[lonHeIU dugpepeHyuan gyHKuUU
HECKOITbKUX rnepemMeHHbIX
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llonnHoe npupauwieHuUe pyHKUUU
2-X nNepeMeHHbIX

Ecnn 0benm nepemMeHHbIM gaTb

npupalleHne, To PYHKLUUA NonyynT

nonHoe npupatleHune

Az=f(x+Ax,y+Ay)— f(x,p)



OnpeoerieHue
ougbgbepeHyupyemou byHKUUU

®dyHkuma z = f (X, ) HasbiBaeTcs

dugppepeHyupyemoti 8 modke M(x,y), ecnn ee
NosiHoe NpupalleHme MOXHO NpeacTaBuTb B Buae

Az = AAx+ BAy +o(p) ,

roe Ax n Ay -npounsBOSibHble NMpUpaLLleHns apryMeHTOB
X UMY B HEKOTOPOW OKpeCTHOCTU Toukn M(X,y), Aun B —

NOCTOSAHHbIE, He3aBucsLmne ot Axu Ay , o(p)-
beckoHe4YyHO Managa bonee BbICOKOro nopsaaka, Yem

p = \/sz n Ay2 -paccTtogaHue mexay M(x,y) v
M (x+Ax,y +Ay)

i &7r=¢



OnpedeneHue ougpgepeHyuana

[ NaBHas NMHeNHas OTHOCUTENbHO AX K
Ay 4acTb NOMHOro npupalwleHna pyHKLMKn

z = f(x, y)Ha3biBaeTCs rosiHbIM
ougpepeHyuarnom 3Ton PYHKUMN U
obo3Ha4vaeTcs dz nnu df(x,y) .

Taknm obpasoM, dz = AAx + BAy.



dopmMyra Osisi 8bIYUCIIEHUS
odugpepeHyuana

Ecnu doyHkuma z = f(x,»)
uvlcbcbepeHumpyelvla B Touke M(X,y),TO OHa
MMEET B 3TOMN TOYKE YaCTHblE

np0|/|3Bong|ef (X, y)n f (x,y)
npudem f,(x,y) =A, a f, (x,y) =B.
Tak uTo, Az = f(xy)AX+f (xy)Ay+0(P)
dz = fl(x, V)Ax + [/ (x, V)Ay .
Ecnv nonoxuTe Ax =dx, Ay =dy ,T0
dz = f1(x, y)dx + £(x, y)dy
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Mpu manbix P Az = dz | 70 ecTb

o+ Ax, y+Ay)= flxy)x filey)Ac+ £ (ry)Ay
NI

Flr+ Avy+Ay)= flxp)+ filoy)Ae+ flxp)dy
[Tpymep. Bbluncnutb NpmMonmKeHHO

ln(i/l,ﬁ+‘{/0,§—l)



dupepeHyuannsi ebicuie20
rnopsioKa

[OndpdpepeHymanom BTOPOro nopsaaka

doyHKUunm z=f(x,y) Ha3biBaeTCH
d’z =d(dz)

Boobuie: d"z=d(d"'z)
Ecnv X 1 y He3aBMCHMble NepeMeHHble, TO

d’z=1z"dx* +2z" Jdxdy + z dy



IKcmpemMyMbl OyHKUUU d8yX

rnepemMeHHbIX

OnpedesneHue. [OBOPAT, YTO B ToUKe P, (x,,V,)
dyHKUMA f (X,y) UMEeeT MakCUMyM, eCnu
CYLLECTBYET Takasd OKPECTHOCTb 3TOU TOYKU, YTO
ansi Bcex Todek P(x,y) 3Ton OKPECTHOCTH,
OTNNYHbIX OT F,(X;,Y,), BbIMNOSTHEHO

HepaBEeHCTBO
f(B)> f(P).

AHanorn4yHo onpegensaeTca MMHUMYM OYHKLNMN.

MWUHUMYM U MakCUMYM (PYHKLWWN Ha3bIBaKOTCA
ee 3KCTpemMmymamu.
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IKcmpemMyMbl OyHKUUU d8yX
rnepemMeHHbIX

Teopema (Heob6xoOumoe ycriosue
akcmpemyma). B Touke akcTpemyma
dDYHKLUMN HECKOSBbKUX NEePEeMEHHbIX
KaXkaasi ee 4yacTHasa npomasogHas nmodo
paBHa HYIo, NGO He CyLLEeCTBYET.

ToYKK, B KOTOPbIX BbIMOMHEHbI 3TU
YCINOBUS, Ha3bIBAOTCA KpUMUYECKUMU.
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JJocmamoyHbie ycriosusi akcmpemMyma
pyHKUUU 08y X rnepemMeHHbIX

Teopema. IycTb yHKUMA z=f(X,y) onpeaerieHa u
NMeeT HenpepbiBHbIE YaCcTHble NPon3BoAHbIE A0 3-T0
nopsagka B HEKOTOPOU OKPECTHOCTU TOYKU M (x,,V,) B
KoTopoit z, =z, =0 . Ecnu npyu aTom B 3TOW TOUKE
BLIMONHEHO ycriosie A = z” z" —(z" )* > () To Touka M,
SIBMSIETCS TOYKON aKCTPEeMyMa DYHKLAN, Npruyem TOUKOM
Makcumyma, ecnu Z;’x < 0 , 1 ToYKOM MUHUMYMa, ecnu

z' >0
Ecnv e B aToi Touke A =2z!z" —(z1)> <0 ,T0
9KCTpemMyma B Touke M, HeT.

B Tom crnyyae, ecnn A — szz;'y _(Z;'y)2 —() BTOYKEe M,
TeopemMa OTBeTa He Jaer.
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[lpumep

NccnenoBaTtb Ha 3KCTPEMYM OYHKLINIO

50 20 ...
z=xy+—+—,anee x>0 u y>0.

Xy




Haubosnbwee u HauMeHb W ee

3Ha4YeHuUs1 yHKuuuU

OnpeoderieHue. HanmeHblLee nnu
Hanbonbluee 3Ha4YeHne PyHKUNN B
OaHHon obrnacTtn Ha3blBaeTCs
abCONOTHBLIM 9KCTPEMYMOM OYHKLIUN
(abcontoTHBIM MUHUMYMOM UNK
abCONOTHLIM MakCUMYMOM
COOTBETCTBEHHO) B 3TON 0bOacTu.



13BECTHO, YTO HEeNpepbIBHAA B
3aMKHYTOW orpaHn4YeHHOW obracTu
doYHKUNA OOCTUTAET B HEUN CBOUX
HandonbLIero U HaMMeHbLLUEro
3HAYEeHUWN.

ADCOMNIOTHbLIN 3KCTPEMYM
nocTturaetca dpyHkumen nmbo B
KPUTUYECKUX TOYKaX, rNMMbo Ha

rpaHuLe obnacTu.
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[1yCTb pyHKLMA HenpepbiBHA B 3aMKHYTOW
orpaHn4YeHHoun obnactn G, guddgepeHumpyema
BHYTPWU 3TOM obnacTu. Umobb! Halmu
Haubornbwee U HaumeHbulee 3Ha4eHUs QyHKUUU
8 amou obniacmu, HY>HO:

1)HaNTN KPUTUYECKME TOUKN, NpUHagnexatwine
3TOW obnacTu, N BbIYUCIINTb B HUX 3HAYEHUS
(OyHKLUK;

2)HanTn Hanborsbllee N HaMMeHbLLEE 3HAaYEeHUS
doyHKLUMM Ha rpaHuue obnacTtu;

3)13 BCeX HanOeHHbIX 3Ha4YeHU BbIOpaTb
HanodorblLlee U HAaMMEHbLLEE.

=N



[lpumep

Hantun Hamnbonblluee n HanmeHbLuee
3Ha4YeHna pyHKUUN

z=x* +3y2 +X—-y
B TPeyrosibH1Ke, orpaHn4eHHOM NpAMbIMUA

x=0,y=0,x+y=1.
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CkasnsipHoe rnoire
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OcHoO8HbIe orpedesrieHust

[TycTb B obnactn D npocTpaHcTBa
Oxyz 3agaHa yHKUna u=u(x,y,z). B atom
Criy4ae rosopsrT, 4To B obnactn D 3agaHo
ckaJsisipHoe rnoJie, a caMmy oyHKLMIO
u=u(Xx,y,z)Has3blBatloT QyHKLMEN Nnons.
Hanpumep, none gaBneHuUn, Temnepatyp
nT.ao.



OcHoO8HbIe orpedesrieHust

MHoXxecTBO Touek M obnactu D, ong
KOTOPbIX CKansipHOE Mnosie cCoxpaHaeT
NOCTOAHHOE 3HayeHune, T. e. u(M)=C,
Ha3bIBAETCSH 108EPXHOCMbIO YPOBHS ( NN
N30MOBEPXHOCTbLIO) CKariApHOro nosng.



Ecnun obnactb D pacnonoXxeHa Ha
nnockoctn Oxy, To none u=u(x,y)
ABNAETCS NIOCKUM.

[ToBEpXHOCTM YPOBHSA HA3bIBAIOT B
9TOM clnydJae JIUHUSMU YPOBHH.



[TycTb
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JIuHUU ypoeHs

Mycte z=x"+y° . JINHUM YPOBHSA 3TON
NOBEPXHOCTU UMEIOT BUA

¥ =50



[TyCcTb OaH KOHYC
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JIuHUU ypOBHSA KOHyca




[lycTb 3agaHa auddepeHumnpyemas
dYyHKUNA 1 = u(x, y,z) cKandapHoro nons.
PaccMoTpuM TOUKY P(x, y,z) 3TOro nond u

J1yM

. BbIXoOALWMN U3 Todkn P B

HanpaBneHnn eAUMHNYHOro BEKTopa

_[P = (cos a, cos f; cos y),

rae o, f, y_ —YmMbl, 0ObOpasoBaHHble
BEKTOPOM DO C OCAMW KOOPAMHAT .

7
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OnpeoernieHue

[TycTb P](x+Ax,y+Ay,z+Az)
— Kakas-Hubyab apyras
TOYKa 3TOro nyva.
O603Haunm

A= PP, = JAY? +Ay? + A2
— paccToaHne mexay
Toukamu Pu P, ; Al
Ha3bIBalOT 8esiuYUHOU
rnepemMeweHus.
[pupaweHuem yHKUUU
Puc. 8 HarpasseHuu
Ha30BEM Pa3HOCTE
Ay = u(P1 )—u(P)
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[lpon3BogHOU PYHKUUN U = u(x, y,Z)

B TOYKe P No HanpasleHUo
Ha3blBaeTCcAa npeaen oTHoLWEeHUS
npupaLleHns PyHKUUN B HanpaBleHnU

K BeJIMYNHE nepemMeLlleHna A

npn Al]— 0
u_ [im A
o] a0 A[]
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BbiyucrieHue npou3eo0HoU r10
HarpasesreHuro

dopmyna BblMMCNEHUSA MPON3BOAHOMN MO

HanpaBneHuto:
o ou ou ~:: o
— =—cosa +—cos B +—cosy, aaa
ol  ox 0y 0z

/ A l

cosa:?,cosﬁ ,cosy=72,

M:J¢+@+@.



padueHm ckKkasnisspHO20 noJsisi

'padueHmom ckansipHoOro rnons
u=u(x,y,z), rae u=u(x,y,z)-

andpdpepeHumnpyemasa oyHKLUS,
Ha3bIBAETCHA BEKTOP C KOoOpAMHaTaMU

ou ou ou
Ox Oy Oz
Takum obpasom, gradu = (&l , u ; 6u)
ox Oy Oz
% graduzg—u;+8—u;+6—u%
ox Oy~ Oz



llpumep

HanTtn rpagneHT pyHKLNK u=\/x2 + y2 4z B
Touke M(6,2,3).
PeweHue. Buluncnum rpagneHTt qyHKUUN.
' X u' — y
u = o
* \/x2+y2+22 Y \/x2+y2+22
, A

u —
Z
\/xz +y? 427

Torna grad u = Y I+ y + z .
D' g 2 2 ZZ 2 2 2'] 2 2 2!»
X +ty +z \/x +y +z X +ty +z

A B TO4Ke M gmduzngr%}Jri%.
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HanpaeneHue 2padueHma

Teopema. lNpousBoaHas y,
doyHKUMKM MO HanpaBneHno paBHa
NpoeKLnn rpagneHTa STon
dyHKLUMM Ha OaHHoe
HanpaeneHue (B

COOTBETCTBYIOLLEWN TOUKE).



HanpaeneHue 2padueHma

Tak kak Nnpon3BoAHasi MO HanpaBiEHUIO
npeacTaBnsgeT cobom CKOPOCTb M3MEHEHUS
PYHKLUMM B JAHHOM HanpasreHnn , a NPoeKLUus
BEKTOPa Ha APYron BEKTOP UMEET
MaKcuManbHoe 3HavYeHue, ecnn oba BekTopa
coBMagaloT Mo HanpaBIieHUIO, TO

rpagueHT PyHKUUN B JaHHOU TOYKe yKa3blBaeT
HanpaBrieHne Hanbdoriee dbICTPOro Bo3pacTaHUs

doyHKLMMN.
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Bernu4yuHa epadueHma rnyiockKko20
CKaJIsiPpHO20 107151

BennymnHa rpagmeHTa nNnockoro
cKandapHoro nongd ,T.e.

2 2
) (o
grad u | = \/(aj (ay]

obo3HavaeTcs tgp un onpenenser
KPYTU3HY HanbonbLUero ckata unm
nogbemMa noBepxHoOCTU U = £ (x, y).




[ paaueHT cKandapHOro nonga B JaHHOW
TOYKEe MO BENNYMHE N HanpaBleHUO paBEH
MaKcuMMarnbHOW CKOPOCTU NU3MEHEHNA NONM4
B 3TOU TOYKE, T. €.

ou ou

max — =

Lol o
rne [ 1 gradu

= ‘ gmdu"



HanpaeneHue 2padueHma

Touka P, B kotopou gradu(P)=0, Ha3blBaeTcq
0coboU ToYKOM ckandapHoro nosng. B npotuBHOM
cllydae 3Ty TOYKY HasblBalOT Heocobou nnu
0b6bIKHOBEHHOU TOYKOWU Mons.

Teopema. Bo Bcakon Heocobomn Touke
NS1OCKOro cKansapHOro nons rpagueHT rnosns
HanpasBsieH Mo HopMarnm K IMHUN YPOBHS
NpOXoAasLLleEN Yepe3 3Ty TOYKY, B CTOPOHY
BO3pacTaHusa nons.



