TOPbI

BekTopoM Ha3bIBalOTCHA BENMYMHBI, KOTOPbIE XapaKTeEPU3YHTCS

YUCIIEHHbIM 3HA4YEHUEM M HanpaBlieHWEM, KPOME TOro,
CKnaablBatloLMecs No npaBuy napannenorpaMmma, T.e.
reoMeTPUYECKH.

[locnegHee 3amevaHne BeCbMa CYLLLEECTBEHHO, MOCKONbKY
CYLLECTBYIOT Takme BENMNYNHbI, KOTOPbIE XapaKTepu3yHTCs
YUCNEHHbIM 3HAa4YEHUEM U HarnpaBneHnem, ogHako,

CKInaabliBalkoTCA MHa4e, 4HeM BEKTOPLI (I'ICeB,EI,OBeKTOpr).




Boree cTporoe onpeaeneHue BeKTopa:
BEKTOPOM Ha3bIBaeTCA COBOKYMHOCTb TPeX BeNIM4MH

al ’ az | a3
KOTOopble npu nepexoane or 0O4HON CUCTEMbI KOOPAMHAT K
Apyron npeobpa3yrotcs no opmMmynam

3
= Z Oy Gy
k=1

B KOTOPbIX KO3dhpnumeHTbI OC-k UMeIoT 3Ha4YeHus

o = o X; . %)



YucneHHoe 3Ha4YeHue BEKTOpPA HAa3blBa€TCA ero moayrsiem,
T.€. MOAYIJb AaeT AJINHY BEKTOpPa. JT1O0 YXKe BeJfin4YnHa CKa-
nApHas, npuyem Bceraa noJyioxxXkmtesibHas.

Ha yepTexax BeKTOpbl MU306paxaroTcs B BuAe NpsAsMoriMHeun-
HbIX OTPE3KOB CO CTPEeNKOM Ha KoHue. [InuHa oTpe3ka onpe-
AenseT B yCTaHOBNMEHHOM MacwTabe moaynb BEeKTopa, a
CTperika yKasblBaeT HanpaBrieHue BeKTopa.

BekTopbl NpUHATO 0003HaYaTb OyKBamMu XXUpHoOro wpudTa
(B KHUrax), nubo co cTpenoyYykamum HaBepxy

afF v

OObI4yHaga OykBa ncnonb3yeTca ANa o6o03Ha4YeHUs Mmoayns
BekTopa g,F ,V

UHoraa ansa o6o3HavyeHMa moayna UCNosib3yroT

cumBon a4



BekTopbl, HanpaBneHHblIe BAONb NapansesibHbIX
NPAMbIX (B OOAHY M TyXe U B NPOTUBOMNONOXEHHbIE
CTOPOHbI), HA3bIBAKOTCA KOSNJIMHEAPHbLIMMU.

BekTopbl, KOTOpbIe nexart B napannesibHbIX NJIOCKOCTAX,
Ha3bIBAlOTCA KOMMJIaHAPHbIMMW.

lMNocpeacTBoM napannenbHOro nepeHoca KosifiuHeapHble
BEKTOPbI MOryT ObITb pacnosioXeHbl BOOSIb O4HON U TOU
Xe NPsIMON, a KOMMNNaHapHble BEKTOPbl MOryT ObITb

cBefeHbl B OOHY NJIOCKOCTb.

Ona cBo60AHBLIX BEKTOPOB cCripaBeasiuBo creayiollee
onpeaeneHue paBeHCcTBa ABYX BEKTOPOB:

OHM KOJIFIUHeapHble, UMeOT OAMHAKOBOE HanpaBsrieHne u
coBMnagaroT Nno Moaynio.




CnoxeHue u BblunTaHne BeKTopoB. CrnoxeHne BeKTOpoOB
yAOOHO npon3BoAUTb crieayrowmMm oopa3omMm: Havyano
BTOPOro BeKTopa COBMeCTUTb C KOHL,OM NepBoro,

a 3aTemMm NpPoBeCcTU U3 Ha4yaria NnepBoro B KOHeL BTOPOro
pe3yrnbLTUPYHOLWMU BEKTOP.

To xe camoe foocTUraeTcsa NocpeacTBOM NOCTPOEHUSA
napannenorpamMmma.

a+az+az+astas




Pa3HOCTLIO ABYX BEKTOPOB g W bHasbiBaeTcs
TaKkou BEKTOp (C, KOTOPbIU B CyMMe C BEKTOPOM b
AaeT BeKTop g




YMHOXeHUue BeKTopa Ha ckansip. B pesynbrate yMHOXeHUS
BeKTOpa gHa ckansip ¢y nony4aeTcsi HOBbIN BeKTop b= o a

MoAYyNb KOTOPOro (. pa3 6onblue, YeM MoAyJb BeKTopa @a,

HanpaBneHue xe Bektopa D nu6o coBnagaeT ¢ HanpaB-
neHvem Bektopa g (ecnu ¢ > ()), NnM60 NPOTMBONONOX-
HO HanpaBneHuto BekTopa ( (ecnun o < 0).

YMHOXeHue BeKTopa Ha -1 usmeHsieT HanpaBJrieHue
BEeKTopa Ha obpaTHoe.

BEKTOpr a U_ 4 NMEKOT OAUHaAKOBbIE MOAYJIN, HO
NMPOTUBOMNOJIOXHbLI MO HanpaBJIeHUO




BLlumTaHue u3 Bektopa & Bektopa D paBHO3HauHO
npuGaBneHuIo K BeKTopy d BeKTopa _J .

Bcsikuin BeKTop d MOXHO NpeaAcTaBuUTb B BUAE
a=ae,

rae a - Mmoaynb BeKTopa g

¢ - BEKTOp C MoAayrnem, paBHbIM eAUHNULE, UMEIOLLMM
TaKoe XXe HanpaBneHue, Kak u g .

B&KTOp ea Ha3biBaeTCA eAUMHUYHbIM BEKTOPOM UITN OPTOM

BeKTopa g



OpT MOXHO npeacTaBuTb B BUAe da

e"’:a

OTKyAda criegayeT, YTO OpT ABnseTcs be3pasmMmepHoOun
BEJINYMHOMN.

OpTbl MOXHO CONOCTaBNATb He TOJNIbKO BEKTOpaM, HO
U NoObIM HanpaBrieHNUAM B NPOCTPaAHCTBe.

Hanpumep:

€. - opT koopAuHaTHOW ocu X,

en - OPT HOPpMaAJin K KpVIBOﬁ UJIN NOBEPXHOCTM,

€_ - opT KacaTenbHOM K NOBEPXHOCTU U T.A.



JIlnHenHan 3aBUCUMOCTb MeXAay BEKTOpaMM. -
PaccmMoOTpuM Tpu HeKOMMIMHeapHbIX BeKTopa ¢, hw C,
KOTOpbIe fieXXaT B O4HON NMOCKOCTMW.

JTrobomn n3 Hux (Hanpumep, C ) MOXXHO Bbipa3uTb Yepe3 ABa
APYrnx ¢ NOMOLbIO COOTHOLLUEHUSA

D AR G D Gmm S — N — — ttwp wmeu vn . e

BbN

\
\

C=oaa+ Bb

rae O wm ﬁ - HeKoTopble
yucna.




Takum obpasom, nodon BEKTOp ¢, Nexawun B OOHOU
NAOCKOCTU C HEKOJINIMHeapHbIMM BeKToOpaMu g u }
MOXeT ObITb BblpaXeH 4yepe3 3TN BEKTOPbI C MOMOLUbLIO
FINHEUHOIO0 COOTHOLLEHUSA.

NMpu dbukcupoBaHHbIX

BeKTopax ¢ U p BCAKUN
TPEeTUN BEKTOpP OAHO3HA4YHO

onpeaenseTcs AByMS

BenuUuHamMmm & n f3 .



UmeeM Tpu BeKkTOopa b C

Kaxgbin us KOTOPbIX HEKOMINJIaHApPEeH C OCTalibHbIMUN ABYMHA
(TO YTO ABa BEKTOpPa BCeraa KoOMrJsiaHapHbl crieayeTt 3 Toro,
4YTO napannesibHbIM nNepeHocom Bcerga MOXXKHO COBMeCTUTb UX
Ha4alla U Toraa OHN OKaxXxyTcA pacnosioxxeHHbIMU B ooHOM

NSIOCKOCTH).
Mo aHanornm ¢ paHee npuBeAeHHbIM MPUMEPOM FIlOOON BEKTOP

d MOXHO npeactTaBUTb Kak HMHeVIHy}O KOMOMHaUunIo 3aaHHbIX

BEKTOp . _ i _
d=oaa+ pb+ycC

NMpu onkcnpoBaHHbLIX BEKTOPaxX (¢ b C noobon BeKTop d
OOHO3HA4YHO onpepensaeTcsa Tpemsa BennYnHamm o ,B V.,
KaXaasa U3 KOTOPbIX MOXET ObITb KaK NOSIOXXUTESNIbHOWU, TaK U

oTpuuaTesribHOM.



[Tpoekunsa BeKTopa.

PaccMmoTpum HeKoTopoe HanpaBrieHue B
NPOCTPaHCTBE, KOTOPOe 3a4aauM ochbio /.

[lycTb BekTOp (¢ 0Opa3yeT C OCbIO [ yron Q.
Benmuvna d;, = d -COSP

(roe d - moaynb BeKTOpa) -

Ha3biBaeTcs
npoekunen /ﬂ:
BeKTopa (¢ - i

- |
Ha ocb [ . L’/@i  — 3 S




lMpoeKkunsa BekTopa ABNSAETCA BEeNMMYUHON anredbpanyieckom.
Ecnu BekTOp 0oOpa3syeT ¢ AaHHbLIM HanpaBleHUeM OCTpPbIN
yron, To COSp > 0, Tak uTo npoeKkuusd nornoXxuTtenbHas.
Ecnnyron ¢ Ttynou, Cosp < O m, cnegosaTtentHo,
npoekuus otpuuaTtenbHa. Korga BeKTop nepneHANKYnsipeH

K AaHHOMN OCU, NPOEKLUS paBHa HYJIO.

4

PENET




[eomMeTpuYeCKUM CMbICI NPOEKUNN BEKTOpa NPOCTOMU:
OHa paBHa PacCTOSIHMUIO MeXAy NPOoeKUMAMM Ha OCb Havana
N KOHLA OTpe3Ka, nsoobpaxaroLliero AaHHbIU BEKTOP.

B cnyyae

o<m/2

9TO pacCTosAHUe 6epeTc;| CO 3HaKOM nnkocC.

B cnyuae o
O >T /2 /
- CO 3HAaKOM MMHYC. - @Y - L i
- A - - 1 ﬂ



Nyctb a=a,+a,+a;+ a4,

MpoeKkuusa pe3ynbTUPYOLWEro BeKkTopa (I Ha HeKoTopoe
HanpaBneHMe paBHa CyMMe NPOeKUUN cKragbiBaeMbIX
BEKTOPOB:

d = dy +ad, +dy + dy

NMpn cymmunpoBaHnm npoekumm N3oobpaxeHHbIX Ha PUCYHKEe
BeKTopoB pacctosiHusA 0-1, 1-2 n 2-3 HYy>KHO OpaTb CO 3HAKOM
nnroc, a paccrossHne 3-4 — co 3HaKOM MUHYC.



BbipaxeHune BeKTopa 4yepe3 ero KoopamHaTHble OCMW.
Bo3bmMeM geKkapToBbl OCU KOOpAUHAT U PAaCCMOTPUM
BEKTOpP ¢ nexawuu B NJSIOCKOCTU, NepneHaAnKYNApHOU

ocun 2.

Beeagem OpPTbl KOOPANUHATHbLIX

oceu, 1.e. eANHUYHbIE

BEKTOpPbI ex'ey he..

( €, Ha puCyHKe He nokasaH,

NOCKOJIbKY OH HanpaBfieH Ha Hac).



JTa TPOUKa OPTOB MNOJSIHOCTLIO onpeAensiet cuctemy
KOOpAUHAT N NO3TOMY Ha3biBaeTcHA 6a3ncom

KOOPOAWHAaTHOWU CUCTEMDI.

U3 PUCYHKa BUOHO, YTO BEKTOpP d
MOXHO npeancTaBmUTb B BUAe

NTMHEUHOU KOMOUHaUuu

OpTOB €,,E,

a=ag+a,.e,

Ponb koadhdunumneHTOB UrpatoT NpoeKkumumn Bekrtopa d

Ha OCU KOOPAUHAT.



.ﬁ
|
|
|
|

>

Lo B oOwem cny4yae, Kkorga Bce Tpu
a - I~ npoeKuuu BeKTopa OTIINYHbI OT
| )———"T' : HYns

—Qy a= aXeX + ayey T azez (1)
O e
Y
Takum ob6pa3om, nodon BEKTOP MOXHO BbIPa3nUTb
T yepes ero NpoeKkuun Ha KoopamHaTHbIe OCU U OPThI
3TUX OCeMm.
B cBA3K C 3TUM NpoeKUunUn Ha KoopaANHaATHbIe OCU

Ha3bIBAOTCA KOMIMOHEHTaMU BEKTOpa.

Benuuunbl d, ,d,,,d_paBHbl (C TOUHOCTLIO A0 3HaKa) CTOPOHAM
NPAMOYronibHOro napannenenunena, 6onbLWON AUaroHanbHo
KOTOPOro CITYXXUT BEKTOP (.

2 2 2 2
MoaTomy umeeT MecTo cooTHoweHne d = d, + ay + 4,



[lycTb C= a-l-b

[MpeactaBuB KaXkabiu U3 BEKTOPOB B COOTBETCTBUM C
dopmynoun (1), nonyumm:

CE+CE+CE = (ax + bx)@ + (ay + by)ey + (az + bz)eZ

Ha ocHOBaHuu TOro, 4To PaBHbI€ BEKTOPbl UMEIKOT PaBHbIE
NMPoOoeKunn MOXHO 3alfnuncaTtb, 4YTO

¢=a+b,c,=a,+b,c=a,+b, (2

dopmynsl (2) aBNsieTca aHaNUMTU4YeCKMM BbipaXXeHUuem
npaBuna CroXeHnsi BEeKTOPOB 1 cnpaBeasiuBbl Npu fIl060M
ynucne craraembix.



Paauyc-BekTop. Pagnyc-Bektopom [ HekoTopow Toukm
Ha3blBaeTCA BEKTOp, NpoBeAeHHbIN U3 HaYara kKoopavHar
B OAHHYIO TOYKY.

Ero npoekumn Ha KoopaMHaTHbIe OCU PaBHbl AeKapTOBbLIM
KoopauHaTamMm OaHHOMU TOUKMWU:

,;(:X’ry:y’I;:Z

24 CnepoBaTesnibHO, B COOTBETCTBUM
c (1) papuyc-BeKTOp MOXHO
npeacTtaBuTb B BUAe

r=Xe +ye, +ze
U cornacHo (2)

rr=xX+y+2

\
N\

b e con @ o= con o e

'

———= =T

N e
Vo

k—-- s wp Em— GER ==
\
N\




CkansipHoe npoun3sBeaeHue BeKTopoB. [1Ba Bektopa a U b
MOXXHO YMHOXWUTb OPYr Ha Apyra ABymMsa criocobamu: nmobo
NPUUTU K CKaNAapHOW BENMNYMHE, NMOO NOMNy4YnTb HOBbIW BEKTOP.
[ToaToMy pasnuyaloT ABa NPpon3BeaeHNs BEKTOPOB

- CKarnsipHoe N BEeKTOpPHOe.

Onepaunu geneHns BEKTOP Ha BEKTOP He CylLlecTBYyeT.

CkansipHbIM Mpon3BeaeHNEM BEKTOPOB
av b HasbiBaeTca ckansp,

PaBHbIW NPON3BEOEHNIO MOAYNEN ATUX
BEKTOPOB Ha KOCUHYC yrna o Mmexay
2\ ___L_ | HAMM

ab= ab-cosa




BhipaxeHue (3) asBnsaeTcAa anrebpanyeckon BerIMYMHOM:
npu & octpom ab> 0 ;npu Arynom  hH<() .

CKa.ﬂﬂpHOe nponieeneHne B3aMMHO nepneHAnKynApHbIX

BEKTOPOB paBHO HYJIIO.
KBagpaT BekTOpa - cKansipHoe npon3BefeHne BeKTopa Ha

camMoro ceos >
a‘ = aa=aa-cosa = a°

KBagpaT BekTOopa paBeH KBagpaTy ero Moayns.
B yacTtHOCTK, KBagpaT ntoboro opta paBeH eguHULe:

BcneacrBue B3aMMHOMN NepneHaUKYNAPHOCTY OPTOB,
CKansipHble Npou3BeaeHUs BMAa e Q<

pPaBHbI HYNIO, €CNN | +



YpoOHbLIM B ucnonb3oBaHuu asnsetcs cumBon KpoHekepa 5,-k

5ik =

( .
l,ecnu.i==k

O,ecnu.i#k

Ucnonb3ya aTOT CUMBOJ, CKansipHoe npounsBeaeHue opToB
KOOpPAMHATHbLIX OCEU MOXHO BbIpa3utb ogHou chopmyrnoun

eq — 5”(,(,,/( — X,y,Z)
CkansipHoe npousBegeHue KOMMYTaTUBHO, T.e. HE 3aBUCUT
OT NopsaaKa COMHOXUTENEen

a-b=>b-a

OHO MOXeT ObITb 3anNUcaHO HEeCKONbKUMM crnocobamu

a-b= ab- cosa = (a-cosa)b= alb- cosa)



MC"Oﬂb3yﬂ onpeaesfieHne nNnpoekKumn oaHOro BeKTopa Ha
HarpaBJieHne Apyroro BeKtopa, nMmeem

a-b=apb=ab,

anIHFIB BO BHUMaAHUe, 4YTO nNpoeKunAa CyMMbl BEKTOPOB PaBHA
CcyMmMme npoel(u,ufil CKJlaAblBaeéMbIX BEKTOPOB, MOXHO 3arfnuncaTtb

alb+c+..)=alb+c+..) =alb, +c, +..)=

np.a
=ab, +ac,+..=ab+ac+...

Takum obGpa3om, cKkansapHoe NnpousBeaeHue BEKTOpPOB
ANCTPUOYTUBHO — Npou3BeaAeHNe BeKTopa g Ha CymMmy
HECKOJIbKUX BEKTOPOB paBHO CyMMe npousBeaeHue

BEeKTOpa d Ha KaXAblW U3 criaraemMbiX BEKTOPOB,
B3SiITbIM B OTAEJIbHOCTM.



Bocnonb3oBaBlWNCb ANCTPUOYTUBHOCTLIO CKaNSIPHOro
npounsBeneHus n cnmonom KpoHekepa, nony4ymm Bblpaxe-
HUe cKansapHoOro npousBeaeHUst Yepes NPoeKLn BeKTOPOB

ab=ab +ab,+ab ©®

3aMeTVIM, YTO NP NOBOPOTaAX KOOPAUHATHbLIX oceun NnpoeKuunun
BEKTOPOB Ha 3T OCUN MEHAIOTCH. O,EI,HaKO, BeJINUNHA

ab- cosa

OT BblOOpa ocen He 3aBUCUT.

BaXHbIN BbIBOA - USMEHEeHUS NPOoeKLn BeKTopoB d U )
Npu NOBOpPOTax ocen HOCAT TaKOWU XapaKTep, YTO UX KOMOMU-
Hauusa Buaa (4) octaetcsa MHBapUaHTHOU (HEN3MEHHOMN):

ab,+ab,+ab, =inv



Mpoekumio BekTOpa 5 Ha HanpaBneHne [ MOXHO
npeacTtaBuTb B Buae al —s K Q

rae € - opT Hanpaenexus / .

AHanornyHo
a,=a-e,a,=ae,a,=ae

O0Oo3HauyeHue
OT HacC Ha Hac



BekTopHoe npousBegeHne. BeKTOpHbIM npousBeaeHMeM

BEKTOpPOB g U } Ha3blBaeTcs BEKTOp .~ , onpeaensemMbiu
dopmyrnoun i _ -
C=ab-sSha-n

d w b - moaynu nepemHoXaeMbIX BEKTOPOB;

(. - yron Mexay BeKTopamu;
N - eAUHUYHbIN BEKTOP HOpPManu K NSIOCKOCTU, B KOTOPOW
nexar BeKTopbl d u ) .

HanpaBneHue /1 BbIOnpaetcs

Takum obpa3omM, YTOoObI
\ nocrnenoBaTenibHOCTb
% BEeKTopoB @ )H N
0N

N

“

obOpa3oBbiBasna NpPpaBOBUHTO-
BYIO CUCTeMy (npaBuro Tpex
b nanbLueB Ha NPaBoMn pyke).

%



JTO O3Ha4yaeT, YTO eCcy&iu CMOTpPEeTb BCcrieq BEKTOpy 1), TO
coBepLllaeMbin NO KpaTyanwiemMy NyTU NOBOPOT OT NepBOro
COMHOXUTESIA KO BTOPOMY OCYLLECTBNAETCA NO YaCOBOU _
cTpenke. Ha pucyHke BeKTop [] HanpaBrieH 3a YepTexX un ¢
n3o06paxeH KPYKKOM C KpecTukoM. HanpaBneHune BekTopa
coBnapaeT c HanpaBneHuem [).

CuMBONUYECKM BEKTOPHOE npousseaeHue 3anucbiBaeTcs
[ab] M 5. p

Taknm obpa3om, BEKTOpHOe npousBeaeHune
lab| = ab- sina - n (5)

Moaynb BeKTOPHOro NpousBeAeHUs1 MMeeT MPOCTON
reomeTpuyeckui cmbicr. BoipaxeHue gb- SiINg YMCReHHo
paBHO Nnowaau napannenorpamMmma, NoCTPOEeHHOro Ha
nepeMHoOXaeMbIX BeKTopax.



Hebonulioe orcTvynneHue

HanpaBneHue BekTopa [ab]onpep,enel-lo, CBfi3aB ero c Harnpas-
rieHnem BpaLleHUs1 OT NepPBOro COMHOXUTENA KO BTOPOMY.

[Mpu paccmMmoTpeHUU TakKux BEKTOPOB, KaK paguyc-BeKkTop | ,
ckopocTb V/, cuna F u T.n., Bonpoc o BbIGope Mx Hanpas-
JIEHUA He BO3HWKAaeT - OHO BbITEKaeT eCTeCTBEHHbIM
o0pa3om n3 npupoabl caMbixX BefiM4nH. NNoaoOHbIe BeKTopbl
Ha3bIBalOTCA UCTUHHbLIMU (MU NONIAPHbLIMM).

BekTopel TUNa | ab|Hanpaenenme koTopkix cBA3LIBaETCS C
HanpaBreHUeM BpalleHUs, Ha3blBaKOTCA NceBOOBeKTOpamMu
(vnn akcuanbHbIMK BeKTOpamu). Npu nsmMeHeHUU ycrnoBum,
Hanpumep Npu nepexoae OoT NPaBou CUCTEeMbl KOOPAUHAT K
neBou (MHBepCcUSA CUCTEeMbl KOOPAUHAT), HanpaBrieHns
NnceBOOBEKTOPOB U3MEHAKTCA Ha OOpaTHbIe, UCTUHHbIE Xe
BEKTOpPbI NPU 3TOM OCTaloTCH 6€e3 U3SMEeHEeHUMN.



CnepyeTt nmeTb B BUAY, YTO BEKTOPHOE npoun3seneHue
OyaeT nceBOOBEKTOPOM TONbLKO B TOM criy4vae, korga oba
nepeMHoOXaeMbIX BeKTopa ABNATCA UCTUHHbIMU

(unn 0b6a — nceBaOBEKTOPaAMM).

BeKkTOpHoOe e npon3BeaeHne NCTUHHOIoO BEKTopa Ha
nceBAOBEKTOP OyAeT NICTUHHLIM BEKTOPOM.

N3meHeHMe ycnoBusi, onpeaensitowero HanpaBneHme
nceBOOBEKTOPOB, HA 06paTHOe NpMBeAeT B 3TOM criy4vae
K N3MEHeHUI0 3HaKa nepea BeKTOPHbIM Npou3BeAeHueM U

OOHOBPEMEHHO K U3BMEeHEeHUI0 3HaKa nepea oagHUM U3
COMHOXUTeneu. B utore BerinunHa, Bblpaxaemas
BEeKTOPHbIM Npou3sBefeHnemM, octaHeTca 6e3 u3aMeHeHUM.




[NockonbKy HanpaBrieHne BEKTOPHOro npousBeaeHus
onpepenseTrca HanpaBfieHUeM BpalleHUs OoT NepBoro
COMHOXMUTESIS1 KO BTOPOMY, pe3ynbTaT BEKTOPHOIo
nepeMHOXeHUsA 3aBUCUT OT NopsaKa COMHOXUTerewn.
[MlepecTaHOBKAa COMHOXUTEsEN Bbi3biBaeT U3MEHeHue
HanpaBrieHUs pe3ynbTUPYHLLEro BeKTopa Ha
NMPOTUBOMNONOXHOE.

Takum obpa3om, BEKTOPHOE npousBeaeHue He obnagaer
CBOUCTBOM KOMMYTaTUBHOCTM:

BekTopHOe npou3sBeaeHue oucTpmubyTUBHO, T.e.

a(b+b+.)| = [ab]+[aby)+ .



PaccMoTpuM BeKTOpHOe npon3BeneHne opToB
KOOpOWHATHbLIX OCeM.

B cooTBeTCTBUMU C onpeaeneHuem (5)

ee, |=le.e.|=0.
e e |=e.,
—e.e,|=e,.
—le,e.|=e,.

€.




3anuvwem nepemMHoOXaemMblieé BEKTOPbI B BUAae

da=a,6+a4a,E +a,E u b=be +be +b.e
Tenepb Bocnosnib3yeMcsi CBOMCTBOM AUCTPUOYTUBHOCTHU

[ab] = @(a))bz — azby) +e(ab -ab)+ @(apy = a)bx)
ITO Xe BbIpaXeHne MOXHO npeacTtaBUTb
B Buge onpegenurtens: exeyeZ

lab| = a.aa

xHy“¥z

05,0,




CwmeluaHHoe npousBegeHue. CMeLllaHHbIM (MK cKansapHo-
BEKTOPHbIM) Npon3BegeHNneM Tpex BEKTOPOB Ha3blBAETCS
BblpayKeHue a[bc]

T.€. CKansapHoe Npou3BeeHMe BEKTOpa  Ha BEKTOpHOe
NPOM3BEAEHNEe BEKTOPOB H U ¢ .

CornacHo onpegeneHunto a[bc] =~ a{bc- sin(b,c)} : cos(a,n)

Buipaxenne a|bC| nmeet npocToii
reoMeTpu4eCcKnm CMbICIT — OHO
YMCMNEHHO paBHO 0bbLEMY naparnne-
nenurnega, NOCTPOEHHOrO Ha
NepeMHOXaeMbIX BEKTOpax
(B3ATOMY CO 3HAKOM MJIHOC UK
MWHYC B 3@aBUCUMOCTU OT BESTUYUHBI

yrna (a,n) ).



Mpun BbluncneHnn o6bema napannenenunena pesynbrart
He MOXeT 3aBMUCeTb OT TOro, Kakasi U3 ero rpaHeun B3sita B
KayecTBe ocHoBaHusA. OTcloga cnepyeT, YTo

a bc| = Y ca| = dab|

CmellaHHOEe npou3BeaeHue
AOMNyCKaeT UMKITINYEeCKYIo
nepecTtaHOBKY COMHOXUTeNeu,
T.€. 3aMeHY Kaxaoro m3

COMHOXUTeren cneayroLlmm

3a HUM B UUKne.




[1BonHOe BeKTOpHOe npounsBeneHne. PaccMmoTpum ABONHOE
BEKTOpHOe npousBeaeHne Tpex BeKTOpoOB 5 h ¢

d =|a[bd|
Bcsikoe BEKTOPHOE Npou3BeAeHne neprneHANKYnsipHo K

060uM comHoXuTensaM. NMoatomy Bektop (] nepneHamKy-
NnsipeH K opTy [, onpeaensiowemMy HanpasreHue

BeKTopa [bc].

OTclona BbITEKaeT, YTO BEKTOpP (f NeXUT B NSIOCKOCTMH,
obpaszoBaHHOU BeKTopamu HHu E U, crnepoBaTenbHO,
MOXeT ObITb npeacTaBrieH KakK JIMHeNnHasAs KOMOMHauus

d=ab+ C

3TUX BEKTOPOB:



AKKypaTHbIM pacyeT faeT,yto ¢ = a-C n fJ = —a-b

Takum obpaszom

albe||=bla-c)-cla-b)

3anomMunHaHue obner4vyaertcs ppasoun «6aly MUMHYC LLAOY.

[Mone3Hou MmoxeT ObITb hopMyria KBagpaTa BEKTOPHOIo
npoun3BeneHus

ab]’ = a*b?sin?(a,b)= a*b* — a*b* cos*(a,b) =
—a’-b’ —(a-b)



KnHemaTtnyeckue BenMUYUHLI

[lpon3zBogHana BeKkTopa. PaccMOTpUM BEKTOpP, KOTOPbLIU

N3MeHsieTcsi co BpeMeHeM no nasectHomy 3akoHy a(t)
MpoeKkLummn 3TOro BEKTOpa Ha KOOPAUHATHbIE OCK

npeacTaBnsitoT cobon 3agaHHble PYHKLUMU BpEMEHMU, T.e.

a(t) = ea (t) + ea,(t) + ea,(t)

(3mecb npeanonaraeTcs, YTO HET MPOCTPAHCTBEHHOro

nsmeHeHus opt ocen!!l).
[MycTb 3a NPOMEXYTOK BPEMEHU A{NpPOeKLun BeKTopa
nony4aloT npupalieHns Ag Aa ,Aa,

Toraa BeKTop NONy4vuUT npupatleHue

Aa = eAa, +eAa, + eAa,



CKopoCTb N3MeHeHUs1 BeKTopa a(t) CO BpeMeHeM MOXHO
oXapakTtepu3oBaTb OTHOWEHNEM A3 K At

Aa —Aa, —Aa, —Aa,
—=e -e Fe,
At At 7 At At

(6)

3710 OoTHOLIEeHUe AaeT cpeAHtoo ckopocTb nameHenus a(t)
B TeYEHUE NPOMEXYTKa BPEMEHU Af-

YemM MeHbLUe 3TOT NPOMEXYTOK BpeMeHU, TeM TOYHee
BennuuHa (6) xapaktepuayet ckopoctb nameHeumnsa a(t)

B MOMEHT BpeMeHu [ , KOTOpbIi NpeflecTByeT UHTepBany
BpemeHu ACL.



Yctpemnaa Afk Hynro, nonyyaem npeaen, KOTOPbIN
Ha3biBaeTcs npounsBoaHou. NoaTomy BbipaxeHue (6)
MOXHO npeobpa3oBaTh K

da da, da, da, 7)

Y S

B chusunke npuHATO nponsBoAHbLIE MO BpeMeHU 0003HavaTb
CMMBOJIOM COOTBETCTBYHOLLEN BEJNIUYMUHBLI C TOYKOU HaAA HUM,

Hanpumep: >
ng ® d €D ( ]
at a2 =Y
Bocnonb3oBaBWUCH TaKUM 0003HaYeHnem, copmyne (7)
MOXHO npuaatb BUg, . . .

u T.4.

a=e.a.te,a,te a,



Ecnu B kauecTBe g(t) B3ATb paguyc-BeKTop 7 (1)

ABUXYLLENCA TOYKU, TO

r=e. X+€y y‘|—€Z Z
rae X,),Z ecTb chyHkumm ot [ :
x= X(t),y= y(t),z= z(t)

CornacHo onpepeneHuto guddepeHumnanom
(«npupaleHnemy) beHKLWIVIf(t) Ha3blBaeTcs

BbIpa)xeHue df _ f'dt

roe f'-npousBoaHas f no f.



Toraa guddepeHUuman BeKTopa ; MOXHO onpeaennTb Kak
da=egda,+e€0a, +eaa,
N B yacTHOCTU Iy - B
dr = gax+gdy+edz
3aMeTUM, 4YTO npupawieHme pyHKLMM 32 O4eHb ManbIU, HO
KOHeYHbIN npomexyTok Bpemenn Al npubnumxeHHO paBHO

d
Af = [ At = d—fAt (8)
!
B npenene npu At— OnpubnuxeHHoe paBeHCTBO
nepexoauT B TOYHOE.

AHanorn4yHyr coopmyny MOXHO 3anucaTb U ANsi BEKTOPHOW

dyHKUNN d a

Aa~ At (9)
ot



[MpousBoaHasa npounsBeaeHus pyHKUMU. PaccmoTpum
cbyHKLMIO bg_t), KOoTopas paBHa NPOU3BeAEHUI0 CKanAPHOM
cbyHKuMM90( ) Ha BEKTOPHYH (pYHKLUIO a(t) .

bt) = o(t)a(t) wwm b=oga.
Hangem npupaweHmne ncKkomou (pyHKUMN
Ab=Alpa)=(p+Ap)Na+Aa)-pa =
= pAa+aA@ + AgpAa.

[MpeactaBuB npupaweHna pyHKkumn B Buge (8) u (9), nonyunm

Ab ~ @C;?At-F accl;tpAtJr C(j;tp C;?

AbN da adgo dgodaAt
IV, A B X

(AL’

oTKyAa




B npeagene npu A¢_, ()3To NpubnmkeHHoe paBeHCTBO
npespawjaeTcs B TOYHOe.

db Ab ( da do doda tj

gt A =M Tl o o

MepBble oBa cnaraemble He 3aBucaT oT Al

[Mpepen TpeTbero cnaraemMoro paBeH HynHo.
[MosTomy

db _dlpa) da -dp > -
-d =Qpa+oa
da dr o Cdr Y




PaccMOTpuM ckansipHoe Nnpov3BeAeHue ABYX BEKTOPHbIX
dyHkumin a(t) u B(t)
MpupalleHne 3TOro NPon3BeAeHUs PaBHO:

Alab)=(a+Aa )b+ Ab)-ab = aAb+bAa + AaAb ~

R abAt+baAt+ab(At
OTcloaa !ab ) — lim (ab B
At—>0 At

(10)
11m(55+55+55mj—51_9+51_9

At—>0

YmHoxas (10) Ha df, nepexoaum k audcepeHumnany

d(ab) = adb+ bda (11)



Bbluncnum npoussogHyo u audbdepeHunan Kksagparta
BEKTOPHON (PYHKLUMN.

Ucnonb3ya (10) u (11), nmeem

a
dl'

Ho u3 ckansipHoro npomsBeaeHUs1 BEeKTOPOB

_Zaa E—) d( )=2a-da

umMeeM 52 _ 52

Torpa

2ada = d(az) s ada = d(a*/?2)



PaccmoTpum Tenepb NPOM3BOAHYHO BEKTOPHOrO
npousBeneHus oyHkumn g(t) n p(t)

Pacnuwem npupaweHue paccmatpmBaemon pyHKLUN

Alab|=

a.b At

_|_

alAt,b

_I_

CooTBeTCTBEHHO

d [ .
—|ab|= Iim-
At—0

dt
OcyuwecTBUB NpeaernibHbLIN nepexon, npuaem K oopmyne

alAt,bAt

\

ab

+| ab

ab

_|_

_I_

At +

ab

ab

a+Aa) (B + éB)J— lab - {5_, AB]_+ Aa,b |+

a,b

At +

At

J

Aa,Ab |

(Ar)

.




I'Ipoussop,Haﬂ eANMHNYHOIO BEKTOpa.

Paccmotpum opt €, BekTtopa A.
O4eBUAHO, YTO BEKTOP € MOXET U3MEHSTLCSA TONLKO MO
HanpaBreHMuIo.

MycTb 3a o4eHb ManbIi npomexyTok BpemeHn Al Bektop d
n BMmecTe ¢ HUm opt AE, noBopaumBaetcs Ha yron AQ

Mpu manom A@ moaynb BekTopa A€, npubnuxeHHo
paBeH yrny A@

%

zAgD

(oTpe3ok, nsobpaxarowmm A€
SAABNSIeTCA OCHOBaHUEM
paBHOOeOpeHHOro TpeyrosibHMUKa
CO CTOPOHaMU, paBHbIMU eauHULe).




3aMeTuM, YTO YeM MeHblle A@, TeM TOYHee cobnropaeTcs
HanucaHHoe NpubnuxeHHoe paBeHCTBO. CaM BeKTop Ae

MOXHO npeancTaBmTb B BUAe

€ X AQ - €,

Ae, = Ae,
rae €, - OpT BekTOopa A€

[Mpu cTtpemneHnn A@K HYIO OPT
OypoeT noBopayMBaTbLCA U B npeaene
coBnagerT c eAe nepneHANKYNApPHbIM
K ea €AVMHUYHbLIM BEKTOPOM €.




MponsBoagHas €, no [ cornacHo onpeneneHuto paBHa

de, . A Ao dp
* _ im" = = im~%e = e
ot Ao At a0 AL 2 ot
Takum obpasom, e.a — q.DZ

* d
BennyuuHa §D=—¢

dt

ecTb YrnoBasi CKOPOCTb BpalleHUsi BeKTopa g .

OpT o nexuT B TOM NJIOCKOCTU, B KOTOPOU NOBOpaiu-

L
BaeTcA B AaHHbIM MOMEHT BEKTOpP g , NpuyemM HanpasneH
B TY CTOPOHY, B KOTOPYIO MPOMCXOOUT BpalleHue.



