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BO3HUKHOBEHME pa3BUTUA NOHATUSA
dyHKLUMN

V OnpeaeneHne ¢yHKUUU
\/ CnocoObl 3agaHna pyHKUNMU

\/ AneMeHTapHble (pyHKUUN N UX
CBOMUCTBaA

®yYyHKUUN HenpepbiBHbIE U
pa3pbiBHbIE

\/ UccnepoBaHue pyHKUMN U NOCTPOEHUE
UX rpadouka



TepmuH «pyHKUUSI» NpuHadnexxum JleubHuyy u
npoucxodum om slamuHcKoeo csioea functio,uymo
O3Ha4Yaem «8bINOJIHeHUEe», «ocyuiecmesieHuey.

CnocoObl 3agaHuna pyHKUUKU

TabnuyHbIN AHanuTuyeckmnm Npachnyeckum CnoBecCHbIN

aneMeHTapHblie PYHKUNHK:

< cmerneHHsble,

SrokazamesibHble

:‘ﬂoeapuwmuquK;,le, a Takxe pyHKUMM,

SmpuUzoHOMEMpPUYECKUE, nonyyaemble U3 HUX C NOMOWbIO

So6pamHble YyeTblipex apudmMeTU4ecKUX AeUCTBUN
(cnoxeHusi, BbIMMTAHUU, YMHOXeHUS

mpu2oHoMmempu4eckue, 4 BeneHMS!) 1 © MOMOLILFO ONepaLIM

s2unepbonu4veckue,

B3ATUA PYHKLMUU OT DYHKLIUM.
®ob6pamHbie 2unepbonuyeckue, PyHKu hyHKLU



®yYyHKUUU HenpepbIiBHbIE U pa3pbiBHbIE

Cpedu pa3Hoobpa3HbIX hyHKUUU OOHOU nepeMeHHOU
ebidesissromcsi me, 2paghuKk KOmopbIX MOXXHO Hapucoeamb
O00HUM pocYepKOM KapaHOawa 6e3 ompbiea om 6ymaazu.
Takoea pyHkuusi, npedcmaesieHHasi Ha pucyHke 1.
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NexeH Oupuxne

«4ype3ebivyaliHO pa3pbieHble» PyHKUUU - pyHKUus1 Jupuxie



UnnrocTtpauusa K AoKasaTesnibCTBY
TeopeMbl O HenpepbIBHON PYHKUUN

N ... <.

C nomowbro meopemMbl bonbyaHoO MOXXHO y,
pewums, HanpumMep, Makyr U38eCMmHYI
3aHuMamersbHyro 3adayy.

Hekul nymewecmeeHHUK 8 9 ympa Ha4yasl No0ObeM
8 20py U poeHo 8 6 seyepa docmua eepUWUHbI.
3aHo4Yeeae Ha sepuwiuHe, Ha criedyrouw,uli 0eHb OH
pPOBHO 8 9 ympa Ha4yas criyCckK rno mou xe mporie u
poeHo 8 6 seyepa docmua UCXOOHO20 NyHKmMa y
NoOHOXusi. BepHO siu, YmMO 8 KaKOM-mMO Mecme Ha
mpore nymewecmeeHHUK Haxo0uJicsi 8 OOHO U Mo
)Ke epeMsi Nnepeso20o U 8Mopo20 OHSI
nymewecmeusi?




®dyHKUUU eulda

Y =QaxX + Quax™ +  +aix+ Qo

MHorousneHbl — OCHOBHble CpeACTBa BbIYUCNUTENIbLHOW MaTeMaTUKu. [ns
BbIYUCNEHUS NX 3HA4YEeHUIN TPeOyITCA NULb TPU OCHOBHbLIE apudpmMeTUyeckue
onepauuu — criokeHue, BblYMTaHUE U YMHOXEHMUe.
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UccnedoeaHue pyHkyuu u
nocmpoeHue a2pagukKa

HarnagHocTb rpaduka sBnsieTtcsa BCriomoratefnbHbIM
cpencTtBoM uccrnepgoBaHusa pyHKUuuU. Npadpumk Tonbko
UNNCTpUpyeT cBomctBa PyHKUMN, HO He AO0Ka3bIiBaeT UX.

OGnacTb onpeaeneHns n oo6nacTb
v ; ] _ M3MeHeHUA (PyHKLUU
y=e - - OrpaHn4yeHHOCTb PYHKLUM

‘_—/L YeTHOCTb, HEYETHOCTb,

nepnoaAnYHOCTb PYHKLUN

MpomexyTkn Bo3pacTaHusi, yoObiBaHuUA,
3HAKOMOCTOSIHCTBA U HYNU PYHKL UK

cxemaTtnyeckum rpaduk



UccnedoeaHue hyHKyUU U nocmpoeHue ux
2paghuKoe ¢ npumMeHeHuUeM rnpPou3eooHoU

NMocTtpoum rpacdpumk yHKUMN, yYnTbiBas
npoBeAeHHOE UccrnegoBaHue

uccnepoBaHue pyHKLMN aneMeHTapHbIMU CpeacTBaMU MOXHO AOMNOMIHUTL HAaXOXAeHUEM NPOMEXYTKOB
MOHOTOHHOCTMU (BO3pacTaHUA U YObIBaHUA), IKCTPEMYMOB, MPOMEXYTKOB BbINYKNOCTU rpacuka BBepx

(BHK3), TOYek nepernd6a u acumMnToT rpacuka.

4

4

Bo3pacTtaHue n yobiBaHue hyHKUUN

MakcumyM 1 MUHUMYM (PYHKLIUN

BbinyKnocTb U BOrHYTOCTb rpadhmka pyHKLUU

AcMnTOoTbl (XaCMMNTOTOC» - HECOBMaAaroLWnn)

MoctpoeHue rpachukoB PyHKLUN C
npuMeHeHMeM NPon3BOAHOMN




TexHONO2UYeEecCcKasi Yyacmb

PasnuyHble noagxoabl K onpeaerieHnIo
NOHATUA PYHKUNSA

MeToanyeckune oCOOGEHHOCTU N3YyYEeHUA
oTAesibHbIX KrnaccoB (PyHKLUN

MeToaunka BBeaeHuUs NOHATUA (PYHKLUU B
y4yebHuMKax pa3fniMyHbIX aBTOPOB

Pa3paboTka ypokoB

TemaTuyeckoe nrnaHnpoBaHue (pakynbTaTUBHOIO
Kypca

«AccnepoBaHue (hyHKLUUU U NOCTPOEHUE NX
rpacoukoB»



Pa3nu4Hbie noodxo0bl K
ornpedesieHUro NoHMusi yHKUuUsi

noHsimue hyHKUUOHasIbHOU 3a8UCUMOCMU OOJIKHO cmamb He MOJIbKO OOHUM U3 8a)XHeUwux
MOHAMUU WKOJ/IbHO20 Kypca MameMamuKu, HO meM OCHO8HbLIM CMepPXHeM, MPoxoosawuM om
anemMeHmapHoUu apugmemuku Ao ebicwiux pa3desioe aneebpbi, 2eoMempuu, mpuaoHoMempuu,
80KpYy2 KOomopbIix 2pynnupyemcsi ce Mamemamu4yeckoe npedcmassieHue.

Knaccbl (OyHKUUU: XvHumH

AnekcaHpp

@ nnHenHble PyHKUUM N nx rpadouku;

<KBagpaTUiHble PYHKLUUMN; P
< dyHKLUM OOpaTHON NPONOPLNOHANIbLHOCTU U : £ T
APOOHO-NNHEUHbIe (PyHKLUUN; £ S "
P TpUroHomeTpuyeckme PyHKUUN; ; P
< nokasaTeribHble U norapupmmyeckue PyHKUNN. 3
=
E 4
TP OCHOBHbLIe HanpaBJieHUA BBeAeHUA NOHATUA
* Luenb W 3HaYeHUe U3YUYEHUS NOHATUS «CPyHKUUA»: 5
(hYHKLMM yUaLLMMUCS; * ynopsaovyeHue UMeroLnxXcs npeacraBrneHnm o PyHKUuu,
* noaxoAbl K onpeaeneHunto (byHKLWlM; pa3BepTbiBaHUe CUCTEMbI ﬂOHSlTVIﬁ, XapaKTepHbIX AnA
* BONPOC (PYHKLMOHANBHOI NPONeAeBTUKY; PyHKLUMOHaNbHOW NUHUK (cNocobbl 3aaaHnA U obLme
* MeCTO 1 06eM (PYHKLMOHANBHOTO cBoucTBa (pyHKLUN, rpachuyeckoe UCTONKOBaHME obnacTtum
MaTepvana B Kypce LIKONbHOI MaTeMaTuKM. onpegeneHus, o6nacTtn s3Ha4eHUn, BO3pacTaHUA U T. 4. Ha

OCHOBEe MeToAa KoopAauHar);

* rnyb6okoe nsyyeHue otaesibHbIX (pyHKLUMA U UX KIacCoB;
* pacwmpeHune obnacT NpuUoXeHUn anredbpbl 3a cyet
BKITHOYEHUA B Hee uaeun byHKLMU N pa3BeTBNIeHHOMN
CUCTeMbl EeNCTBUM C PYHKLMEN.



OcHOBHbIe NoOxX00bl K 88e0eHUI0

MOHSIMUS « PYHKUUST»

UHOYKTUBHBLIV noaxon,

OenyKTUBHbLIN Noaxon

U3HavyanbHO paccMmoTpeHune
GonbLOro Yyncria npumMepos,
C NOMOLLLIO KOTOPbIX
WHTYUTUBHO BbISAABNSIETCA
CYTb NMOHATUA

MU3HavyanbHO nonHoe u
cXaTtoe U3rnoxeHue y4yebHoOro
MaTepuarna, nycTtb gaxe
ManonoHATHOro Npu NepBoM
NPOYTEeHUMU

Nocnepyrouwee 6onee
cCTporoe onpeaerieHMe
OCHOBHbIX MOHATUA

HanbHenwasn yrnyo6rneHHas
npopaboTKa Bcex NpumMmepos,
TePMUHOB U onpeaeneHnn c
MOMOLLLIO UNTKOCTPaLUN




Memoduka esedeHusi NOHsIMUs1 byHKUUU
8 y4ebHuUKax pa3Jlu4dHbIX aemopoe

YuyuntbiBasa BOCNPUUMYUYNBOCTb K HOBbIM MaTeMaTU4e€CKUM MOHATUAM,
OCHOBHbIe CBOMCTBa (PYHKLMUN NepeHecnn Ha CTapLUyr CTyneHb aBTOPbI
y4yeb6HukoB nop peaakumen A.MopakoBmya n C.M.Hukonbckoro.

MpuoputetHon nnHmnen komnnekra A.l. MopakoBuua
aBnsieTca PyHKUMOHanNbHoO-rpaduyeckas nMHUA:

eOBNageTb MeTogamMu uccriegoBaHua (pyHKUUN K
NOCTPOEHUA UX rpadPuKoB,;

*yCBOUTb MOHATUE Npeaena PyHKUUN n
HenpepbIBHOCTU (DYHKLUM B TOUKE U HA UHTepBane;

*yCBOUTb NOHATHNE PYHKLUUUN, OOpAaTHOU OAHHOW, U HAYYUTb
HaxoaAnTb PYHKLUUIO, OOpaTHYIO AaHHOW;

*HAYy4YUTb HaXoAUTb NPOU3BOAHYIO NHOOOWN

anemMeHTapHOU PYHKUUU;
*Hay4uUTb NPUMEHATb MPOU3BOAHYIO NPU
nccrnenoBaHUn PYHKLUNA U peLleHUN NPaKTUYeCKUX

3apau.

DyHKUMOHaNbLHasA NIMHUA B KOMNJEKTe yYeOHUKos nog |
peaakuuen C.M.Hukonbckoro saHMmaeT BefyLiee MecTo | "ﬁ;C(;,-

cpean TeMm y4yebGHOro Kypca.




OcobeHHOCMU u3y4eHus
omoeJibHbIX Kriaccoe hyHKUuUU

a)npssimol u o6pamHoL nNpPornopyuoHabHOU
3aeucumocmu:

¢ onopa Ha 3HaHuA O nNponopuvn n nponopuMOHaanoﬁ 3aBUCUMOCTU BEJTIUYHUH.
° MH,D,YKTVIBHbIﬁ noaxon K BBeAeHUIO NMOHATUA.
* UcnoJsib3oBaHue NMNpuemMa «3aryweHumsa» To4ekK npu noCTpoeHnu rpadlea.

6)nuHeliHOU pyHKYUU:
*a) HaHeceHNe HeCKONbKNUX TOYEK;

*0) HabngeHe — BCe NOCTPOEHHbIE TOYKN PacnosioXXeHbl HA OAHOW NPSAMOW; NpoBeAeHMe 3TOU
npsiMOM;

*B) NpoBepKa: 6epemM NpPon3BoONibHOE 3HaYeHUEe apryMeHTa U BbIYMCIIAAEM MO HeMy 3HaYeHue pyHKUuuu;
HaHOCUM TOYKY Ha KOOPAUHATHYIO NSIOCKOCTb — OHa NPUHaANEXUT NocTpoeHHon npsimon. OTcroaa
AernaeTcs BbiBOA O rpadpuke AaHHOW FIMHEUHOWN (hpyHKUUN.

8)cmerieHHOU, nokazameJsibHOU U Jio2apugmuyeckou
¢yHKUUU:
CTpoutcsa no aHanorM4HbIM cxemam. FmaBHOW OCOOEHHOCTLIO ABNAETCA
Hanuune 60ONbLUMX OrpaHUYEHMN Ha NapaMeTpbl, OrpaHu4YeHue obnacTu
onpeaeneHusa PyHKUUMN.

2)mpu2oHoMempu4yecKux OyHKyuU

HaxoXAeHne 3Ha4YeHUN Bcex TPUroHOMeTPUYECKUX
(PyHKLMN B «rNaBHbIX» TOYKaX.
CHavana no To4ykam cTpoutcsi rpadpuk, a 3aTemM ¢ NOMOLL IO
rpacpuyeckon uHTeprnpeTaLmm UccrneayroTca Bce CBOMCTBA
pyHKLUN.

d)keadpamuyHou ¢pyHKyuuU:

*nocTpoeHue rpadpmka MeToaoM «3aryLeHus» To4YeK ;
*OLIeHOYHOE uccnegoBaHne PyHKLUK;

*XapaKTepHCTUYECKHM TOYKaM;

°C NIOMOIIbIO Tpeo6pa3oBaHuA rpadpHKa MpocTeiinei QyHKIUH y = X2,




Tun ypoka: nekuus MacTep - knacc
Tema ypoka «MHOXeCTBO 3Ha4eHUU (PYHKLUN: HECTAaHAAPTHbIE
3agadn»

EQuHbIl 20cydapcmeeHHbIl 3K3aMeH npenodHocum HaM HeMasio croprpu3oe, 20e rnmoMumo
Haxo)x0eHusi caMo20 MHoO)Kecmea 3Ha4eHul ¢pyHKyuu, e2o NoOMHoXxecme, Haubonbwez20 unu
HauMeHbWe20 3HaYeHus1 pyHKyuu u m. 0., mpebyemcsi npuUMeHUMb €20 K peweHUro ypasHeHul
nubo HepaeeHcms. Yacmo, pewasi 3adayu, Mbl cmasikueaemcsi ¢ Heob6xo0UMOCMbHO
ombIcKkaHuUsi obrnacmu 3Ha4yeHul mou unu UHol hyHKyuU.

Lenb Hawero ypoka — npeAcTaBUTb pasfinyHble MeToAbl HaXOXAEHMA MHOXecTBa 3HayYeHun
pyHKUNN.

1.Hatidume MmHoxecmeo 3Ha4YyeHul ¢byHKUUU y = sin x + cos x.
(cnocobom BBeaeHUs BCNoMoratenbHOro yrna)

2.Hatidume MHO}ecmeo 3Ha4eHull pyHKyuu y = 15+ 2x — x*

BbISICHMM, NPU KaKUX 3HA4YEHUSsIX, @ ypaBHeHue V15 + 2x — x* = GEUMeeT pelueHune

YpaBHeHUe paBHOCUIILHO cUcCTeMe.

{15 + 2x —x?
a = 0.

3.Yucna x u y ydoenemeopsirom pageHcmey  7x> —4xy + 4y* = 12.
Hatdume ece 3HayeHusi, KOMopbIe MOXem NMPpUHUMamsb cyMmma x?° + y2

Hanpgem BCé 3Ha4YeHus ¢ KOTOpbIX UMeeT pelleHne cuctemMma ypaBHeHMﬁ npu

{'xz +yi=a
7x% —4xy + 4y* = 12.



Tvn ypoka: cemMmuHap
Tema ypoka «OcCHOBHble cBOMCTBa PYHKLUNN»

Llenb ypoka:
1. Mloemopumb OCHOBHbIe ceolicmea hyHKUuUU.
2. Paccmompemb OpO6HO-JTuHeliHyo U OpOo6HO-payuoHasibHyr (byHKUUU, Masio ulyvYaembie
8 WKOJ/IbHOU rnpoz2pamMme.
3. Paccmompemb npumepbi hyHKUUU, codepkaujux MoOyJib.
4. llpusueamb UHMepec K NMocmpoeHuUro 2paghukoe pyHKU Ul MoebIWEeHHOU CII0KHOCMU.

!ap,aq n ypokKa:

1. YenybneHue u cucmemamus3sayusi 3HaHuti no meme «OCHO8HbIe ceolicmea

yHKUUU».
2. [lodzomoeka y4aujuxcsi K ecmyrnumeJsibHbIM 3K3aMeHaM 8 mexHuU4YecKue

BY3bl.
3. BocnumaHue y4auwjuxcs yesieycmpemsieHHocmu, yMeHue 0oeodums ece

Ha4yamoe 00 /102Uu4eCKO20 KOHUa, Ky/1lbmyphbl MOCMpPOeHUs1 2pahukoe hyHKUyuUU.
Coo06LeHus no 3aaaHHbIM TeMaM. :
MocTpouTtb rpachumku:

1) ®yHKkyuu e npupode u mexHuke a)y= _1
2) [lpob6bHo-nuHelHas hyHKUUs U ee 2paghuk b2
3) Mpachuku pyHKkyull, codepxaujux MooyIib B)Y = [2— |1 — |l X #0,x% —1,

4) [lpobHo-pauyuoHanbHas ¢hyHKUUS
5) TpuzoHoMmempu4eckue ¢pyHKUuUU

sin2x, cosx <0

=2 sinx- |cosx| = G
r)y - | | {—sm2x,cosx =0

1 =

T y=[2-1xl

Y Y= — 1 1 ¢
|x-2] ¥ T x+ 7 vy

Y e y = 2sinx|cosx|

Puc.19 Puc.20 Puc.21 Puc.22



Tun ypoka: ypOK NOBTOpPEHUSN

Tema ypoka «CBounctBa pyHKLUN N UX rpachukmn»

YPOKU rnoemopeHuss umMmerom ceoel yesiblo He moJibKO 80CCMaHo8sIeHUe 8 namsimu
ydyawiuxcss OCHO8HO20 Mamepuasia, HO U 0606LueHue, ymo4yHeHue u
cucmemMamu3ayuro ux 3HaHuu no anaere U Ha4daJsiaM aHaJiu3a 3a KypcC cpedHeL“l

WKOJIbI 3JIeMEHMOM Ha ypoKe roemopeHusi 00/mkHa 6bImb camMmocmosimesibHasi
paboma y4awuxcsi.

LUenb ypoka:

* 0600WNTL TeopeTn4yeckme 3HaHUA No TemMe, pacCMOTpeTb peLlueHnA 3anad,
CBSA3aHHbIX C 3TOWU TGMOI?I, 0a30B0Oro U NOBbLILWEHHOro YPOBHA CJIOXXHOCTMWU,

*OpraHM3oBaThb pPaboTy y4alMXca No yKasaHHbIM TeMaM Ha YPOBHe,
COOTBETCTBYIOLLEM YPOBHIO YXKe C(hOPMUPOBAHHbIX Y HUX 3HAHUN.




TemaTunyeckoe nnaHnpoBaHue d)aKyanaTVIBHOFO Kypca

«UccnepoBaHue (hyHKLMI U NOCTPOEHME UX rpadhMKoB»

e Tema 1.

e Tema 2.

e Tema 3.

* Tema 4.

e Tema 5.

e Tema 6.

e Tema 7.

e Tema 8.

e Tema 9.

e Tema 10.

«MoHaTua dyHKuMKu n rpacduka. 3agaHue hyHKLUUNY.

«Knaccbl pyHKLMN».

«PaspbiBHble PYHKLUU U UX rpacpukny».
«Kyco4HO-nMHenHble (PyHKLUUN U MOaYNN».
«pachmkn MHOrousrieHOBY.
«pacmkn apoBHO-paLmMoHanbHbIX OYHKLUNY.
«TpuroHomeTpuyeckme PyHKLUN».
«lMocTpoeHue rpaddnKoB CNOXHbIX PYHKLUNY.
«Acnonb3oBaHue rpacumkoB (pyHKLUNA ANA pelueHUs pas3fuyHbIX 3agay».

«MAToroBasa gnarHocTuka».



OcHoBHbIe cnocobbl Nnpeobpa3oBaHUA

rpacpukoB

sCumMmMempusi omHocumesibHO oceli KOOpOuHam

*Cdeuz BAONb OCeN KoopauHAT (NnapannenbHbIi NepeHoc)

*PacmsikeHue v cxxaTtue rpacdumka BAONb OCEeN KOOpAUHaT.

* [locmpoeHue 2padpuka pyHkyuu y = Af{k(x—a))+B no
epagpuky PyHKUMM y=f(x).

» Mpachuku byHKUUIN, CBA3AHHBLIX C MOAYNEM.
epagpux pyHkyuu, codepxauwuti Modynb y = | +2|.

2 y=2
_y=o(x) -

T 1IN0 /,/1 TR
\

-2

-4

2 y=2

Y- o(lx)) .
g e

-N\9] 1
\|/

-2¥




OcHOBHble cnocobbl Npeobpa3oBaHUA
rpacukoB

*CuMMeTpusi OTHOCUTENTIBLHO Ocen KoopauHaT

omHocumersibHoO ocu Ox

y y - y

y=1x) y=x |

y =log,x

/_\A;l/(») \

| ol I\

0 R x /0| \ 1 x ol A x
\ - / \ \,
\ _/ %\ll(xo; Ayo) / \ \\,4\
R [ , . Sy
y=~f(x) ' ly=—x y=-log,x

y
y :\f('x) y ¥ = f(x) \ . .
y=2 \ y=2
| \ - -
M (~x4;y,) > M (x43,) y =log,(-x) y=log,x
™N ¢ M N



OcCHOBHbIe cnocobbI NpeodbpasoBaHUA
rpacoukosB

CaBur BAoONb ocen KoopaAuHaT (napansnesibHbIM NepeHoc)

y = log,(x+3)
e

.v"/'
e
v i %0&@35
3 410 /1 2 3 4x




OcHOBHbIe cNOCOOLI Npeobpa3oBaHuA
rpacoukoB

*PactsixxeHmne mn cxxartume rpadmka BAONIb OCeN KOOpAUHaT.

!{lh
y= 2x°
\
Y=%
\11
7\ *
/ \
\
2 \ Puc.
y=-2x \
y
y

Yy =sin x

y:cos(%x)

9 ‘\\\//"
y = sin 2x



OcHOBHbIe cnocobbl Npeobpa3oBaHUA
rpacoukosB

*['padpuku PyHKIUH, CBA3AHHBIX C MOAY/IEM.

Y\

\/—\ y = |f(x)| | ¥= sin |x|

O ' / x -y‘ N O r\

y -~ f(x) y=sinx

Ry




OcHOBHbIe cnocobbl Npeodbpa3oBaHuA

rpadoukoB

* [loctrpoenue rpaduka pyukuuu y = Af (k(x—a))+B no rpadpuxy ¢yHkuuu y=f

()

3marnbl MOCMPOEHUs1 3mo20 2paguKa:

y =+/x
y=vx¥3

y = %yx +3
} =-— \1'lx+ 3




