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CopgepxaHue

s KoopanHaThl TOYKU

s PacctogHune mexay ToNKamMu

= YpaBHEHUE OKPYKHOCTWU

s KoopanHatbl cepeaunHbl oTpeska
= YpPaBHEHME NPAMOU
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KoopAaunHaTtbl TOYKA

¢’ O — Hayano;
¢’ Ox — ocb abcuucc;

” Oy — oCb opavHar;

v Ox J_0y

v/ Ha ocsax BblbpaH MacluTab (eanHNYHBIN
OTPEe30K)

MpsimoyzonbHas cucmema KOopOuHam:

[0OBOPAT, UTO Ha NSIOCKOCTU 3aJaHa
npsiMoy20sibHasi cucmemMa KoopouHam,
ecrn Yepes HEKOTopYto ToUKy O nnockocTu
NpoBeaEHbI ABE B3aMMHO
nepneHauKynspHble NpsaMble, Ha KaXXaom
N3 KOTOPbIX BbIBpaHO HanpaBrneHne
(KOTOpOE Ha PUCYHKE OTMeYaeTCs
CTPENikon) N oHa 1 Ta Xe eanHuua
n3mepeHuns oTpeskos. Touka O
Ha3blBaeTCA Ha4asioM KOopOuHam, a
npsiMble C BbIOpaHHbLIMK HA HUX
HanpaBneHnaAMnN — OCSIMU KOOpOUHam.
OpgHa 13 ocen KoopanHaT HasblBaeTCH
ocbro abcyucc, a gpyras — ocbro
opduHam. Ocb abcuncc obo3Ha4yaeTcs
Ox, a ocb opaunHat — Oy.



NMonoxurtenbHble
nonyocw
1L
/ 0 I1 x
OTpuuaTtenbHble
nonyocwm

[1na kaxxgon n3 ocen onpeneneHbl ABa NPOTUBOMOSIOXKHbIX Jfyda ¢ Ha4Yanom
B Touke O. Jlyd, HanpaBrneHne KOTOPOro coBrnagaeT ¢ HarnpaBneHnem
KOOPAMHATHOM OCU, Ha3bIBAETCA MOJIOXKUMEsIbHOU MOJ1yOChHO, a APYron —
ompuuyamesibHOU rMoJslyochHo.
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V2 S My
;1 opduHama
(0] I1 ) ¢ X :

Ecnu Ha nnockocTn 3agaHa NpsAMOYrofibHasi cMcTemMa KoopauHart, TO B 3Tou
cucTeme KoopauHaTt Kaxgown Todke M nriockoCcTn COOTBETCTBYET
ynopsigoveHHaa napa yucen x, y. 3ta napa ymcen HasblBaeTcsl
kKoopduHamamu moyku M. [NepBaga koopanHaTa Ha3biBaeTca abcyuccod,
BTOpasi — opAuHamodu.
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[Mycte M, n M, — Touku nepeceveHus oceit koopamHat Ox n Oy ¢ npsimbimu,
npoxoAsLwmnmMm nepneHankynapHo um Yepes Touky M cooTBeTCcTBEHHO. Toraa
KoopAuHaThl X, y Toukn M onpenenstotcs cneayowmm obpasom:

v’ x = OM_, ecnu Touka M, NnpyHaanNexuT NONOXUTENBHON Nnonyocy;
v x =0, ecnu M1 coBnagaet ¢ Toykon O;

v’ x =— OM_, ecnv To4ka M, npuHaanexuT oTpuuatenbHON nonyocu;
vVy= OM2 , ecnu M2 NPUHAASIEXUT NONOXNTENLHOW NOMYOCH;
v'y=0,ecnn M2 coBnagaet ¢ Toykoun O;

v’y =— OM, ecnv Touka M, npuHaanexuT oTp1uaTenbHON Nonyocw.

A

y
M
My | L
(0] I1 M, X
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KoopanHatbl Toukn M 3anuckiBaloTCsa B CKOOKax nocne ob6o3HaveHus
Toukn: M (x; y) (Ha nepBOoM MecTe 3anucbiBaeTcs abcumcca, Ha BTOPOM
3anucbiBaeTcsa opaunHara).

Ecnn Touka M nexut Ha ocu Ox, TO OHa UMeeT KoopauHaThbl (x; 0), ecnn
M nexut Ha ocn Oy, To ee KoopanHatel — (0; y).

A A

y y
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PaccmMmoTpum npumepsl.

yu
A
D X
o) B
C
Puc. 1
y
D(-1;1) 1 A(1; 1)
1] o 1 x
C(-1;-1) -1 B (1;-1)
Puc. 2

[Mycte ABCD — kBagpar, ofinHa CTOPOHbI

KOTOPOro paBHa ABYM e€AuHULUAaM OVHGL, a
NpsIMOYrosfibHasi cuctemMa KoopauHaTt BblbpaHa
TakK, Kak noka3aHo Ha pucyHke 1. Torga B
BbIOpaHHOM cUCTEME BEPLUMHLI KBaapaTta UMEKT
KoopauHaThbl:

A (0;/2); B(+/2;0); C(0;=/2 ); D (-+/2; 0).

Ecnn cuctema koopamnHat BbibpaHa Tak, Kak
NMoKa3aHo Ha PUCYHKe 2, TO KOOpAWHAaTbI BEPLUWNH
OAHHOro KBagpaTa B 3TOM CUCTEME UMEIT
KOOPAWHATLI:

A(1;1); B(1;-1); C(-1;-1); D (-1;1).

%
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PaccTtosaHne mexay Toukamm

PaccmMoTprnmM BONPOC O HAaXOXOEHUN PACCTOSHUA MexXay TOYKaMun, ecnu
N3BECTHbI NX KoopanHaTtbl. [1ycTb Ha NNIOCKOCTU BbibpaHa NpsAMOYrofibHas
cucTema KoopauHaT 1 U3BEeCTHbl KoopauHaTbhl Todek A 1 B B 9ToM cucteme
koopaunHat: A (x; y,) n B (x,; ¥,). Toraa pacctosiHve d (A, B) = AB mexay
ToYkamu A n B MOXXHO HanTu nNo popmyne

d(A,B) = \/(X2 _x1)2 +(y, _y1)2

Ax;y,)
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Nokaxem copmyny d (4, B) = \/ (x,—x)" +(», = )" pns cnyyas,
korga X; X, n ), % ),, T e. korga otpe3ok AB He napanneneH Hu
OQHOW U3 KoOpAMHAaTHbIX ocel. [TycTe € — Touka nepeceyeHnst NpsMbIX 7, 1
l,, KOTOpPbIE NPOXOAAT Yepe3 Toukn A, B COOTBETCTBEHHO U NapannenbHbl
ocam Oy, Ox. PaccMmoTpuM NpsiMOyronbHbI TpeyronbHuk ABC. [nuvHbl
ctopoH AC 1 BC paBHbl: AC = |x, —x,|, BC = B’z — | . Torna no Teopeme

[NMndparopa
arop AB =~ AC? + BC?
nnm
d(A,B)z\/|x2—x1|2+|y2—y1|2 :\/(xz_x1)2+(y2_y1)2°
Y| Ll
l,| C B
o X
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3ameTtum, yto cpopmyna d(A4,B) = \/(xz —x,)’+(y,—y,)° BepHa n ans
Crny4aes:
a)x, =X, Yy, V,¥0Tpe3ok napanneneH ocu Oy, pucyHok 1);
0) x, x,%,=Yy,(0Tpes3ok napanneneH ocn OX, pUCyHoK 2);
B) X, =X,, ¥, =Y, (Toukn A n B coBnaaator).

B cnyvae a) d (A, B) = AB = \/(y, - )" =|,— |
B crnyyae 6) d (A, B) = AB =+/(x, —x1)2 =|x2 —xlf.

Ecnn Toukn A n B cosnapatot, To d (A, B) = 0.

y i y i
770 E— ALY, A(x,;y) B (x,; y)
o o
Y, [ ® B (x; y,) X, O X, X
o) X X Puc. 1 Puc. 2
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PaccmoTtpum npumep.

[MycTb HeobxoauMmo BblMUCIIUTL Mnowaab kBagpata ABCD, gge
BEPLUNHbI KOTOPOro nMerT koopauHaTtel A (8; 8) u B (5; 5). lNnowagb
KBagpara paBHa KBagpaTy ASMHbl CTOPOHbI.

CnepoBaTesnbHO, SABCD=ABZ. [Ona BblMUCNEHUA AONUHbI CTOPOHLI AB

BOCMOSIb3yeMca (POPMYSION PacCTOSAHUA MexXay OBYMS TodKamu
d(4,B)=(x, —x,)* + (3, — )%

AB =(8-5)* +(8—5)* =/3* +3? =32.

=AB =18 ke. e0.

Takum obpasom, nnowiaas keagpata S, .,

OTBeT: 18 KkB. ef.
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YpaBHEHNE OKPY>XXHOCTU

PaccmoTpum Bonpoc 06 ypaBHEHWUU
OKPY>XHOCTM.
Y1 YpaBHeHVe ¢ ABYMSI epeMeHHbIMY
M (x; y) Ha3bIBaeTCs ypasHeHUeM ¢huaypbi, €Crnu
eMy yOoBreTBOPSOT KOOpAUHAaTbLI NtoO0ou
TOYKN 3TON PUrypbl U He YOOBMETBOPAIOT
KoopAuHaTbl TOYeK, He npuHaanexalmnx

Yo OaHHOW durype.
CocTaBuM ypaBHEHUE OKPYXXHOCTU C
LeHTpom B Touke O (x,; y,) 1 paguycom R.
[MycTb Touka M (x; y) npuHagnexuT
o x - OKpY>XHOCTW. Torga B cuny onpeneneHuns

okpyxxHocTn CM = R. CnepoBaTernbHO,
KBagpaT paccToaHusa mexay Toukamm Cn M
paBeH KBagpaTy paaunyca:

(X—X0)2+ (y_yO)2 = R?
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Mycte Touka M, (x,; y,) He NpuHagnexut okpyxHoctu, Ttorda CM, # R,
a 3HaunT, (x — x,)? +(y y1)2;ﬁR2 T. €. eCnv TodKa He anHau,nemMT
OKPYXXHOCTU, TO ee KoopAuHaTbl He YOOBIIETBOPSIOT YPaBHEHMUIO
(X_X0)2 +(y_y0)2 =R2 .
Takum obpasoMm, ypaBHEHME

(x_xo)z + (.y_.yo)2 = R?

eCTb ypasHeHUe OKpy)XHocmu ¢ LeHTpom B Touke C (x,; y,) v pagnycom R.
3aMeTuM, YTO eCln LIEHTP OKPY>XXHOCTM coBrnagaeT ¢ HayarioM CUCTEMbI
KOOpAWHAT, TO ypaBHEHNE OKPY>XHOCTU MMEET BUL,

A

y x? +y? =R?|.
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4 3adaya. CocTaBbTe YpaBHEHUE
M dourypbl Ha NSIOCKOCTU, COCTOSLLIEN N3
/£>\\ BCEX TOYEK, CyMMa KBagpaToB
A B . PacCTOSHUN KOTOPbIX OT TodeKk A (—6; 0)
QJ x 1 B (6; 0) pasHa 104
PeweHue.

1) Myctb M (Xx; y) — To4Ka, NpuHaanexawias purype, ypaBHeEHUE KOTOPOU
HeobxoaMMo cocTaBuTb. Toraa no ycnosuto 3agaun AM? + BM? = 104.

2) Bocnonb3yemcs hopmyrnon ana HaxoXaeHUa pacCToAHUS Mexay
TOYKaMW, KOOPANHATLI KOTOPLIX U3BECTHLI. [Nonyyaem:

AM =J(x+6)* +y?; BM =J(x—6)* + )*.

3) Mo ycnoswuio 3agaun (x + 6)? + y? + (x — 6)? + y? = 104. MNMocne ynpoLeHus
nonyyaem x° + y? = 16.

Ecnu Touka M (x; y) He npuHaonexuT durype, 0 KOTOPOM MOET pedb B
3apgade, To AM? + BM? # 104, a 3HauunT, KOOpaMHaThl Touku M (x; y) He
YOOBMNETBOPSAIOT YpaBHEHMIO X% + y? = 16. Takum o6pas3om, ypaBHeHne durypbi
MeeT Bug, x° + y? = 16 n durypa SBMseTCs OKPY>KHOCTbIO C LIEHTPOM B Havarne

KoopauHat u paguycom 4. ‘
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KoopaunHaTtbl cepegnHbl oTpeska

PaccmMoTpum BONPOC O BbIYUCIIEHUN KOOPANHAT cepeanHbl OTpesKa, ecrnu
N3BECTHbI KOOPAMHATbI KOHLIOB 3TOro OTpes3Ka.
Mycte A (x,; y.,) n B (x,; y,) — Npon3BOSbHbIE
TOYKW NIIOCKOCTH, a Touka C (x,; y,) — cepeamnHa
A oTpes3ka AB. Hangem koopanHaTbl X, Ny,
Hangem koopaunHarty X,.
C 1) MNycTb oTpe3ok AB He napanneneH ocu Oy, T. e.
x, ¥ x,. [lpoBenem Yepes Toukn A, B n C npsivble,
B napannesnbHble ocn Oy, KOTopble NepecekarT OCb
Ox B Toukax A, (x,; 0), B, (x,; 0) n C, (x,; 0)
COOTBETCTBEHHO. Torga no teopeme daneca To4ka
C, (x,; 0) — cepennHa otpeska A B, T.e. A.C, =

- C,B,vnn |x,— x| =|x,— x,|. OTclona cnenyer, 4to
1 nmbo x,— x, = x,— X,, nmbo x, — x, =—(x, — x,). Tak
KaK X, # X,, TO NepBOE PaBEHCTBO HEBO3MOXHO, a
3Ha4uT, BEPHO BTOPOE PaBEHCTBO, N3 KOTOPOro
nony4aem, 4To X +x

_MTh

Xy =———.
2
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y A
oA
® C
® B
(0, x=
Puc. 1
y 1
C
B
(0, x=

2) lNyctb oTpesok AB napanneneH ocu Oy,
T. €. X, =X, B aTom cny4yae Bce To4ku A1, B1,
C, VIMeloT OZiHy 1 Ty e abcuuccy, a
cregosaresfibHO, oopmMyna

_ AT X
xO — .
2

BEpHa 1 B 3TOM cny4ae (puc. 1).

KoopawuHata y, Toukn C, HaxoauTcs
aHanorndHo. B aTom cnyyae paccmatpuBatoTcs
npsimble, napannensHble ocn Ox (puc. 2), a
cooTBeTCcTBYOLWAaa doopmyna umeeT Bua

W+

Yo = > .




CepegvHa C otpeska AB, rae A (x.; y.), B (x,; y,):

C(xy5¥0)

X, +X y+_)/
7 2 . 71
XO— ’ y()_ 2

2 2
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3adaya. KoHuamun oTpeska cnyxart Toukn A (-8; =5), B (10; 4). Hangute
KoopauHaTbl Todek C u D, koTopble OenaT oTpe3ok AB Ha Tpu paBHble YacTu.

PeweHue.

[Myctb Toukn € 1 D umetoT koopauHaThl (X, ¥o) U (X, Vp)-
1) Hatudem abcuyuccbl moyvek C u D.

Tak kak Touka C — cepeaunHa oTpeska AD, TO BbINOMHAETCA PaBEHCTBO

X
X, =—+2—,
2
Tak Kak Touka D — cepeanHa otpeska CB, 10
10+ x,
Xy = .
2

Pewws cuctemy | 2x, = x,— 8,
2xD =10 + X.,

Haxoaum X, = -2, X, = 4.
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2) Hatudem opOuHamel moyek C u D.
[Ans HaxoxgeHna opamHat Todek C n D Bocnosnib3yemcsa paBeHCTBaMu

Yp—3 | Ve t+4

Ye = 5 Vp = S
Pewwus cucrtemy
2y .=y,- 9,
2y, =y.*4,

Haxoaum y,=-2,y, = 1.

Omeem: C (-2, -2), D (4; 1).
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“ ; YpaBHeHNe nNpamoun

M BbiBenem ypaBHeHne NpsMon, Npoxoasiuen
A Yyepes ABe TOYKU, KOOpAUHATbl KOTOPbIX M3BECTHbI.
[TycTb Ha nnockocTu gaHa npsamast I v BblibpaHa
B npsiMoyronbHas cuctema KoopamHar. Paccmotpum
nBe pasnuyHblie Toukn A (x,; y,) v B (x,; y,) Takue,
0 ~  YTO npsaAmad I aBnsetca cepegnHHbIM
X nepneHguKynsapom ons otpeska AB.
1) Ecnin Touka M (x; y) nexunt Ha npamon I, To AM = BM. CnenoBatensHo,
KoopanHaTbl TOYKN M yooBneTBOpsOT YpaBHEHUIO
(X=x)+(y-y)=(x-x)+(y-y,)>
KOTopoe nocre npeobpasoBaHust NPUHUMAET BUA
ax+by+c=0,
raea=2(x,—x,),b=2(y,—-y,), c=x,2+y,?—x?—y? 3ameTum, 40 XOTs! Gbl
OOWH U3 KoadPurumMeHToB a, b ypaBHeHUA ax + by + ¢ = 0 He paBeH HYIo, T. K.
TOYkM A n B pasnunyHble, a 3Ha4uT, XoTH Obl 0OgHa U3 pa3HOCTEN X, — Xy, Y, —Y,He
paBHa Hyrto.
Takum obpasom, ecnun Todka M nexnT Ha NpsiMon [, TO ee KoopaAnHaTbI
yOOBNETBOPSIOT ypaBHEHUIO ax + by + ¢ = 0, rae koadpduuneHTol an b
OOHOBPEMEHHO HE paBHbI HYIIIO.
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Y i !
Iy 2) Ecnn Touka M (x; y) He nexuT Ha
A ® npsimon I, To AM # BM v AM? # BM?, a
cnegoBaTtenbHO, KoopanHaTbhl TOYKM M He
B YOOBETBOPSAIOT ypaBHeHWIO ax + by + ¢ = 0.
o) X

Taknum obpasom, ypaeHeHUeM rpssmMou B NPSIMOYTrofibHOM CUCTEME
KoopAauHaT sIBNsSeTca ypaBHEHME MNepBon CTENEHN

ax+by+c=0]|,

roe a n b oqHOBPEMEHHO He paBHbI HYIHO.
v Ecnna =0, 70 y = c —npsmas || Ox.
v Ecnn b =0, T0 y =c,— npsmas || Oy.

v’ Ecnu ¢ = 0, To npamas npoxogut 4yepes O (0; 0).
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3adaya. [1aH paBHOGeapEHHbIN NPSAMOYrONbHLIN TpeyronbHk ACB ¢
npsaMbIM Yrriom npu BeplunHe C. Haaute MHOXecTBO Touek M nrnockocTu, AN
KaXOoM U3 KOTOPbIX BblNonHaeTcs ycnosne AM? + BM? = 2CMW2.

PeweHue.

PaccmoTpum cuctemy KoopauHart, Hadano

KOTOpOW coBnagaeT ¢ BepwnHon C, a
BepLWMHbLI A n B pacnonoXxeHbl Ha ocax Ox u
Oy, KaK nokasaHo Ha pucyHke. Ecnun karet
OaHHOro TpeyrorbHUKa paBeH a, Torga (0; 0),
(a; 0), (0; a) — koopanHaTtbl Touek C, An BB
BbIOpaHHOW cUCTEME KoopanHaT

A COOTBETCTBEHHO. [1ycTb (X; ¥) — KOOpANHATLI

- Toukn M, npuHaanexawen MCKoMomy

C X MHO>ECTBY TOYEK.
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Bocnonb3yemca hopmMynon anst HaxoXXAeHUs pacCTOAHUS MeXay
TOYKaMU, €CITM N3BECTHbI X KOOPAUHATLI:

AM:\/(x—a)2+y2, BM:\/X2+()/—CI)2, CM =.x*+y°.

Mo ycrnosuio 3agaun AM? + BM? = 2CM?, cnepoBsaTernbHo,

(x—a)’+y? +x%+(y-a)’=2(x%+y?).

Ortcroga nonyyaem ypaBHeHne x + y —a = 0.

Ecnu Touka M (x; y) He npyHaAONEXUT MICKOMOMY MHOXECTBY TOYEK, TO
AM? + BM? # 2CM?, a 3HauunT, KOOpAMHaThl TO4KM M He yOoBneTBOPSIoT
ypaBHeHUo X + ¥y — a = 0. Taknm obpasom, x + y — a = 0 eCTb ypaBHeHUE
MCKOMOIO MHOXECTBa TOYEK U 3TO MHOXECTBO €CTb NpsiMasi, Ha KOTOPOMU
NexuT rmnoteHysa AB gaHHOMo TpeyrosisHuKa.
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3aknodyeHune

CyTb KOOpPAMHATHOIO MeToda 3aK4aeTcs B TOM, YTO BBEAEHNE
CUCTEMbl KOOPANHAT NO3BONSAET 3anncaTb YCNOBME 3a4a4M B KOopAnHaTax
N pellatb ee, UCNonb3ys 3HaHUSA No anreodpe.



