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[INCKpeTHbIX aHanns3

Jlekuunsa 3
KoMbunHaTopuka.
[lepeCcTaHOBKW



[lepecTaHOBKMU

= [lyCTb 3a4aHO MHOXECTBO U3 N 3JIEMEHTOB.

= YNOopsAO4YeHUe 3TUX 2JIEMEHTOB Ha3bIBAETCH
nepecrtaHoBkoun. NHoraa nob6aBnsoT «n3 N 3/1IEMEHTOB>.

= OO6bIYHO BblaensgeTcs ogHO, OCHOBHOE U1 eCTECTBEHHOE,
yrnopsaoyeHne, KoOTopoe Ha3blBaeTcs TpuBMasibHOMU
nepecTtaHOBKOMN.

= CaMu saneMeHTbl MHOXecCTBa A Hac He nHTepecyrT. HacTto B
KayecTBe a/1eMeHToB 6epyT uesnble yucna ot 1 4o n uiaun ot
O oo n-1.

= O603Ha4YMM MHOXeCTBO NepecTaHOBOK U3 /1 3JIEMEHTOB
4yepe3 I’ , a ero MOWHOCTb Yepes P .

= 3a/JaAvM BCe Te Xe TPy BOMpoca: YeMy paBHO P, Kak
nepebpatb aneMeHTbl P, KaK UX nepeHymMepoBaThb.



TeopeMa 0 yncne nepecrtaHoBOK

= YMCno nepecrtaHOBOK M3 N 3/1EMEHTOB paBHO N! -
npounseBeaeHunto Ymncen ot 1 ao n.

O (n! yuTaeTca n—-pakTopuan)

s [lokasaTtenbcTBO. [lo nHaykumn. Anga n=1 dopmyna
o4yeBMAHO BepHa. [1ycTb OHa BepHa Ang n-1, AoKaXeM, 4To
OHa BepHa un ansa n. lNepBbln 3/IEMEHT YyNopsA0o4YeHUs
MOXHO BblIbpaTb N crnocobamn, a K BbiIbpaHHOMY NepBOMY
3/IEMEHTY MOXHO crocobamu npunucaTb OCTasibHOeE.

[MosToMy BepHa opmyna P = P xn. Ecnn P =(n-1)!, T0
P =n!
n



HyMepauuna nepectaHoBOK

= YTO6bLI HYyMEepoBaTb NepecTaHOBKKU, Mbl OTO6pa3nM
MHOXeCTBO I B3aMMHOOAHO3HA4YHO B APYroe MHOXECTBO
T _, Ha KOTOPOM BBECTM HyYMepauuto byaeT ropaszo npoLue,
a 3aTeM Ans noboro aneMeHTa pEP B Ka4YeCTBe €ro
HOMepa BO3bMeM HoMep ero obpasa B T .

= MHOXecTBO T - 3TO NpsAMOe NPOV3BEAEHNE HECKONbKUX
YMCNOBbIX OTPE3KOB

s T =(0:(n-1))x(0:(n-2)x ... x{0}.
o T e. Ka>K,£I,bIVI 3/1EMEHT T - 3TO Habop HeoTpuUATENbHbIX

uncen i, AR anLleM [, =n-k.



OT0b6paxeHune

Bo3bMeM nepecTtaHOBKY U BbIMULLIEM PSAOM C HEU
TPMBMAJIbHYIO NepecTaHOBKY. B KayecTBe nepBOro nHAeKca
BO3bMEM MEeCTO NepBOro asieMeHTa (cumTtas oT HyNis1) B
TpMBMANbHOW NepecTtaHoBKe. 3anuiieM BMeCcTo
TPMBMANIbHOW NepecTaHOBKM CTPOKY OCTaBLUUXCS
CMMBOJIOB. B KayecTBe BTOpPOro MHAeKca BO3bMeM MeCTO
BTOPOro 3/ieMeHTa NepecTtaHoOBKM B 3TOU CTpokKe. MoBTOpUM
npouecc Ao KoHua. O4yeBnaHO, YTO k-1 nHAEeKC byaeTt

MeHbLlle ANMHbI K—N CTPOKWU, @ nocneaHnnm nHaekc oyaer
paBeH HY/Io.

[ToCMOTPMM 3TOT NMPOLLECC Ha NPUMEpE.



[IpnMmep oTobpaxeHus

QRURZEERi0S e umexc

cadif gbe abcdefg 2
2 adf gbe abdefg 0
2 0d f gbe bde fg 1
2 01 f gbe befg 2
2 01 2 gb e b eg 2
2 012 25Dbe b e 0
2 01 2 2 0 e C 0
2012200

OyeBMAHO, YTO 3TOT npouecc obpatnm n obpaTtHoe
oTobpa)keHmne NoCTpouT No HAabopy MHAEKCOB UCXOAHYIO
nepecTtaHoBKY.



HyMmepauna MHOXECTBA T,

= Jltoboe npsamoe nponseeneHmne ynopsaaovdeHHbIX
MHOXEeCTB MOXHO pacCcMaTpuBaTb KakK CUCTEMY
CYUMCNEHUNS C MEPEMEHHbBIM OCHOBaHMEM. BCnoMHuTe
npuMep C CeKyHAamMm 13 nepsomn nekumnm nnu
PacCMOTpUTE KaKyto-nnbo cTtapyro WKany pa3Mepos:

« 1 apa = 3 dyTa,

= 1 ¢yT = 12 AOMNMOB,

= 1 A101MM = 12 nuHun,

= 1 IMHNUA = 6 NYHKTOB.

= (2,0,4, 2,3) =24apaa 0 ¢yToB 4 AronMMa 2 NnMHUKN 3
NYHKTA, CKOJIbKO €& 3TO MYHKTOB?

= HyXHO cocunTaTb (3TO Ha3bIBaeTCcs cxemMoun [opHepa)

s (((2 X 3+0) X 12+4) x 124+2) x 6+3



Hymepauna MHOXECTBA T - 2

= OGopmMyny #, HaxoAsLlyo HoMep Ans Habopa MHAEKCOB

I1s Iy ooy Ioys 1, MBI IPEATNIOYTEM HaMMCaTb B BUAE

PeKYPPEHTHBIX Bblpa>l<eHMl/I
#(i i) =a(, i o1 e n 17
a(lll 20 =7 klk) 1 a(lll 21 "1 k1’
a(nycto,0) = 0;

Mo aTton popmyne #(2,0,1,2,2,0,0) = a(2,0,1,2,2,0,6).
NMeeM

a(2,1)=2; a(2,0,2) = 2x6+0=12;
a(2,0,1,3)=12x5+1=61; a(2,0,1,2,4) =61x4+2=246;
a(2,0,1,2,2,5) =246x3+2=740;

a(2,0,1,2,2,0,6) =740x2+0=1480;

n-1);
k-1)(n-k+1)+ i

17 2, £



[lepebop HabopoB NHAEKCOB

= lVcxoas v3 BbiWEU3TOXEHHOro, nepebpaTtb NepecTtaHoBKU
NPOCTO: HY>XXHO nepebpaTb BCe HAabopbl MHAEKCOB U3 U MO
Ka>XaoMy Habopy CTpOUTb COOTBETCTBYIOLLYIO eMY
nepecTtaHoBKY.

= [nga nepebopa HabopoB MHAEKCOB 3aMeTUM, UYTO
dakTnyeckn Kaxabim Habop — 3TO 3anmMcCb Yncsa B 0coboun
CUCTEME CYUCIIEHUNSA C NepPEMEHHbIM OCHOBaHMeM (cncrema
Ha3bIBaeTCA (haKTopuasibHON).

= [lpaBuna npubasneHnsa 1 B 3TOM CUCTEME MNOYTU TaK XKe
NPOCTbl, KaK B ABOMYHON: ABUrasiCb OT NMocneaHero
paspsaaa nbitaTtbCa NpmnbaBunTb B TeKyweM paspsae 1. Ecnum
3TO BO3MOXHO, TO nNpunbaBmnB 1 oCTaHOBUTbLCA. Ecnun
HEBO3MOXHO, 3annucaTb B pa3psa HY/1b 1 NepenTn K

cneayoLllemMy paspsay.



[Tlepebop HabopoB MHAEKCOB - 2

= PaccMoTpuM npumep:
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STO nepeMeHHie OCHOBAaHUS

ObpaTuTe BHMMAHME, UTO B
KaxooMy CTPOKE HauaJjlo Takoe
Xe, Kak B Npenpnylen,
3aTeM MIOET DBJIEMEHT, CTPOIO
oojpmmm, . . . , a
IaJIbHEeNMllee He CYIEeCTBEeHHO.
S3HauMT, Kaxmasd CTpoka
JIEKCUKOTpadmuueckm OoJiblle
Ipenenyumen.



TeopeMa 0 fleKCnKorpamyeckom
nepebope nepectaHOBOK

s OnmncaHHbIN anropnt™ nepebupaeT nepecTtaHOBKA
B nNopsiaKke Nekcukorpapuyeckoro Bo3pacTtaHus.

s [loka3aTenbCTBO. HaM AOCTaTOYHO MOKa3aTb, YTO €C/u
Mbl MMeeM aABa Habopa unHaekcos [1 n 12, n I1

nekcukorpadguyeckun npeawecrsyetT 12, To nepecraHoBka [
(I1) nekcukorpadpuyeckun npeawecrteyet M(12).

= IJTW NepecTaHOBKU POpPMUPYIOTCHA nocsieaoBaTesibHO, U Noka
coBnagatT I1 n [2, coBnagarwT U UX NnepectaHoBKKU. A
6onblUEMY 3HAUYEHUIO NHAEKCA COOTBETCTBYET U 60MbLUNN
S/IEMEHT.



[IpaMON anropmnTM NeKCUKorpammnyeckoro
nepebopa nepecraHoOBOK

Bo3bMeM Kakyto-nMbo NepecTtaHoBKY p U NPSMO HanAeMm
neKcukorpauyeckmn cnenyrouyto.

Bo3bMeM Ha4ano — nepsble k anemeHToB. Cpeamn ero
NpoAO/IKEHUN N3BECTHbI MMHUMANbHOE, B KOTOPOM BCE
3/1EMEHTbI PACMoI0XEeHbl MO BO3PACTAHUIO, U
MaKCMMasibHOE, B KOTOPOM MO YbbIBaHUIO.

Hanpumep, B nepectaHosBke p =(4, 2, 1, /7, 3, 6, 5) BCe
npoaonxennsa ana (4, 2, 1) nexart mexay (3, 5,6, 7) n
(7, 6,5, 3). NMmeroweecda npoaos/KeHne MeHblue
MaKCUMasbHOrro, U 3-n 3/1EMEHT elle MOXXHO He MeHATb. U
4-n ToXe. A 5- HYXXHO CMeHUTb. 119 3TOro U3 OCTaBLUUXCS
3/1IEMEHTOB HY>XHO B35Tb C/eAYLWM No Nopsaky,
NOCTaBUTb €ro 5-M n NpunucaTb MMHUMaabHOE
npoponxenue. NMNonyuuntca (4, 2, 1, 7, 5, 3, 6).



[IpaMON anropuTM sieKCcukorpaumyeckoro
nepebopa nepecraHOBOK - 2

= Bbinuwem HeckonbKo cneayowmx nepecTtaHoBOK.
» (4,2,1,7,5,3,6)
s (4,2,1,7,5,6, 3)
» (4,2,1,7,6,5, 3)

= (4,2,3,1,5,6,7)
= (4,2,3,1,5,7,6)
= (4,2,3,1,6,5,7)
= (4,2,3,1,6,7,5)
= (4,2,3,1,7,5,6)
= (4,2,3,1,7,6,5)
= (4,2,3,5,1,6,7)



dopmMasibHOE onNMMncaHne anropuTMa

= Pabouee coctoaHue: lNepectaHoBKa p 1 6ynesB NpusHak
1sActive.

= HayanbHoOe cocTtodaHue: B 3anncaHa TpuBUanbHas
NepecCTtaHOBKA N isActive = True.

« CTaHoapTHbIW wWar:

s« ECnn isActive, BblAaTb NepecTaHOBKY B KayecTBe
pe3y/ibTaTa.

= [IBMrasicb C KOHLA, HAaNTKN B NepecTtaHoBKe HanbonbLLNK
MOHOTOHHO YbbiBatowWmmn cydpdukc. MNyctb kK — no3mums
nepen cyp@nKcom.

s [10SIOXKUTb isActive = (k > 0).

= ECnun isActive, TO HANTU B cyPPumKce HaUMMEHbLLNN

3N1EMEHT, NPEBOCXOASALWMN p,, MOMEHATb €r0 MECTaMN C p,,
a NMoToOM CydPPUKC «nepeBepHyTb>.



Ewe anropntMm nepebopa nepectaHoOBOK

[Monpobyem Tenepb nepebpaTb NepecTaHOBKU TakK, YTOObI
ABe nocneaoBaTesibHble NepecTaHOBKM Masio OT/IMYaJIUCh
Apyr oT aApyra. Hackosnbko Mano? Ha ogHYy 3n1eMeHTapHY1o
TPAHCMNO3MNLUUIO, B KOTOPOW MEHSIOTCS MeCcTaMu ABa
cocelHNX 3/1eMeHTa.

BO3MOXHO N1 3T0? [1oKaXxeM NpUHUMUNUANBHYIO CXeMY
Takoro asropntMa, Ham byaer nHTepecHa MMEeHHO OHa.

[MpeactaBbTe cebe n-1 aneMeHTapHbIX «MeXaHU3MOB>,
Kaxabll U3 rnepeaBuraeT CBOW a/ieMeHT BHYTpu Habopa. Ha
Ka>XAOM Luare MexaHu3Mm genaet cABUr HaneBo Un
HanpaBo. HanpaBneHne MeHSAeTCs, Koraa 3JIeMeHT A0XO0AUT
00 Kpad. Ha cMeHy HanpaBieHust TpaTUTCHA OAUH Lar, BO
BpeMs KOTOpPOro war genaet cieayrwmm MexaHusm,
KOTOpPbIN, BNPOYEM, TOXE MOXET MEHSATb HanpaBJieHUe.,



Ewe anropnt™m nepebopa nepecraHOBOK -2

= [locMOTpUM Npumep.

= 12 345 Yen xon 1 2 3 45 Yen xopn
m a b cde a c dabe a
m b acde a c db ae a
m b cade a c dbea b
m b cdae a c deb a a
m b cdea b c deab a
m C b dea a cdaeb a
m C b dae a cadeb a
m C b ade a acdeb C
m Cc abde a adceb a
m a c b de b daceb a
m acdbe a dcaeb a
m Cc adbe a dceab a



[lepebop nepectaHoBOK. 1

m function ExistsNextPerm(var kCh: integer): Boolean;
n var 1V, 1P, iVC,iPC: integer;

m begin

m result := False;

» for iV := nV downto 2 do

n if count[iV] < 1V-1 then begin

m Inc(count[iV]); 1P := pos[iV];

n iPC := 1P+dir[iV]; 1iVC := perm[iPC];

m perm[iP] := 1VC; perm[iPC] := 1iV;

m pos[1VC] := 1P; pos[iV] := 1PC;

n kCh := iP; if dir[iV] < 0 then Dec (kCh);
m result := True; exit;

- end else begin

n count [1V] := 0; dir[iV] := - dir[iV];

m end;

n end;



3agavya 0 MMHMMYMe CYMMbI MOMNapHbIX
npon3sseneHnin

= [lycTb 3agaHbl ABa Habopa Mo n 4Ymncesn, CKaxew,
{a,|kel:in} n{b |kel:n} . 3T yncna pasbuBatoTcs Ha
napbl (a,,b,) n BbIYNCNSIETCS CYMMa UX NMOMNapHbIX
npon3BeaeHnn > a,b,. MOXHO MEHATb HYMepaLuto
{a,y n{b,}.

= pebyeTcs BbI6bpaTb TaKyto HyMepaLunto, Npmn KOTOPOW
CYMMa MUHUMaJIbHA.

= B 2TOM 334a4e MOXHO 3adUKCMPOBaATb Kakne-To
HyMmepauun {a, ; un {b,} N UCKaTb NepecTaHoBKY [1, Ans
KOTOPOW AOCTUTraeTcst MUHUMYM CYyMMbl 2 _ . akbn(k).

= Mbl BblbepeM HyMepauun, Koraa {a,; pacnosioXeHbl Mo
BO3pacTaHuto, a {b, ; — No ybbiBaHMIO.

kel:n



TeopeMa 0 MMHMMYME CYMMbI MOMApPHbIX
npon3sseneHnin

s MWHMMYM CYMMbl NOMNApPHbIX MPOU3BEAEHUN
NOCTUraeTcs Ha TPMBMAJIbHON NMepecTaHOBKE.

s [loKka3aTenbCTBO. MpeanonoXuM, YTO CYLLECTBYIOT
Takue ABa UHAEKCa KU r, YyT0 4, <a wnb, <b_. B sTOM
cnyvae

« (@a—-a)b,-b)>0, T.e. ab +ab >ab +ab,.

= B Hawen Hymepauum {a,} pacrnosioXXeHbl N0 BO3pacTaHMuio.
Ecnn {b, } pacnonoxeHbl He NO BO3pacTaHMWIO, TO HaNAETCS
Takasl napa k v r, Kak cKka3aHo Bbllle. [lepecTaBuB y 3TOU
napbl b, U b_, Mbl YMEHbLUIMM 3HAYEHNE CYMMbl. 3HAUUT, B
ONTUMasibHOM peleHnn {b, } CTOAT MO BO3pacTaHuto.

= OTa NpocTasi TeopeMa HeCKOJIbKO pa3 BCTPETUTCHA HaM B
NaJibHENLWeEM.



3a/Ja4a 0 MaKCMManbHOW BO3pacTaloLLen
noanocsieAoBaTeSIbHOCTU

= 3ajaHa nocneaoBaTeIbHOCTb {a,|ke1:n} yncen anunHobl n.
TpebyeTcsa HanTK ee I'IOCJ'Ie,EI,OBaTerIbHOCTb HanbonbLen

ANIMHbI, B KOTOPOW 4Yuncna {a, ; Wnau 6bl B BO3pacTatloLWEM
nopsigke.

= Hanpumep, B nocneaoBaTenbHOCTH

« 3,2,11, 14, 32, 16, 6, 17, 25, 13, 37, 19,41, 12,7, 9

= MaKcumanbHoun 6yaeT noamnocsienoBaTeIbHOCTb

o 2, 11, 14, 16, 17, 25, 37, 41

= C nepecraHoBkaMu 3Ta 3ajaya CBsA3aHa TeM, YTO UCXOAHaSA
nocnenoBaTeIbHOCTb MOXET 6bITb NepecTaHOBKOMN.

= Mbl OrpaHM4YmMMcs TeM, YTO MNOKAXEM, KaK pellaeTcs 3Ta
3a4a4a, a dopManmlaumnto u obocHoBaHue anropmTMa
npeaocTaBuUM CRyLLATENSM.



HaxoxaeHne MakCuMasibHOM BO3pacTatoLlen
noanocnenoBaTe/lbHOCTHU

ByaneM no BO3MOXXHOCTM 3KOHOMHO pa3buBaTb Hawy Ha ybbiBatouime
nocnenoBaTesibHOCTU (MpUMep U3MEHEH)
9 12 11 14 18 16 6 17 15 13 37 19 21 8 7 5
9 6 5
il 1k 8 7
14 13
18 16 15
17
37 19
21

Ka)xgoe cneayrouiee 4Yncno nuieTca B CaMyo BEPXHIOK U3 CTPOYeEK,
rAe OHO He HapywwuT nopsaka. Bo3bMeM UMC0 U3 HUXHEN CTPOUKMH,
21. lNouyeMy oHO cTouUT B 8-1 cTpouke? EMy MewaeT 19. A uncny 19
MewaeT 17. Aemy 16. N T. 4.

[MocnepoBaTtenbHocTb 9, 11, 14, 16, 17, 19, 21 Bo3pacTaeT n UMeeT
annny 7. Jliobas nocnepoBatenbHOCTb 60/bLLIEN ASIMHBI COAEPXKUT ABa
ymcna U3 o4HOM CTpoku (NpuHuMn Aupuxne) n He MoXeT 6bITb
BO3pacTaloLLleN.



3aagavya 0 MMHMMAJIbHOM YUnCIie UHBEPCUI

3apaHa nMocneAoBaTENEHOCTE (@ (ke 1 Funcen ANnHbI .
NHBepCcMen Ha30BEM Bbll'lOJ'IHFlEMoe Ha MecTe 3epKanbHoe
oTpa)keHne Kakom-mbo ee noACTPOKM — CrIOLLHOM
noanocsieaoBaTenbHOCTU. TpebyeTcs 3a MUHMMAbHOE
YUCJTO UHBEPCUIN PaCroSIOXKUTb d/1IEMEHTHI
nocnenoBaTesIbHOCTU MO BO3pacCTaHUIo.

HanpuMmep, nepectaHOBKY <«CrsoLlHasas» MOXHO
npeobpa3oBbiBaTb TaK (KpacHble 6yKBbI NMepecTtaB/ieHbI,
bonbluMe yxxe CTOAT Ha MecTe)

CIIJIOIHAaA
crijioa A
HaoJlICIIA
AnonllCIIA
AngOIICHIA
AJIHOIICIIA  (3a mATb MHBEPCUN)



JK3aMeHaunoHHble BOMpPOChHI

10. [lepecTtaHoBkU. X nepebop n Hymepauus.
11. 3a4a4a 0 MMHMMYMe CKandpHOro npousseaeHus.

12. 3aaa4a o0 Hanbonblen Bo3pacTaloLen
noanocseaoBaTeIbHOCTH.



3aaaHue

1. [1IBYCTOPOHHUN nepexon
nepecTtaHoBKa < YnCo

2. HaTn nepectaHoOBKY, OTCTOSALLYIO OT AaHHOM
Ha AaHHOE YMUC/O LLAros.

3. Nepebop nepecTtaHOBOK 3JiIeMeHTAPHbIMMU
TPaHCNO3UNLUUSAMN.

4. BbINONHUTL NpuMep Anga 3agadym 0 MUHUMYyMe
CKandapHoOro npoun3seaneHuA.



