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HenopBuxHasa Toyka oToOpaxkeHus, npumepbl

. [ycTb T oTObBpaKeHne meTpuyeckoro NPocTpaHcTea (X, p) B cebA.

1-onpedeneHue. Touka a € X, ana kotopoun, T'(a) = a
Ha3bIBAETCA HEernoo8UMXCHOU mo4yKoU oTobpaxkeHusa T.

Mpumepsbl. 1) HenoasmKHbIMM TOUKamn oTobparkeHna T: x—x?
npocTpaHcTBa R B ceba ABNAIOTCA KOPHU ypaBHeHMa x=x7, T.e. 0 u 1.

2) Henoaswu»kHoM Toukol otobpaxkenua T: (x,y) — (u,v)

2 . lu=2x+3y—2,
npocTpaHcTBo R“ B ceba 3a4aBaemMoro CUCTEMOM p=x+y+1
X =2x+ 3y — 2,

y=x+y+1 T.e. (-1;1).

eCTb peweHne cnctemsol {



° 3) Echm y(x) € C[0; 1], 10
y*(x) —y(x) — x* € C[0;1].
Nostomy otobpaxerue T(y) = y% — y — x2 oTobparkaeT
C|0; 1] B cebs.

HenoaBuHble TOYKM 3TOro oTobpaskeHmne ecTb peLleHus
PYHKUMOHaNbHOrO ypaBHeHUa y2(x) — y(x) — x? = y(x),
oTkyaay =1+ V1+x2uy=1-—+vV1+ x2.




Cxxumarowiee otodbpaxeHne, CBOUCTBa

- 2-onpeodeneHue. OTobpaxKeHne T MeTpMYEeCcKoro npPoCcTpaHCTBa
(X, p) B cebs Ha3bIBAETCA CHUMAIOLMM, ECNU CYLLECTBYET TAKOE YMCAO
a (0 <a < 1),uto ana nobbix X U y U3 X BbINONHAETCA HEPABEHCTBO

p(Tx,Ty) < ap(x,y). (1)
Mpumep: Nyctb X = [0; g],p(x, y) = |y-x|,T(x) = x*. Echn x,
M X, NPOM3BO/IbHbIE TOUYKN X, TO
p(Tx,, Tx,) = ‘xzz — xlz‘ =[xy + xq] - [x; —x1]| <
£§-|x2— x| = E'P(xv X3).

Takum obpasom, T cKumatoLlee oTobparkeHue.



*  1-nemma. Ecnn T cxcumarowee omobpaxceHue,
Mo OHO Hernpepbi8HO.

[loKa3atenbcrso. [1ycTb a Npomn3BosOHaA TOYKA
npoctpaHcTBa X n Ve > 0. Toraa ana scex
x € X yposnetsopatowmx ycnosue p(x,a) < € B cuny
HepaBeHCcTBO (1) nmeem:

o(Tx,Ta) <op(x,a) < oae < E&.

A 3TO AOKa3blBaeT HENPEepPbIBHOCTb OTOOpPaXKeHUS
T B Npon3BONAbHOM TOUYKE a. 3HAYUT, T HenpepbIBHOE
oTOobparkeHue.



[locneaoBaTenbHOCTb UTepaLnn

: 3-onpepeneHune. [lyctb T oTOOparkeHMe MEeTpPUYEeCcKoro
npocTtpaHcTBa (X,p) B ceba. [MocnenoBaTeNlbHOCTb TOYEK 3TOrO
NPOCTPAHCTBA Xn =Tx,_1 (n€ N,Vx, € X)

nocsnedosamesibHOCMb0 umepayuu (MAn  nocneposBaTebHbIX
npubanxeHnn) ona otobpaxkeHus T.

2-nemma. Ecnn  otobpaxkenHma T  HenpepbiBHO, a
nocnegosaTenbHOCTb UTepaunm {x, } cxogmrca, To eé npeaen ectb
HenoABWXHaa ToOYKa oTobparkeHua T.

Aokasartenbcrso. [yctb lim x,, = xy, Torga lim Tx,, =Tx,. C
) n—00 ) n—>00
apyrom cTtopoHbl Txy = lim Tx, = lim x,,,; = X,. OTKyga X

n—>00 n—>00

HenoaBmMXHaAA TOYKA.



3-nemma. Ecam T cxxmmatoLwee otobpaxeHue, To
nocnenoBaTe/IbHOCTb UTepaunm ANAa T yaoBAeTBoOpAeT

HepaBeHCTBY
P(Xnt1,Xn) < ap(xq, %)

. JlOKa3aTenbCTBO. TaK KaK, No onpeaeneHuio
nocnegosaTenbHbIX NpUbAnKeHnn x; = Txy,x, = Tx4{, a B cuny

VC/I0BUA CUMAEMOCTY
p(Txq,Txq) < ap(xq,x),

TO
p(x2,%1) = p(Tx1,Tx) < ap(xq, xo).

AHaNOrM4yHoO
p(x3,x3) = p(Txy, Txq) < ap(xy, x1) < a®p(xq, xp),

ey P(Xt1, X)) < @™ p(xy, Xo).



4-nemma. Ecnun T cxxmmaroLlee otobpaxeHue, To
nocrieqoBaTtenbHOCTb UTepauUun anga otobpaxeHuna T
ABNAeTCA oyHOaMeHTarIbHOMW.

. JokasatenbctBo. Tak Kak O<a<]l, TO paf
Y=g @ p(x1, x0) CXoAMTCA. 3Ha4uT, cCXoauTca WU  paa

0.0
din=1 p(Xpn+1,%n)- Toraa
Ve > 0 HalpgeTca Takoe Ny, 4YTO NpU M >n>n, UMeem
ML (g, Xp41) < €. Ho Tor,a,a "
P(Xn, X ) < p(xk;xk+1) <E.
OTKyAa {x,, } (I)yH,D,aMEHTaﬂbHaH nocnenoBaTeNbHOCTb.



[MpuUHUMN CXKMMAOLWMX OTOOpaXxeHnun

. Teopema (baHax). Bcakoe cxxumatouwlee otobparkeHmne T
NOIHOrO METPUYECKOro NPOCTPaHCTBA (X, p) B ceba umeet oaHy U
TO/IbKO OAIHY HEMNOABUMKHYIO TOUKY, T.€. YpaBHEHUE TX=X UMeeT
eUHCTBEHHbIN KOPEHb.

JoKa3aTtenbcTBO. [1yCTb Xy NPOU3BO/IbHAA TOYKA X.
Paccmotpum x,, = Tx,,_1 nocneaosatenbHOCTb Utepauum ana 1. B
4-nemme 6bINI0 AOKa3aHO YTO, {X, } ABNseTca dyHAameHTanbHON. B
CUY NOZIHOTbI NPOCTPAHCTBA X OHA CXOAUTCA K HEKOTOPOM TOUKeE
x: lim,,_,, x,, = X. Tak Kak T HenpepbIBHOe oTObpaxKeHue (1-
IeMMa), Umeem

T(x) = lim Tx,, = lim x,,,; = X.

n—>00 n—00

Takum obpa3om, X ABNAETCA HENOABUKHOM TOYKOM OTObparkeHuma T.



*  JloKakem eaMHCTBEHHOCTb 3TOM TOUKW. MNycTb X' Apyras
HenoABUXHaA TOYKa. Toroa umeem
— / _ — / — !/
p(x,x")=p(Tx,Tx") < ap(x,x")
Ecam ponyctum, yto X # x', 10 p(ic, x') > 0. U
nocnegHee HePaBEHCTBO MOXHO COKpaTUTb Ha p(X, x').

Nonyyaem 1 < @, 4TO HEBO3MOXKHO. 3HAYMT, HENOABUMXKHAA
TOYKa e ANHCTBEHHaA.



3aKknr4yeHue

CxnmaroLee otobpaxkeHne HenpepbIBHO

[TocnegoBaTeNbHOCTb UTEpaLmn OTOBpaXXeHUs1 CXOAUTCS K
HENoABMXHOW TOYKE 3TOro oTobpaXkeHus (ecnm cxoanTcs)

[TocnenoBaTenbHOCTb UTEPALIA CXXUMAOLLLErocH
oTOoDpaxxeHnsa dyHaamMeHTarbHa

HenoasmXHY0 TOYKY CXUMaKOLLLErocs OTOOpaXKeHMs NosIHOro
NpOCTpaHCTBa B cebs1 MOXKHO HamMTW Kak npeaen
nocrnenoBaTeflbHOCTU UTepaLnmn



