,y)), The

C(x) — «x umeeT KomMmnbloTep», F(x,y)—«x ny —
apy3bsi», obnactu gns x n y — BCe CTYOAEHTHI
NepBoOro Kypca MatemMaTuyeckoro dpakynorera.
PelleHune

Kaxkabl CTyQEeHT NepBoro Kypca MmaTeMmaTu4ecKoro
dhakynbTeTa MMeeT KOMMNbITEP NN UMEET ApYra,
Yy KOTOPOro eCTb KOMIMbHOTEP.




lelpnmep 21

[TocTpouTe oTpuLaHue yTBeEPXKOEHUS
Vxdy(xy =1)

Tak, YTOObI OTpULLAHNS HE CTOSINU nepea
KBAaHTOpaMW.

PeweHune

AxVy(xy # 1)



lpnmep 22

[TocTponTe oTpuyaHue onpeageneHnsa npegena
BeLLeCTBEHHOU (PYHKUUWN f BELLECTBEHHOrO
aprymeHTa x B TOYKE a U3 ee obnacTtu
onpeneneHusd, T.e. oTpuyaHne BblpaXXeHUs
Ve>030>0Vx (0<|x—al<d—|[f(x)—L|<e).

PelwieHune

VL3de>0Vo>0dx (0<|x—a|<dA|f(x)—L|=>¢),
e MHOXEeCTBO BeLLeCTBEHHbIX Yncen — obnacTb
Ans BCcex nepemMeHHbIX.




llpmep 23

[TycTb Q(x,y) 03Ha4vaeT «x + y = 0». Onpegenute
rlormnyeckme 3HauveHus BblCKa3biBaHUM

yvxQ(x,y) n VxdyQ(x,y),
ecnn obnacTtn nepeMeHHbIX x Uy — BCe
BELLECTBEHHbIE YMCTa.

PeweHune

AyVxQ(x,y) = F, Vx3yQ(x,y) =T

BbiBOA: NOpSAOK KBAHTOPOB B BbIPAXXEHUSAX C
BNOXXEHHbIMW KBAaHTOpaMK ABNSAETCSH
CVLLIECTBEHHbIM.




