AArebpamnueckue
YPABHEHMSA NMPOU3BOAbHbIX
cTeneHeu




|. BBeaeHue

Bcakuit LUKOABHUK, MpeXAe BCero, yMeeT pellaTb YpaBHEHWE NMepBOM CTEMeHU: ECAU AQHO
ypaBHeHue ax+b=0, rae a#0, To ero eAMHCTBEHHbIM KOpHeM ByaeT uncao x=b/a.

LLIKOAbHMK 3HaET, TaKk>Ke, POPMYAY AAA PELLEHUs KBAAPATHOIO YpaBHEHMS:
_ —b /BT dac

ax’+bx+c=0, rae a#0. MmeHHo, x = ="~

EcAM KO3 PULMEHTbI YpaBHEHMS — AEMCTBUTEAbHbIE YMCA], TO 3Ta GOPMYyAa AQET ABa

Pa3AMYHBIX AEMCTBUTEAbHBIX KOPHS, KOTAA MOA 3HAKOM PaAMKaAa CTOMT MOAOXKUTEAbHOE

umcao, T.e. b?>-4ac>0. Ecan ke b2-4ac=0, To Hale ypaBHEHUE UMEET AULLb OAMH KOPEeHb; ero

Ha3blBalOT B 3TOM CAy4ae KpaTHbIM KopHeM; npu b*-4ac<0 ypasHeHMHe Booblue He UmeeT

AENCTBUTEAbHbIX KOPHEN.

HakoHeL, LWUKOABHUK yMeeT peluaTb HEKOTOPbIE TUMbl YPaBHEHUIM TPETbEN U YETBEPTOM
CTeneHemn, a UMEHHO Te, peLleHUE KOTOPbIX AETKO CBOAMUTCS K PELLUEHUIO KBaAPaTHbIX
ypaBHeHWI. [IpUMEpPOM MOXET CAY>KUTb YpaBHEHME:

ax*+bx?+cx=0, KoTopoe UMeeT OAMH KopeHb x=0, a 3aTeM NOCAe COKPaLLEHMSA Ha X
npeBpaLiaeTcs B KBaapaTHOe ypaBHeHMe: ax’+bx+c=0.

K KBaAPaTHOMY YpaBHEHUIO TaKXKe CBOAUTCA YpaBHEHUE quBepToﬁ cTeneHu:

ay*+by?+c=0, HasblBaeMoe GMKBAaAPATHBIM; AOCTATOUHO MOAOXKMTb B 3TOM ypaBHEHUM y2=X,
HaUTU KOPHMU MOAYYEHHOrO KBAAPAaTHOrO YPaBHEHWUS U 3aTEM U3BAEYb U3 HUX KBaApPaTHble
KOPHMU.



2. KoMnAeKcHble
YyucAa

[MoTpebHOCTb B KOMMAEKCHBIX YMCAAX BO3HUKAQ B CBSA3U C TEM, YTO U3 OTPULLATEABHOIO
AENCTBUTEABHOIO YUCAE HEAb3Sl U3BAE€Yb KBAAPATHbIA KOPEHb, OCTaBassCb B 06AaCTH
AENCTBUTEAbHBIX YNCEA. DTO, KaK Mbl 3HAEM, MPUBOAUT K TOMY, YTO HEKOTOPble KBaApaTHble
YPaBHEHMSA HE UMEIOT AEMCTBUTEAbHbIX KOPHeW; ypaBHeHMe X +|=0 byaeT npocTenwnm ms
TaKMX ypaBHEHUI. HeAb3s AM paclUMpUTL 3amac YMCEA TaK, YToDObl 3TU ypaBHEHMA 0OAaAaAM
KopHem!

LLIKOABHMKY HECKOABKO pa3 MPUXOAMAOCH BCTPEYATbCA C PaClUMPEHUEM TOrO 3araca YUCEA,
KOTOpbIM OH pacnoAaraeT. OH HaYMHAA C U3YYEHUS B SAEMEHTApHOM apUPMeETHKE LieAbIX
MOAOXUTEAbHbIX YnceA. OyeHb CKOpO MOSIBUAUCHL U Apobu. B Kypce aarebpbl 6biAn A06aBAEHbI
OTpULLATEAbHbIE YUCAQ, T.€. OblAa MOAyYEHa CUCTEMA BCEX PaLLMOHaAbHBIX YnceA. HakoHel,
NpUCoeAHEHWE UPPALIUOHAABHBIX YUCEA MPUBEAO K CUCTEME BCEX AEMCTBUTEAbHbIX (MAU
BELLLeCTBEHHbIX) YMUCEA.

Karkaoe 13 3TUX MOCAEAOBaTEAbHbIX PACLLUMPEHUI 3anmaca YUCEA MO3BOASIAO HAXOAUTb KOPHMU
AASl HEKOTOPbIX U3 TeX YPaBHEHWM, KOTOPbIE paHbLUE, AO PaCCMaTPMBAEMOrO pacLUUpEHMUS,
KOpHen He uMmeAun. Tak, ypaBHeHue 2x- =0 cTarno 0bAapaTb KOPHEM AULLb MOCAE BBEAEHUS
Apobeit, ypasHeHue x+1=0 — nocae BBeAGHUS OTPULIATEABHBIX YUCEA, @ ypaBHeHUe X2-2=0 —
AVILLb MOCAE NMPUCOEANHEHUSA UPPALMOHAABHbBIX YMUCEA.

Bce 310 BnoAHE oripaBAbIBaeT eLlLe OAUH Lar Ha nyTv O6OI'aIJ.I.eHMF| 3arnaca YncCeA, 1 Mmbl B
O6LLI.MX YMCAAM HAMETUM CeMYaC, KaK 3TOT NMOCAEAHMM LIar OCYLWLECTBAAETCA.



puc.1l

Kak nsBecTHoO, ecAU AaHa MpsiMasi AMHUSL U Ha HEW AQHO MOAOXKUTEAbHOE HarpaBAEHUE,
oTMeuveHa Touka O u BbibpaHa eanHMUa MacwTaba (puc. ), To BcsikoM Touke A Ha 3ToM
NMPSMOM MOJKHO MOCTaBUTb B COOTBETCTBUE €€ KOOPAMHATY, T.€. AEMCTBUTEAbHOE YUCAO,
BblpaXkaloLLiee B BbIOpaHHbIX eAMHMLAX MacliTaba paccTtosHue oT A a0 O, ecan A AexuT B
MOAOXMUTEABHOM HarpaBAEHUM OTHOCUTEABHO O, MAW PaccTOsiHME, B3SITOE CO 3HAKOM MUHYC,
eCAU A A@XUT B OTPULLATEABHOM HanpaBAeHun oTHocuTeAbHo O. Bcem Toukamu npsmon
TakMM NYTEM CTABATCS B COOTBETCTBUE Pa3AUYHbIE AEMCTBUTEAbHBIE YUCAQ, TPUYEM MOXKHO
AOKa3aTb, YTO BCAKOE AEUCTBUTEABHOE YUCAO BYyAET NpU 3TOM UCMOAb30BaHO. MOXHO
CYMTaTb, CAEAOBATEABHO, YTO TOYKM Haller MPSIMOM SBASIIOTCS U30OpaXkeHUsAMH
COOTBETCTBYIOLLUX UM AENCTBUTEAbHbBIX YMCEA, T.€. YTO 3TU YUCAQ KaK Obl YAOXKEHbI Ha
NpsAMYto AMHUIO. HazoBéM Hally npsiMyio YMCAOBOWM MPSMOMN.

HeAb3sa AM pacluMpuUTb 3amac YMceA TaK, YTOObl HOBbIE YMCAQ CTOAb YK€ €CTECTBEHHbIM
06pa3om n306pasnAnCh ToUKaMK NAOCKOCTU! TakoM cucTeMbl YMCeA, BOAee LUMPOKOM, YeM
cucTeMa AEMCTBUTEAbHBIX YMCEA, Y HAC MOKa HeT, €€ HYXKHO MOCTPOUTb.

HOCTPOeHMe CACAYET HaYaTb C YKa3aHUA TOro, U3 KaKOro «MaTepuaAa» 6)’AeT «CTPOUTDLCAD
HOBaA CUMCTEMA HYUCEA, T.€. KaKNE 0b6beKThI 6)’A)’T Urpatb poAb HOBbIX YNUCEA, a 3aTEM HYXKHO
OMNPEAEAUTD, KaK HaA 3TUMU O6'beKTaMM, T.€. HAA 3TUMU 6)’A)’LLI.MMM YNCAAMU, AOAXKHDI
NMPpOU3BOAUTDBCA aAFe6PaM‘-IeCKMe onepaunn — CAOXXe€Hne 1 yMHOXXEHUE, BblIMNTaHUNE U
AEAEHUE. TaK Kak Mbl XOTHUM NOCTPOUTbL TaKMUE YNCAQ, KOTOPbIE 6bI M306Pa)KaAMCb BCEMU
TOYKaMU NAOCKOCTAMMU, TO rnpotulie BCEro caMm ToYKU NAOCKOCTU paCCMaTpUBaTb B Ka4eCTBE
HOBbIX YUCEA. ,A,Aﬂ TOro, YTOObI 3TU TOYKMU AENCTBUTEABHO MOTAU Obl cyMTaTbCA YUCAAMMU,
CAEAYET AULLIDb ONMPEAEAUTD, KaK NMPOU3BOAUTDb HAaA HNUMU aAre6paw—|eCK14e onepauunn, T.e. Kakas
TOYKa AOAXHa Ha3blBaTbCA C)’MMOIZ ABYX TOYEK MAOCKOCTH, KaKas — NMPONU3BEAEHUEM U T. A.



nOAO6HO TOMY KaK NOAOX>X€HNe TOYKHN Ha I'IPFlMOl;i BMOAHE OrNnpeAeAdeTca OAHUM AeﬁCTBMTeAbeIM YNUCAOM — ero
KOOPAMHATOM, MOAOXKEHUE BCAKOM TOUYKMU HA MAOCKOCTU MOXKET BbiTb ONPeAEAEHO Mapoi AEMCTBUTEAbHBIX YMCEA. AAs
3TOro BO3bMEM Ha MAOCKOCTU ABE B3aMMHO NEpPrEHAUKYAsIPHbIE MpsiMble, Nepecekatolmecs B Touke O, U Ha KaXKAOM U3
HUX 33AAAMM MOAOXUTEABHO HarMpaBAEHUE U OTMETUM eAUHMULLY MacTaba (puc. 2.)
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Ha3oBEéM 3TK NpsiMble OCAMU KOOPAMHAT, B YaCTHOCTU, FOPU3OHTAABHYIO MPAMYIO — OCblO abcLMcc, BEPTUKaAbHYIO —
oCblo opAMHaT. Takum obpasoMm, BCsi MAOCKOCTb pa3buBaeTcs ocsiMU KOOPAMHAT Ha YEeTbIpe YETBEPTH, KOTOpPbIE
HYMepYIOTCs TaK, KakK yKa3aHO Ha pUCYyHKe.

MoAoxkeHue Alo6ol Touku A 13 NepBOI YETBEPTU BIMOAHE OMPEAEASETCS 3aAAHUEM ABYX MOAOXKMUTEAbHbBIX
AENCTBUTEABHbIX YUCEA — YMCAQ 2, BbIPAXKAIOLLLETO B BbIOPaHHBIX €AMHMLIAX MacluTaba paccTosiHME OT AAHHOM TOYKMU AO
ocu opAmMHaT (abcumcca Touku A), 1 Ymncaa b, BbipaxkaioLero B BbIGpaHHbIX eAMHULIAX MacluTaba e€ paccTosiHUE A0 OCH
abcumcc (opanHaTa Toukn A). O6paTHO AAS AIOGOI Mapbl (3,b) NOACKUTEABHBIX AEUCTBUTEABHBIX YUCEA MOXKHO YKa3aTb B
NepBOM YETBEPTU BMTOAHE OMNPEAEAEHHYIO TOUKY, MMEIOLLYIO a cBoel abcuuccolt u b — cBoeit opauHaTON. AHaAOrMYHO
3aAA0TCA TOYKU U B APYrux YeTBepTax. OAHaKo, AAS TOro 4Tobbl obecrneynTb B3aMMHYIO OAHO3HAYHOCTb COOTBETCTBUS
MEeXAY BCEMM TOYKAMM MAOCKOCTU U MapaMm UX KOOpAMHAT (a,b), T.e. u36exaTb Toro, YTobbl HECKOABKMM Pa3AUYHbBIM
TOYKaM MAOCKOCTU COOTBETCTBOBAAA OAHA U Ta XKe Mapa KOOpAMHAT (a,b), Mbl cuMTaemM oTpuLLATEAbHBIMM aBCLIUCCHI TOYEK,
Aexawmx B YetBepTax Il u lll, u opanHaThl Touek, Aexkawimx B YyetBepTax Il u VI. 3ameTnm, 4To ToukM, AeXKaLLMe Ha ocu
abcumcc, 3apal0TCa KoopaMHaTamu BUAA (2,0), a TOUKM, AeXKallMe Ha OCU OPAMHAT, - KoopaMHaTamu Buaa (0,b),raeam b —
HEKOTOpble AENCTBUTEAbHbIE YMCAQ.

MMycTb Ha nNAocKoCTU AaHbl ToukM (a,b) 1 (c,d). Ao cMx Nop Mbl He 3HaAK, UTO CAeAYEeT NoApa3yMeBaTb NMOA CYMMOM U
NMPOU3BEAEHUEM 3TUX TOYEK. HA30BEM Temnepb UX CYMMOM TOUKY ¢ abcumccom a+c u opamHaton b+d, 1.e. (a,b) + (c,d) =
(atc,b+d).

HasoBém, c Apyroit cTopoHbl, MPOU3BEAEHUEM 3aAAHHBIX TOYEK TOYKY ¢ abcuuccor ac—bd u opanHaTon ad+bc,
T.e. (a,b):(c,d) = (ac—bd, ad+bc).



[MycTb BcsAkas Touka (a,0) ocu abcuUCC CAYKUT U30OparkeHNEM AEUCTBUTEABHOTO YUCAA 2 — CBOEN
abcumcchl, T.e. OTOXAECTBMM TOuKY (a,0) ¢ caMuM YMCAOM 2, TO ocb abcLmcc NpoCcTO NpEBpPATUTCA B
YMUCAOBYIO MpAMYIO. Mbl MOXEM Tenepb CYUTATb, YTO MOCTPOEHHAs HaAMU U3 TOYEK MAOCKOCTU HOBaS
YMCAOBASA CUCTEMA COAEPKUT, B YaCTHOCTU, BCE AEUCTBUTEAbHbBIE YMCAQ, 2 UMEHHO B Ka4eCTBe TOYEK OCU
abcumcc.

To4YKM OcHM OpAMHAT y>Ke He MOTyT ObITb OTOXXAECTBAEHbI C AEUCTBUTEABHBIMU YMCAAMU. PaccMoTpuUM,
Hanpumep, Touky (0, 1), AexkalLyto Ha ocu opAMHAT Ha paccTtosHuu | BBepx oT Touku O. O6o3HauuMm 3Ty
TouKy 6ykBon i:i=(0,1), u HAMAEM €€ KBaApaT B CMbICAE YMHOXEHUSA TOYEK MAOCKOCTM:

i2=(0,1)(0,1)=(0-0-1-1,0 1+1-0)=(-1,0).

Touka (-1,0) AexkuT, 0AHaKO, HE Ha OCM OpAMHAT, a Ha ocK abcumcc U No3ToMy usobpaxaeT
AENCTBUTEABHO Ymncao -1, T.e. i“= -1.

Mbl HalLAK, CAEAOBATEABHO, B HalLE HOBOM YMCAOBOM CUCTEME TAaKOE YMCAO, KBAAPAT KOTOPOro paBeH
AENCTBUTEABHOMY YUCAY -, T.e. Tenepb yxKe MOXHO M3BAeKaTb U3 -1 KBaApaTHbIA KOpeHb. Apyrum
3Ha4YeHueM 3Toro KopHsa byaet Touka i = (0, -1).

[MocTpoeHHas HamMK YMcaoBas cucTeMa, BoAee LUIMPOKas YeM CUCTEMA AEACTBUTEAbHbBIX YNUCEA,
Ha3bIBaeTCS CUCTEMOM KOMMAEKCHBIX YMCEA, 2 CAMU TOYKMU MAOCKOCTU C OMPEAEAEHHBIMM Bbille
onepaLusaMU HaA HUMU -KOMMAEKCHbIMU YMCAAMU. /\erKo NoKasaTb, UCMOAb3YSl 3TU OMepaLUu, YTO BCAKOE
KOMIMAEKCHOE YNCAO MOXKET ObITb BbIpaXKEHO Yepe3 AEMCTBUTEAbHbIE YMCAA U YUCAO i. [TycTb, B camoM
A€Ae, AaHa TouKa (a,b). BBMAY onpeaeAeHus caoeHUs cripaBeAAMBO paBeHCTBO (a,b)=(a,0)+(0,b).

Chaaraemoe (a,0) AeXKMT Ha ocu abcumcc U MOITOMY SIBASIETCA AEUCTBUTEABHBIM YMCAOM a. BTopoe ke
cAaraemMoe MOXKeT ObITb 3arnmncaHo No onpeaeAeHuio yMHoxeHus B Buae (0,b)=(b,0) - (O,1).

[MNepBblit MHOXKMTEAL NMPaBOM YaCcTM 3TOrO PaBEHCTBA COBMAAAET C YMCAOM b, a BTopoi paBeH i. Takum
obpasom, (a,b)=a+b * i, rae cAoXeHMEe U YMHOXKEHME HYXKHO NMOHUMATb B CMbICAE OMEpaLMit HaA TOYKaMU
MAOCKOCTMU.

nOA)’HMB 3Ty O6bILIH)’|O 3aNMUCb KOMMAEKCHbIX YMUCEA, Mbl CEMYAC }KE MOXKEM COOTBETCTBEHHO
nepennmcatb rNpUBeAEHHbDbIE BbllLe d)OPM)’AbI AAA onepau.mﬁ HaA KOMMAEKCHbIMU YNUCAAMU!

(@+bi)+(c+tdi)=(a+c)+(b+d) i
(@+bi)—-(c+di)y=(@~—-c)+(b—d) i
(a + bii) - (c + di) =ac + b-.cii + a-d'i + b-d'i? = (a-c = b-d) + (b-c + a-d) i;
a+b-i:a-c+b-d

. ’) > + ) )
c+d-i c?+d? c?+d?

b:c—a-d
¥




3. U3BAeueHMe KOpHEU, KBapApPaTHbIE
ypPaBHeHuA

PacnoAaras KOMNAEKCHBIMU YMCAAMU, Mbl MOXKEM U3BAEKATb KBAAPATHbIA KOPEHb He TOAbBKO U3 YUCAQ -1, HO U U3
AIOBOro ApYroro oTpULLATEABHOIO AEACTBUTEABHOIO YMCAQ, TPUYEM BYAEM MOAYYATb ABA Pa3AUYHBIX 3HAYEHUS.
MMeHHO, ecAU —a eCTb OTpULLATEABHOE AEMCTBUTEABHOE YUCAO, T.€.2>0, To

V—a= tya-li
I'\:‘Pd - MOAOXXUTEAbHOE 3HAYEHUNE KBaApaTHOI'O KOPHFl N3 MOAOXKUTEADHOIO YUCAQA aA.

BosBpaluasch K pelueHUio paccMaTpMBaBLLErocsi BO BBEAEHMM KBAaAPATHOIO YpaBHEHUSA C AEMCTBUTEAbHbIMMI
KO3¢$PULIMEHTAMM, Mbl MOXKEM TEMepb CKas3aTb, YTO U B CAy4ae 3TO YpaBHEHME MMEET ABA PasAMYHbIX KOPHS, HO
y>K€ KOMIMAEKCHbIX.

KoMMAEKCHBIX YUCEA AOCTATOYHO U AASl TOTO, YTOObI M3BAEKaTb KOPHU U3 AIOObIX KOMMAEKCHBIX YnceA. IMeHHo,

€CAM AQHO KOMMAEKCHOE YucAO a+b-i, To
|
va+b-i 2\3 (a +VaZ +b? )+1- a - (—a++va%2+b?),

rae o6a pasa 6epeTcsA MOAOXKUTEABHOE 3HAUYEHWUE PAAMKAAR . BMAHO KOHEYHO, YTO MpU AlOBbIX 3HaYeHusax a u b u
MepBoe CAaraeMoe MpaBoi YacTU U KOIGPULIMEHT | ByAyT AEUCTBUTEAbHBIMU YMCAAMU. KaxkAbIM M3 3TUX ABYX
PaAMKAAOB MMEET ABA 3Ha4YEHMS, KOTOPble KOMBUHUPYIOTCS APYF C APYTOM MO CAEAYIOLLEMY MPaBUAY: ecAM b>0, To
MOAOXUTEABHOE 3Ha4YEHWE OAHOTO PAAMKAAA CKAAABIBAETCS C MOAOMKMUTEAbHBIM 3HA4YEHUEM APYTOro, a
OTPULIATEAbHOE — C OTPULIATEAbHbIM; €CAM XKe b<0, To MoAOXKUTEAbHOE 3HAYEHNE OAHOTO PaAMKaAa CKAAAbBIBAETCS
C OTPULIATEAbHBIM 3HAYEHWEM APYrOro.

[Npumep. MN3BAeub KBappaTHbIM KOpeHb U3 YncAa 21-20:i. 3aeck:
va? + b? =441+ 400 = 29,

| [
> (a+VaZ+D7) = \,’%- (21+29)=>5,

[
/1 7 2y fd : -
iy (—a++va?+b )_\B'(_21'—29)_ +2
T.k.b=-20, 1. e. b<0, To KOMBUHUPYIOTCA 3HAYEHNS MOCAEAHUX PARAMKAAOB C Pa3HbIMMU 3HAKaMMU, T. €.

V21—20-1=+(5—2"1).



Mepexoas kK Bonpocy 06 U3BA€HEHUN KOPHS U3 AlOBOM LLEAOI MOAOXKUTEABHOM CTEMEHU N U3
KOMMAEKCHbIX YMCEA MOXKHO AOKa3aTb, YTO AASl AOOOrO KOMMAEKCHOIO YMCAQ A CYLLLECTBYET POBHO N
TaKMX Pa3AMYHbIX KOMMAEKCHbBIX YMUCEA, YTO KaXKAOE U3 HUX MPU BO3BEAEHUU B N-1O CTEMEHb, AAET YUCAO
a. MlHbIMM cAoBamMM cpaBeAAMBA CAEAYIOLLASA OYeHb BaXKHas Teopema:

KopeHb n-vi cteneHn u3 Alob60ro KOMAAEKCHOIro YUCAA UMEET POBHO N Da3AMYHbLIX KOMMIAEKCHbIX
3HaYEeHUM.

STa Teopema NMpUMEHUMA U K AENCTBUTEABHBIM YUCAAM, KOTOPbIE ABASIIOTCS YaCTHbIM CAy4aeM
KOMMAEKCHbIX YMCEA: KOPEHb N-M CTEMeHU U3 AEMCTBUTEABHOIO YMCA2 A MMEET POBHO N PasAMYHbIX
3HaYEHWM, B OBLLEM CAyHae KOMMAEKCHBIX; AGMCTBUTEABHBIX CPEAU 3TUX 3HAYEHWI, K3K M3BECTHO, ByaeT

ABa, OAHO UAU HN OAHOIO B 3aBUCMMOCTU OT 3HAKA YUCAA A U YETHOCTU YnCcAa n'.EiT

Tak, Kybu4HbIM KOpeHb U3 €EAUHULbI UMEET TPU 3HaveHus: |,

AETKO MPOBEPSAETCS, YTO KaXKAOE U3 ITUX TPEX 3HAYEHUN , B3ATOE B Kybe, AQET eAUHULLY. SHaYEHUAMU
KOPHS YETBEPTOM CTEMEHU AAS €AMHULI ABAsIIOTCA Yncaa |, -1, imn —i.

Bbiwe 6biAa NnpuBeaeHa $OPMYAa AASl U3BAEYEHUS KBAAPATHOTO KOPHS U3 KOMMAEKCHOTO YncAa atb:i.
ST1a popMyAa CBOAUT U3BAEYEHME YKA3aHHOTO KOPHS K U3BAEYEHUIO KBAAPATHbIX KOPHEN U3 ABYX
MOAOXKUTEABHbIX AEACTBUTEAbHBIX YnCeA. K coxaaeHUIo, Npy n>2 He cyluecTByeT $OpMYAbl, KOTopas Obl
BblpakaAa KOpPeHb N-M CTEMEHN U3 KOMMAEKCHOTO YncAa atb i Yepes AeMcTBUTEAbHbIE 3HAYEHUS
PaAMKAAOB M3 HEKOTOPbIX BCMOMOraTeAbHbIX AEMCTBUTEABHBIX YMCEA; AOKA3aHO, YTO TaKash POPMyAa U He
MOXXeT ObITb MoAyYeHa. KOpHUM n-i1 cTeneHn 13 KOMMAEKCHbBIX YNCEA UBBAEKAIOTCS, KaK MPaBUAO, MYTEM
nepexoAa K HOBOM 3arMcu 3TUX YUCEA, T.H. TPUrOHOMETPUYECKOM.



4.Kyb6uuHbie
YPaBHEHMUSA

MycTb AaHO ypaBHeHue x3+a-x*+b-x+c=0. [peobpasyem 3To ypaBHeHMe, MOAOXKMB X=y-a/3, rae y-
HoBoOe HeunsBecTHoe. [1oACTaBUM 3TO BblpaXKeHUe X B Halle YpPaBHEHUE, Mbl MOAYYMM KyOuyHoe
YPaBHeHME OTHOCUTEABHO HEKOTOPOro HEU3BECTHOIO Y, MPUYEM BoAee NpocToe, T.K. KOIPPULIMEHT NpU
y? oKaxkeTcs paBHbIM HyAtlo. KoadduumeHTOM npu nepeoit cTeneHn y u cBoBOAHBIM YAEHOM ByAyT
COOTBETCTBEHHO YMCAQ:

2:a® a'b

a:
p= —=+b,q=
] = ;I

T.e. ypaBHEHME COKPALLEHHO 3anuieTcs B Buae y +p-y+q=0.

EcAn Mbl HaMAEM KOPHM 3TOro HOBOrO ypaBHEHMS, TO, BbIYMTAst U3 HUX MO a/3, MOAYYMM KOPHM
MCXOAHOrO ypaBHeHUs. KopHM Hallero HoBoro ypaBHeHWsl BbIpaXkaloTcs Yepes ero KoapPuLmMeHTbI Npu
MOMOLLM CAeAYIOLLLEN GOPMYAbI:

|

Ka>kablM U3 BXOASLLUMX B HEE KYOUYHBIX PAAMKAAOB UMEET, Kak Mbl 3HaeM, TpU 3HadYeHUs. Heab3s,
OAHaKO, KOMOUHUPOBATb UX MPOU3BOAbHBIM 06pasoM. OKa3bIBaeTCs, YUTO AASl KAXKAOMO 3HaYeHMUs
MEepBOro paAMKaAa MOXHO YKa3aTb OAHO €AMHCTBEHHOE 3HaYeHWe BTOPOro PaAMKaAl, YTO
NMpOM3BeAEHUE UX PaBHO YUCAY —p/3. IMEHHO 3TU ABa 3Ha4YEHMS PAAMKAAOB U HYXKHO CKAAAbIBATb AAS
TOro, YTobbl MOAYYUTb, TAKUM OBPa3OM, TPM KOPHS Hallero ypaBHeHus. Bcsikoe KybuuHoe ypaBHeHue ¢
AIOBBbIMU YUCAOBBIMU KOIPPULIMEHTAMU UMEET , CAEAOBATEABHO TPU KOPHS, B obLLeM cAyyae
KOMIMAEKCHbIX; HEKOTOPbIE U3 KOPHEN MOTYT, KOHEYHO, COBMACTb, T.€. MPEBPATUTLCS B KPaTHbIA KOPEHb.
OAHako, npakTUYecKoe 3Ha4YeHne NpUBEAEHHON POPMYAbl BECbMa HEBEAUKO.



5. O pelwieHMU ypaBHEHUMU B PAAMKAAAX U O
CYLLLECTBOBAHMMU KOPHEU YPABHEHUU

DopMyAbl AASl HAXOXKAEHUSA GOPMYA AASl PELLEHUSA YPaBHEHUM TPETbel U YETBEPTOM cTeneHemn BbiAn
HaraeHbl ewwe B XV| Beke. B 310 e BpeMsa Havyaancb MoncKn Boaee CAOXKHOM GOPMYAbI AAS peLLEHUS
YPaBHeHWI NATOM cTeneHn n BoAee BbICOKMUX CTeNeHen. DTU MNOUCKM Be3ycrnellHO MPOAOAYKAAUCH AO
HavaAa XIX Beka, Koraa 6blA AOKa3aH CAEAYIOLLMIA 3aMeYaTEAbHbIA Pe3yAbTaT:

Hu ans kakoro n, 6oAbLIErO MAM PABHOIO MATU , HEAb3SA YKa3aTb POPMYAY, BbIDAXKAIOLLYIO KODHU
YPaBHEHUA Yepe3 ero KO3PPULIMEHTbI MpyU MomMoLLM PAAUKAAOB.

Ecau 6bi CyL,eCcTBOBaAO YpaBHEHUE C YNCAOBbIMU KOBCI)CI)MLI.MGHT&MM, AENCTBUTEABHBIMU UAU
KOMMNAEKCHbIMH, TaKOE€, KOTOpPOE HE MMEAO Obl HK OAHOIO AEUCTBUTEABHOIO MAM KOMMNAEKCHOIO KOPpH4,
TO BO3HMKAA Obl 32Aa4a AaAbHeMnLero paclLMNpEHNA 3anaca YNCEA. B 3TOM, OAHAKO, HET H€O6XOAMMOCTMI
KOMMAEKCHbIX YMCEA AOCTAaTOHYHO AAA pPELUEHUSA Aoboro YpaBHE€HUA C YNCAOBbIMU KOBCI)CI)MLIMGHT&MM.
MMeHHO, CnpaBEAAUBA CACAYIOLLAA TEOPEMA:

Bcskoe ypaBHeHue n-i cTeneHU ¢ Al0ObIMU YUCAOBLIMU KOIPPULIMEHTAMU UMEET N KOPHEH,
KOMIAEKCHbIX UAU, B YACTHOCTU, AENCTBUTEAbHbIX; HEKOTODbIE U3 HUX MOIYT, KOHEYHO, COBMACTb, T.€.
OKa3aTbCA KPATHbIMU.

OT1a TeopeMa HasbiBaeTcss «OcHOBHOM TeopeMoW Bbiclueln aarebpbi». OHa 6biaa AoKazaHa Aarambepom
n lNayccom ewe B XVIIl Beke, xoTs Anwb B XIX Beke 3T AoKa3aTeAbCcTBa ObIAU AOBEAEHBI AO MOAHOM
CTpOrocTMm.



6. YMcAo0 AencTBUTEAbHbIX
KOpHeu

MycTb AaHO ypaBHeHMe n-i cTeneHn. OHO MMeeT, KaK Mbl 3HaeM,
KopHeMt. [lepBble Bonpochbl, KOTOpble €CTECTBEHHO BO3HMKAIOT, TAKOBbI:
MMEIOTCA AU CPEAU HUX AENCTBUTEAbHBIE, CKOABKO UX, FTAE NMPUMEPHO
OHM pacnoAokeHbl! OTBeT Ha 3TU BOMPOCHI MOXET ObITb MOAY4eH
caepytolwmnm nyteM. O603Ha4YMM MHOTOYAEH, CTOSILLUI B A€BOM YacTH 8
ypaBHeHUs yepes f(x). [NocTpoum rpaduk MHorouaeHa f(x).

MNpumep. MocTpouTsb rpaduk PyHKLUMM f(x)=x3-5-x2+2-x+]1. A

CocTaBuM TabAULY 3HaYEHUIM MHOTOYAEHa f(X), CO 3Ha4YeHUAMM a,
ASXaLUMKU MeXAY -1 1 5 1 nocTpoum rpaduk.

o
IpadumK nokasbiBaeT, YTO BCE TPU KOPHS HAXOASTCSA Ha MPOMEXYTKaX 1
(-150), (0;1) n (4;5).
|
MHoraa noAesHbl cAeAyloLLME TEOPEMBI, AAlOLLME HEKOTOPbIE
CBEAEHUS O CYLLECTBOBAHUM AENCTBUTEAbHbBIX U AQXKE MOAOXKMUTEAbHbIX
KOpHeMn: 8
Bcskoe ypaBHeHue HEYETHOU CTENeHU C AEUCTBUTEAbHbIMU
Ko3pPuumeHTammu umeeTt XoTsa 6bl OAMH AEUCTBUTEAbHbLIM KODEHb. 12

EcAu B ypaBHEHUU C A@UCTBUTEABHBIMU KOIDDULMEHTAMU CTADLUMUI
Ko3pduumeHT A Wi cBOOOAHBIN YAEH A UMEIOT pa3Hble 3HAKU, TO OHO
umMeeT XoTs Obl OAMH MOAOXKUTEAbHbIN KODEHb. EcAu Ke, ypaBHeHue

UMEET, KDOME TOro, YETHYIO CTereHb, TO OHO OOAIAAET TakXKe M XOoTs Obl
OAHUM OTPULLATEAbHLIM KODHEM.

]

2 3 415

a fla)
1 -7

0 1

1 -1
2 -7

3 -11
4 -7

5 11




7. NpnbAM>KEHHOE pelueHue
YPaBHEeHUM

3Has 3HAYEHMS, MEXAY KOTOPLIMM 3aKAIOYEHBI KOPHU YpaBHEHMs x3-5-x2+2-x+ =0, Mbl MOXeEM YTOUHUTb KOPHM ypaBHEHMS.
MycTb, HaI'IpMMep, HAC MHTEPECyeT KOPeHb G, ASXKALLMI MEXKAY HYAEM WU eAMHULLEN. BoiuncAs 3HaUEHMSA AeBOI YaCTW ypaBHeHNS Npyu
x=0,1;0,2;0,3;...;0,9 , Mbl HawAu 6bi, Me)KA)' KaKUMU ABYMS U3 3TUX MOCAEAOBATEABHOCTEN 3HAUYEHUI AAA X TPadUK MHOTOYAEHA
f(x) nepeceKaeT och a6cu.mcc T.€. BbIYUCAMAN KOPEHb @, YXKE C TOYHOCTBIO AO OAHOMN AECATOM.

lNpoaoAkas Tak Aaaee, Mbl MOTAM Bbl HAMTKU 3HaYEHWE KOPHSA C TOYHOCTBIO AO OAHOM COTOM, U AO AIOBOM HY>KHOM TOYHOCTM.
OAHaKo, TakoM METOA CBSI3aH C (POMO3AKMMU BbIYMMCAEHUSIMU, KOTOPbIE BbICTPO CTaHOBATCSA HEBbINOAHUMbIMU. BBUAY 3TOrO
pa3paboTaHbl pasAUYHbIE METOADBI, ONPeAEASioLME MPUOAMIKEHHBIE 3HAYEHUS| AEUCTBUTEAbHBIX KOPHEN YPaBHEHMUS.

MoAesHo, cHaYaAa HaiTh GoAee y3Kue rpaHuLbl KOPHSA. AAS 3TOrO BbIMMCAUM KOPEHb C TOYHOCTBIO AO OAHOM AecsaTOoM. Tak
f(0,7)=0,293, 2 f(0,8)= - 0,88, a Tak KaK 3HaKM 3Ha4eHUI pasAn4Hbl, To 0,7<a,<0,8.

MeToA cocTouT B cAeaytoLeM. [ycTb AaHO ypaBHeHUE N-i CTEMNEHU, AEBYIO YacTb KOTOpOro o6o3Haumm yepes f(x), u nycTb
y>Xe U3BECTHO, YTO MeXAY A 1 B A€XKUT OAMH AENCTBUTEAbHBIN KOopeHb. [1o onpeAeAéHHbIM GOPMyAaM MOXXHO HaUTU AAS KOPHS a
HoBble rpaHuubl C u D.Tpu atom 6yaet nam C<a<D, nan D<a<C.
b-f(a)—-a-f(b)
MpaHuua C Bbuncasetes 1IC = ——————
fla)=r(b)
Toraa, B Hawem npumepe:

~0,8+0,293-0,7+(-0,088) 0,2344+0,0616

0,293—(-0,088) 0,381
®opmyAaa AAs rpaHuLbl D TpebyeT BBEAEHUS OAHOrO HOBOTO MOHATHE, KOTOPOE BYAET UrpaTh y HaC AULLIb CAY>KEBGHYIO POAb;
Mo CyLLECTBY K€ OHO OTHOCUTCS K APYFrOM YacTW MaTeMaTUKK, AU depeHLMaAbHOMY UCHUCAEHUIO.

=0,7769

lNycTb AaH MHOFOYAEH N-i cTeneHu f(x)=a0-x"+a|-x”"+a2-x“'2+ .. .+a _x*+a_ -x+a .
n-2 n-1 n
HazoBém npounssoaHoOI 3Toro MHorouaeHa u 06o3HaumM f ’(x) caeaytowunii MHorouAeH (n-1)-i ctenenu:
"\ — n-1 n-2 n-3
=n-3 - +(n-1) -2 - +(n?) -3 - + +9. y+
f'(x)=n-a x" +(n-1) -a x"“+(n-2) -a,x"+. . .+2a xta |

OH MOAyYeH M3 MHOTOUYAEHa f(X) MO CAGAYIOLLEMY MPABUAY: KaXKABIM YAEH a, X"X MHOrouAeHa f(X) yMHOXaeTcs Ha MokKasaTeAb

cTenenm n-k Mpy X, Cam e NoKasaTeAb YMEHbLIAETCA HA EAUHULLY; NIPU 3TOM CBOé(OAHbIM YAEH a_MPOMAAAET, TaK KaK MOMXHO
CYUTATB, 4TO @ =2 - 0.

OT MHorouaeHa f ’(x) MOXHO CHOBa B3SiTb MPOU3BOAHYIO. DTO BYAET MHOroYAeH (n-2)-1 cTerneHun, KOTOPbIA Ha3biBaeTCS
«BTOPOW NPOU3BOAHOIY MHOroYAeHa f(x) u obosHavaeTcs f(x).



Tak, AA pacCMaTPUBaEMOro HaMu MHorouAeHa fix)=x3-5-x*+2-x+1 Byaer:

F)=3x210x+2 u f"(x)=6x-10.

lpaHMLa d BblMMCASIETCA MO OAHOM U3 CACAYIOLLUX GOPMYA:
: Z o1 \ . 73
jlaj f(b)
d=a——— d=b——+.
Ja) J D)
MepBas 13 HUX BbIGUpaeTcs ecan 3HakK f (a) u fla) coBnaaatoT. B npoTuBHOM cAyyae BbiGUpaeTcs BTOpas.

B paccmaTpuBaemom npumepe BTopas npouseoaHas f ’(x) oTpuuaTteAbHa kak npu a=0.7, Tak u npu b=0.8. NoaTomy, Tak
Kak f(a)>0, To cAeayeT B3aTb AAs d BTOpylo dopmyay. Tak Kak f (0.8)= - 4.08, To

d=0.8-(-0.088/(-4.08)=0.8-0.0215=0.7784.

Takum 06pasom, Mbl HaLAM AAS KOPHS 4, CAEAYIOLLME FPaHULbl, MHOTO BoAee y3Kue, YeM Te, KoTopble GbiAU M3BECTHBI
Ham paHblue: 0.7769<a,<0.7785.

OTcroaa cAeAyeT, UTO €CAM Mbl BO3bMEM AAS A, CpeaHee 3HadeHue, a,=0.7777, To caeraem oMBKy He NPeBOCXOAALLYIO
0.008 — noAypasHoOCTH FrpaHuULL, OTpe3Ka.

Ecan MNOAy4Y€HHaA TOYHOCTb HEAOCTAaTO4HA, TO K HaMAEHHbIM rpaHMuaMm MOXHO CHOBA NMPUMEHUTDb 3TOT METOA.



9.3aKAlO4YEeHMe

Mbl paccmaTpuBaAKn BCE BpeMsi YPaBHEHUS HEKOTOPOM CTEMEHN C OAHUM HEU3BECTHbIM.
Hayaao aTol Teopumu AeXKaAo ellle B SAeMeHTapHOM aArebpe, rae nocae Usy4yeHus ypaBHeHUM
NepBOM CTEMEHU NEPEXOAAT K KBaAPaTHbIM YpaBHeHUsM. OAHaKO B 3SAeMeHTapHOWM aArebpe
ObIA CA€AAH OAMH LAl U B APYFOM HarpaBAEHUU: MOCAE U3YYEHUS OAHOIO YpaBHEHUS MEePBOM
CTENEeHU C OAHUM HEU3BECTHbLIM NMEPELUAU K PACCMOTPEHUIO CUCTEMbI U3 ABYX YPaBHEHUM C
ABYMSI HEU3BECTHBIMU U CUCTEMbI U3 TPEX YPaBHEHUM C TPEMS HEU3BECTHbIMU. DTO
HarpaBAEHME MOAYYaET AaAbHelLIee pa3BUTHE B Kypce BbiCLUEN aArebpbl, rae usydaiortcs
METOAbI pelleHus Alo6OM CUCTEMbI U3 N YPaBHEHUM C N HEM3BECTHBIMU. TeopUs cucTem
YPaBHEHUIM NEpBOM CTEMEHU U CBA3AHHbIE C HUMU METOAbI PELLIEHUS, COCTABAAIOT 0cobyto
BETBb aArebpbl — AMHENHY1O aArebpy; No CBOMM MPUMEHEHUAM B reOMETPUU U B APYTUX
OTPaCAAIX MaTEMATHKM, a TaKXKe B PU3MKE U TEOPETUHECKON MEXAHMKE OHA SAIBASIETCSI NEpPBOM
CPeAM BCeX YacTen aArebpel.



