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. HanpsixeHHOe cocTosiHMe B To4Ke - [1py aHannse HanpsXXKEHUN B OKPECTHOCTM pacCcMaTpMBaEMON TOYKU BbiAenseTcs 6€CKOHEYHO MarblIi

06beMHbIV aneMeHT (Napannenenunes co cTopoHamu dx, dy, dz), No KaXgon rpaHn KOTOpPOro AEeNCTBYHOT, B 0OLLeM criyyae, Tpy HanpsiKeHus:,

Hanpumep, Ans rpaqu, NepneHAnKynNsapHoOn ocy x (Nnowaaka x) — o, Ty T

OTOT 3aNeMeHT MOXHO MO pa3HOMY OPMEHTMPOBATh B NPOCTpaHcTBe. [pu NOBOpOTax aneMeHTa HopmarsbHbIE U KacaTernbHble T Y

HanpshKeHUs1 Ha ero HaKMOHHbLIX rPaHaX ByayT NPUHMMAaTb HOBbIE 3HAYEHMS. vz
lMpencTaBnsaeT MHTepec nccneqoBaTh, Kak USMEHSIFOMCS MU HarnpsikeHUs Oom USMEHeHUs1 opueHmauuu arneMmeHma. <+ Tyx

_ y
OTO NO3BOMUT HANTWN HAKMOHHbIE NIIOLWAAKK, No KOTOPbIM HanpsA>XeHua nNpuHMMaroT MakCuMarlibHble U HylneBble 3Ha4YeHUA. o zyt
z
T

PaccmoTpum Ty npo6nemy BHavarne gns 6onee NPOCTOro cny4asa — r/ioCKoco Haripsa>XeHHO020 COCMOAHUSA.

T
A
. lNnockoe HanpskeHHOe COCTOsIHME — TaKoe COCTOsIHUE, NPU KOTOPOM AiBe naparnsnerbHble rpaHu anemMeHTa z 2 T \o
CBOOOHbI OT HanNpPsXXEeHUN, T.€. HA HUX OTCYTCTBYIOT M HOpMasbHble U KacaTenbHble HanpshxeHns. Takoe HanpskeHHoe X
COCTOsIHVME BO3HUKAET B TOHKMX NacTUHaX, MOBEPXHOCTU KOTOPbIX CBOOOAHbI OT Harpy3oK, Ha He3arpyXeHHOWM NOBEPXHOCTM Ten, \\
npuv u3rnbe 6anok, KpydeHun Banos. X
Hwxe ByneT nokasaHo, B 3TOM Cry4ae HanpsbkeHws 1, T,

TakKXke OOJKHbl OTCYTCTBOBATb. y T ' g

rlyCTb, HanpumMmep, No nnowagkam z HanpaxeHusd OTCyTCTBYHOT:

Tenepb anemMeHT MOXHO NMpeacTaBUTb B BU/E €ro NpoeKLumn Ha NIocKoCTb X, Y. Ha pucyHke nokasaHsl
MOMOXMUTENbHbLIE HaNPaBnNeHNs HanpPsHKeHU, COOTBETCTBRYIOLLME NpaBunam:

1. MonoXxuTenbHble HopMarnbHbIEe HAaNpsKeHWUst HanpPaBeHbl 8 CMOPOHY 8HEWHeU HOpMasIu COOTBETCTBYIOLLEN rpaHu, | o, .
T.€. OHV BbI3bIBAOT AeOPMALIMIO PACMSXXEHUS 3neMeHTa. 44 dy %,
2. MOMOXMUTENbHbIE KacaTenbHbIe HaNPSHKEHNA BPaLLaloT SNEMEHT /10 Yacogol cmpesike (Npu B3rNsAae HaBcTpeYy

ocu z). dx xy

xy

B obem cnyyae, HanpsxkeHus B 4edOPMMUPOBAHHOM COCTOSIHUM MEHSIIOTCS OT TOUKU K TOUKE, T.€. ABMSATCA (YHKLMAMM A
KoOpAMHaT. 34€eChb NPU PacCMOTPEHUI BECKOHEYHO Maroro afieMeHTa MOXHO CYMTAaTb, YTO HaNPSXKEHHOE COCTOsIHME

OAHOPOAHOE M HANPSHKEHWS MO KaX4OMN M3 rpaHeil MOCTOSIHHbLIE U Ha NaparnseribHbIX rpaHsaX afieMeHTa paBHbl Mexady co6o. 9y
BblaeneHHbIn aNeMeHT AOHKEeH HaXoaAMTLCA B PABHOBECUW U YAOBNETBOPATL YPaBHEHNAM PABHOBECHS AN NPOU3BONbHOMN NIOCKON CUCTEMbI CUM —
pasHodelicmeyrouwux no Kaxool u3 epaHel NpuoXeHHbIX HanpsxeHuU:
CyMMbI NPOEKLMIN HA KOOPAMHATHLIE OCK TOXOECTBEHHO PaBHbI HYIIO.
CocTaB/M CyMMY MOMEHTOB OTHOCUTENBHO JIEBOTO HKHETO yrma: M, =0, - (7, dxdz)dy — (t , dydz)dx = 0. ) [Ty~ Ty

Tyx X

I'Ionyqu 3aKOH NapHOCTU KacaTelibHbIX Hanmeeva: KacarenbHble HanpsaXeHna Ha ABYX B3aUMHO nepneHanKyrndapHbIX niowaakax
paBHbl opyr opyry no sefM4ynHe U npoTnMBONOSIOXKHbI MO 3HAKY.

<
Takum 06pa3om, NokasaHHbIe HanNpaBIEHUS KacaTeNbHbIX HAaNPsHPKEHUIN Ha TVX 0 - _>Ty">0
PUCYHKe, NOCBSILLIEHHOM NpaBuiaM 3HaKkoB, HE COOTBETCTBYHOT T, rxy<0
paBHOBECHOMY COCTOSIHUIO 3nemMeHTa. Bo3amoxHble, npaBunbHble T ¢ i T
HanpaBneHns KacaTenbHbIX HaNPsHKeHWH: LN r

Xy xy
—p T T *—
yx v
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] Hanpﬂ)Keva Mo HaKJIOHHbIM Nnowagkam - [ns onpeaeneHusa HaFIpFI)I(eHI/IIZ No HaKMOHHOW NioLlagke,
BHELUHAA HOpMallb KOTOp0I7I noBepHyTa Ha yron a ot OCu X, UCNoJjib3yemMm MeToq CeYEeHUN: a'y y dy

1. NpoBeeM HaKOHHOe CeveHue, -
T
2. oT6poCUM NpaByto YacTb, y T

T a

3. 3aMeHUM OT6pOLL|eHHYIO 4YacCTb BHYTPEHHUMU YCUITNAMU, KOTOPbIE npencrtaBsnum 4 dy x * (o}
B BNae KOMMNOHEHT Hal'lpﬂ)KeHI/IIZ - HOpMarlibHOro 1 KacarteribHOoro (BCG Hanps>xeHna 5

NnoKa3aHbl FIOJ']O)KI/ITeJ'IbeIMVI), a

N —‘ t
4. cocTaBunMm ypaBHEHUA paBHOBECUA ONA paBHOﬂ,eVICTByPOLLI,VIX Hal'lpﬂ)KeHI/IVI B NpoeKunax \ Y
Ha HOopMarlib K HaKIOHHOMY Ce4eHU0 N OCb, KaCcaTellbHYH K CE4EeHUIO!:

X dz

(n): o, b dz |—o (dydz)cosa —o ((dy-tga)dz)sina —7  (dy-tgadz)cosa + 1, (dydz)sina =0, | viga
cosa

®): r, b dz |—o (dydz)sina +o ,((dy-tga)dz)cossa —7 , (dy-tgadz)sina —1, (dydz)cosa = 0.
cosa

Mocne aenexns ypaBHeHVIIZ Ha dde, YMHOXEHUA Ha COSd, NOACTaHOBKU 3aKOHA NapHOCTU KacaTellbHbIX Hal'lpﬂ)KeHI/IIZ M nepeHoca B npaByto 4acTb NONy4nM:

. . 2 . 2 .
o, =0,c0os’a+0,sin’ o +27  sinacosa, Mnn Mcnonbayst N3BECTHbIE o, =lo,cos’a+o,sin’ o +1,, sin2a,
) ) ' s 5 TPUrOHOMETpUYeckue
T, =0, sinacosa —o sinacosa +7, (sin” @ —cos” ). dhopMyIIbl 4BOIIHOTO yrna: c.-0, .
3 T, =[——=—sin2a -7, cos2a
MonyyeHbl hopMyIibl A5 ONpeAeneHust HanpsKeHN B NOGbIX NMoLaakax, MPOXoAsLMX Yepes AaHHY0 2

TO4KY, €CNN U3BECTHbI HaNpPAXXeHna g, O'y n Tyx =- Txy' Onpep,enMM, KaKOBblI 6yD,YT Hanpa>XeHna Ha
nnowagke, HepﬂeHD,VleﬂFlpHOVI K paCCMOTPEHHOVI HaKOHHOW noLlagke:

o

ooyt =0, €08 (@ +90°) + 0, sin’(a +90") +7,, sin2(c +90°) 4 o, sin’ a + 0, cos® a — 7, sin 2a.

% "0y 0 0 o,-0, .
T o0t — 5 sin2(a +90") -7, cos2(x +90") 5§ ————sin 2o + 7, cos 2x

U3 CpaBHEHUA Bblpa)KeHl/Il7| An4a KacaTterbHbIX Hal'lpﬂ)KeHVIVl BHOBb MNoJ1y4aemM 3aKOH NapHOCTU KacaTelibHbIX Haﬂpﬂ)l(eHVIﬁ: Ta +900 — " Ta'

CknagblBasi Bblpa)KeHus AN HopMarbHbIX HanpsiKeHWi nonyyaem 3akoH NocTosiHCTBA ;
CYMMbl HOPManbHbIX HanpPsXKeHU B NIOObLIX B3aUMHO NepneHAUKYNSAPHbIX NroljagKax: Oy 0, g0 =0, +0, =CONSL.

M3 nocTtodaHcTBa CYMMbl HOpMarllbHbIX Hal'lpFI)KeHVIVI cnegyert, YTo Npu NoOBOPOTE 3TUX NIOWanokK npupalleHna (M3MeHeHMFI)
HOpPMaribHbIX HaﬂpFI)KeHI/IVI PaBHbI 1 NPOTUBOMOJTOXHbI NO 3HAKY: do +do ) = 0: do =-do ,
a a+90 ? a a+90° "

CoOTBETCTBEHHO, €CINM Ha OAHOM M3 NJIOLLaA0K HOpMaribHbIe HaMpPSPKEHUS AOCTUraeT MakcumMyma,
TO Ha BTOPOW MIOLaAKe OHU MPUXOASAT K MUHUMYMY.
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] MmaBHble Hanps>xeHuaA - I'Ip|/| pacyete KOHCprKLI,VIl7I Ha NMPO4YHOCTb HeobxoamMmo onpenennTb BeNlMMYnHy MakCUMMallbHbIX HaI'IpFI)KeHVIIZ.
MakcumanbHble U MUHUMarnbHbIe HOpMalsibHble HanpsaXxXeHus Ha3bIiBakTCA NaBHbIMU HanpsXeHnamMmu, a nnowagky, No KOTOpbIM OHU D,eI7ICTByI'OT -
rmaBHbIMU NNowagkamMmu.

Ons onpeneneHna NorioXXeHn4d rmaBHbIX NiowaaoK 4OCTaTOYHO MOJ1I0XKUTb HYJH NepByo NPOM3BOAHYH HOPMalibHbIX HaI'IpFI)KeHVIVI Nno yrny HaKroHa:

2 .2 . oo : . .
c,=0,c08"a+0o sin"a+7, sin2a —> “=0,(-2cosa)sina +o 2sinacosa+7,2cos2a =—(o, -0, )sin2a + 2t cos2a = 0.
nyx I'Iocxoany TaHreHc nMmeeT OANHaKoBbI€ 3Ha4YEeHUA ONA YITIOB, OTIINMYAaKLWNXCA APYyr OT Apyra Ha 1800, nony4eHHoe BblpaXeHne
"ﬂ:> tg2a = onpenenseT Ase NnoLaaKkW, oTnuyarLmecs apyr ot apyra Ha 90°. Takum o6pasomM, o6e rnasHble NMOLLAaKU B3AaMMHO
0,70, | nepneHavKynspHbI.

3ameTnM, YTO Npou3BoAHAsi HOPMasibHbIX HAMPSKEHWI B HAKITOHHOM NoLlaake no yrny HaknoHa 0o 02 2 ) 5
OKa3blBaeTCs paBHOW YABOEHHOW BEMNNUYUHE KacaTenbHbIX HanpsXXeHu No aTon nnowaake: da - _(O-x —O'y)sm o+ 27, COS 20 = —2T,,.
Taknm 0Opa3oM, Ha rmaBHbIX NNowWaaKax KacaTerbHble HaNpPsHKeHUs obpallalTcs B HyNb.

Ons onpeaeneHna sernninHbl MakCMmMarbHbIX U MUHUMaribHbIX HOPpMarbHbIX Hal'lpﬂ)KeHMVl HaZO0 HaUTU 3HAYeHUs yrna 4yepes arctg(...) 1N noacTaBUTb
B NCXOOHOE BbipaxxeHne anda HopmMarsbHbIX HaI'IpH)KeHMIZ, HO npoule HenocpencTteeHHO NCNOo1b30BaTh cleaylLwimne TouroHoMeTpundeckme (bOpMyJ'IbIZ

ZTW
. tg2a c,—0, 2t 1 1 c,—0,
sin 20 = ——2 — = S == — ”2 - cos2a = — = = = < - -
\/1+tg 2a 2 \/(O'x—O'y) +41,, \/1+tg 2a 7 \/(Gx—Gy) +4t,
1+ —&F— 1+ —F—
c,-0, c,—0,
> I+cos2a 1 0,0, .5 l=cos2a 1 6,-0,
e 2 2 44y S eETTy T 2, 42
2 2 2Jc,-0,) +42 2(0,~0,)} +42
lMopcTaHoBKa 3TUX TPUIOHOMETPUYECKUX PYHKLUIA B hOpMYy HOPMasbHbIX HanpsbkeHW OaeT 418 O4HOW U3 rMaBHbIX NIoLWagok:
7 MockorbKy yron Ans apyrow rnaBHOWM NAoLLaaku
o, =0, l_'_ 6.0, l_ 6,70, + T _ oTnmyaetcs oT nepsoit Ha 90°, TO CUHYC M KOCUHYC
a

+o T =
Y 2 2 X 2 2 Y o
2 2\/(6 —o,) +4rl, 2 2\/(Ux —o Y +dr? \/(Ux —G,)? +4¢2  ABOUHOIO yINa U3MEHST 3HaK Ha MPOTMBONONOXHBIT,
Y 3 Y > YTO npmnBeneT K NISAMEHEHUIO 3HAaKa BTOPOro criaraemMmoro :

o.to, 1
+ c.—0 )+ 41 + _o0.,t0, 3 3
_Gx 0- ( ) :GX O-y +l\/(0- — 0O )2+4T2 . GOC_T_E\/(GX_GY) +4Tyx
X Y yx
2 2\/(0 —o,) + 41 2 2
Takum o6pasom, No AByM rMaBHbIM MnoLwankam
[OENCTBYIOT rMaBHble HanpsHKeHUs: c,to, 0,t0

1 2 2
O = 3 24— \/(G —G) +4r Gmin=72 y_E\/(Gx_Gy) +ar,,. @
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] MakcumanbHble KacaTernbHble Hanps>xeHwuA - CyLlJ,eCTByEOT nnowangkun, B KOTOPbIX KacaTelibHble HanpsXXeHna 0OCTUratorT MakCuMarsibHbIX
3HayeHun. Ona onpeneneHnd nx nornoxXeHnda OCTaToOvHO NMONMOXNUTb HYIHO NMepBYH NMPOM3BOAOHYH KacaTeslbHbIX Hal'lpFl)KeHVIVI no yrny HakroHa:

o -0 O,.—0O —
. :%Sinza _Tyx cos2a |[|:> (Zra :%2008206 —|—’[yx25in2(x = (O'x —O'y)COSZQ +2Tyx sin2a = 0. I[I::> tg2a1 z—%_
o T

»x

nOCKOHbe TaHreHc nMmeeT O4UHaKoBbIE 3HAYEHUNA ONA YITIOB, OTNNMYaKLWKNXCA APYyr OT Apyra Ha 1800, nony4yeHHoe BblpaXXeHne onpenendeT ase
nnowaakuy, oTnnydarwneca opyr ot gpyra Ha 90°. Takum o6pa30M, obe nnowankn B3aunMHO nepneHankynapHbl. XoTs B 3TUX NnoLagkax B oouwem
Cny4Yae HopMallbHble HanpsaXXeHnd Ha o6pau.|,a+0Tc;| B HOINb, Nnowiaakn, B KOTOPbIX KacaTeribHble HanpsaXXeHna MmakCcumarnbHble,

y y y 2t
Ha3bIBalOT nyjowadkamu cosuza. Onpenenum yaon mexdy nnowadkoll cdsuza u a2nagHoll nnousadkod. tg2o = — 2
CpaBHUM chOpMyIbl ANS YIIOB HAKMOHA FaBHbIX MIIOWAA0K M NOLWAaAoK CABUFa: c,-0o,
MockonbKy npasble YacTu
ynp tg2a, =—— |[|:> ctg(90° - 2a,) = —ctg2a. |[|:> 90° - 20, = 2a. ||]|:> a, =a+45°.

obpaTHble Apyr Apyry, To tg2

Takum 06pa3om, NowWwaaKn cABUra NoOBepHYThl OTHOCUTENLHO MMaBHbIX NAowWwaaokK Ha yron 45°,
[ns onpepeneHns BENUYUHLI MakCUManbHbIX KacaTernbHbIX HanpsKeHW Haao HaMTK 3HadYeHus yrna vepes arctg(...) 1 NoaAcTaBUTbL B UCXOOHOE BblpaXeHue
ONS KacaTenbHbIX HaNPsPKeHWA, HO NPOLLE MPUHSIMb 8 Ka4ecmee UCX0OHO020 COCMOSIHUS eflasHble rniaowadku u NepenTu K NnoLaakam caeura:

c,—0O . O ax o_. . 0 0 o ax O .
T, =——>sin2a -1  cos2q = —1& _—Mgin(2-45")—0-cos(2-45") = —max__—min
2 ” 2 2

Mpu noactaHoske yrna 135° unu -45° (BTopast nnowyaaka casura) nonyyYmMm TOT Xe pesynbTaT, Ho ¢ 06paTHLIM 3HAKOM. r o O max ~ O min

Takum o6pa3om, BHOBb COOMOAaeTCsa 3aKOH NApHOCTM KacaTemnbHbIX U B 00LLEM Crnydae MOXHO 3anucaTsb: max,min_ 2 ’
MoacTtaBum BblpaxkeHus N o +0o, o, +o, - - . ~ +—\/(a e )2 e
ANA MMaBHbIX HaMpPAXeHUn: O ax — ) + \/(G —O ) + 4T O in = T —5 (Gx - Gy) + 4Tyx . max.min ~ — 7 x y »x

. MoHsATMe o kpyre Mopa ansa HanpsxkeHUMN- CyLLecTBYIOT rpadpnyecknii cnocob onpeaeneHnsi NoNoXeHW rMmaBHbIX NITOWaA0K U HAaNpPsKeHWN, a

TaKkxke HaI'IpFI)KeHVIIZ no nodbIm OpyrumMm nnowagkam. Cnocob ocHoBaH Ha TOM, YTO 3aBUCUMOCTb Mexay HopMalribHbIMU U KacaTellbHbIMU

HanpsaXXeHnAMn ornncbiBaeTcAa ypaBHEHNEM Il nopsaaka, a UMeHHO YypaBHEHUEM OKPY>XXKHOCMU:

1+cosa l-cosa 0,60, 0.0, .
Wtak, nonyuunu ypasHeHue |l nopsiaka ey S e ; o — = cos2a +7__Sin 2a
ysmnv yp psa G, =0, ‘o, 7, 5in20 M=) |0, —— 5 -
2 2 )
o.—0O o —0O _ - _
x y 2 _ x y 2 c,.—CO c,.—0, . 20, .
e B T Bagpar | —* Y| 2= X 2 ll(cos’ 2a +sin’ 20r)+72)(sin® 20t + cos” 20) |
aBHEeHW 2 2 =1 =1
CpaBHUTE ero C ypaBHEHNEM OKPYXXHOCTU: HN o -0 —
2 2 2 +2—=— 21 (sin2a cos2a —sin 2a cos 2a
(x—a)"+(y—b)"=R". 3 i :
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. MocTpoeHune kpyra Mopa u ero ncnonb3oBaHue - /13 cpaBHeHWS ypaBHEHWIN KOOPAMHATHI
LueHTpa kpyra Mopa v paguyc paBHbI: 2
pa Kpy! pa u paauyc p G, +o, G, -0, ,
a=—, b=0, R=_|| —— +T -
MocTtpoum kpyr Mopa 2 2
AN HAanNpsPKEHHOMO COCTOSHUSA: T

o
y Tyx ¢ y
OX | UX

YpaBHeHWe CBA3W HOPMarbHbIX U KacaTernbHbIX
HaNPsKEHUIA:

2 2
c,.—0 o.—0O
y 2 _ X y
Op———— | +T,=| —— | +7,.
2 2
YpaBHeHUe OKPYXHOCTM:
(x—a)2 +(y—b)2 =R’

Touka nepeceyeHns HanpaBneHun NnoLagok
C OKPYXHOCTbIO (Touka C) Ha3biBaeTCs

T MOMOCOM [N AAaHHOTO UCXOHOIO COCTOSAHMS,
Xy 1 onpeaensieT HanpasreHue nobon
4# T, X HaKMOHHOW MMoLaaKu, HanpsXkeHHoe
- t COCTOSIHME B KOTOPOWN M306pakaeTcsl TOUKOA
y T xy Kpyra Mopa, Hanpumep, Toukon M:
HanpskeHHoe cocTosiHMe No nnowagke x ! Bbiumcrium TaHre'jC yrna FEKHOHa I'IJ'IOLIJ,a,D,K-VI,
XapaKTEPU3yeTCH TOUKOM A Ha Kpyre COOTBETCTBYIOLLEN Touke M, K nnoLiaake X
HanPsKeHWN. (o, —0,)cosa -2t sina)sina
HanpsixeHHoe cocTosiHWe Mo nnollagke y tgf = > ; =tga
XapakTepusyetcsl ToUKoi B Ha Kpyre (o, - O'y)COSO£ Tl sino)cosa
HanpsHKeHUN.
. Takum obpasom, npsasmaa CM
r <0 c,—0, . 2sinacosa = —2sina P p6 ’
X sin 2 +7,, cos2a |-7,, G, =0, coeauHsilowas u3o6paxaroLlyo
Ty — Ty 2 4|sm 2a|+ ryx|(cos 2a - 1)| Touky M c nontocom C,
tgf = o > = 3 ) 2 |]|:> tgf = 2 nokasblBaeT HanpaBneHue
« =0y (0,cos"ato,sin"a-1,sin2a)-o, o, cos’ a+0 [(sin” a —1)|-7,[sin2a)| HaknowHoi nnowaaku, no
} KOTOpPOM AeNUCTBYIOT
T =Ty —cos?a 2sina cosa pou A y
HanpsbkeHua o, ,T .
_ 2 ) . =
0,=0,C08 @+o0,sIn a+7, Smn 2a, C nomouwkio Kpyra Mopa nerko onpefensitoTcs rnaBHble HanpskKeHUst
M HanpaBfeHUs rMaBHbIX NMAoLWaaoK,
c.—0C
. = 3KCTpeMarnbHbIe KacaTesibHble HanPsHKeHUs1 U HanpaBneHus NMowaaoK casura.
T, =——=>sin2a -7, cos2a P P P fhanokca
T,="T,

O,
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[ ] MaBHble ,qed)opmauuu - MogobHo TOMY, KakK onpenenanncb HanpaxXeHua Ha HaKrnoHHbIX nrowaakax, MmoryT ObITb onpeneneHbl ,u,ecpopmauwm.
Bblpa)KeHMFl ,qecbopmau,mﬁ B HOBOW cucteme KoopauHar, nosepHyToﬁ OTHOCUTENBbHO HavarnbHON Ha HeKOTOprIZ yron, aHanoru4Hbl Bblpa>keHnam
ana Hanp;|>|<eHv||?1. [locTtaTto4Ho noacTtaBuUTb BMECTO HOpMarnbHbIX Hanp;m(eHvM NUHEenHbIe p,e(bopmau,mw, a BMEeCTO KacaTellbHbIX HaI'IpFl)KeHI/IIZ -

NoNoBWHbI YIMoOB caBura:

1 . 1
€, =&, €0’ a+e, sin” a +— A, sina,| |y, =——sin2a ——y , cos2a.
2 2 27

£, €,

Tak e, Kak 1 ANs HaNpPshKeHWIA, CYLLECTBYHOT Takue MrioLaiku, ANs KOTOPbIX OTCYTCTBYIOT YITibl CABUTa, a NMHENHble AedopMaLmmn NpUHUMaloT

MaKCMMarbHble 3Ha4YeHWs. OTU NIoWanku u NMMHENHbIE ,qecbopmau,mm Ha3blBalOTCA rMaBHbIMW. [N nx onpeneneHna ncnonb3yTcA CbOpMyJ'IbI,
aHalnorn4yHble nony4YeHHbIM Ang Haﬂpﬂ)l(eHVIVIZ

&

max

& te
2

Vg

x _8y

24— \/(8 —8) +yyx tg2a =

C nomouibio Kpyra Mopa, NnoCTpoOeHHOoro ans ne(bopmauuﬁ Jlerko onpegendaroTcA rmaBHble .qe(bopmauvwl N HanpaBneHunsA rmaBHbIX

nnowanok.

Jlydwe He nonb3oBaTbCs TakMM WHYpOM. [lyman, CTyAeHT.

@
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I'eomeTqueCKMe XapakKTepuUCTUkKn nonepevHbix cevyeHun - Bennuuna HOpPpMarsbHbIX Hal'lp;l)KeHVIVl B nonepevyHomM ce4eHun pactaHyToro (C)KaTOI'O)

CTEPXKHS 3aBUCUT OT MIoWaamn aToro ceveHus. Takum obpasom, naouwjadb nonepeyHo20 ceYeHus siesissemcsi 2eoMempuyecKol
Xapakmepucmukoli, onpedensirowieli HanpspKeHue Npu pacmsikeHuu (cxaTumn). B cnyyae apyrix BUOOB HanpsikeHHo-4edhopMmpyemMoro
COCTOSIHUA (M3rNG, KpyYeHUEe) HaNpPSKEHUS 3aBUCAT He OT MIoLLaau, a OT HEKOTOPbIX Opyaux reoMEeTPUYECKUX XapaKTEPUCTUK MOMNEPEYHOr0 CeYeHUs.

. Vlepapxvisi reoMeTpUYECcKNX XapaKTEPUCTUK YCTaHABNMBAETCS BUAOM MOAMHTErPANbHOTO BbIPAXKEHUS U MPEACTABNSETCS CreaytoLLei:
| nnou.lanb nonepe4vyHoOro ce4eHus: _
A=[d4 S, = [ yd4;
Y
y A yC A
y aCTaTUyeCKMe MOMEHTbI NIOLAaAN NOMNEePeYHOro CeYEHMU: S, = [xdA.
v dA Cmamuyeckue MOMeHMbI UCMOJIL3YIOMCS NPU onpedesieHuU NooXeHus1 ueHmpa msokecmu: | ¢~ 47 “ ¢ 4

y COC X~C
Y

: /
Q X dx - X

OnpepeneHne KOOPAMHAT LIEHTPa TAXeCTU. MeTobl OnpeeneHn st MONOXEHUs LIEHTPa TSHXKeCTH MIOCKUX (uryp
paccMaTpuBanm1ch B Kypce TEOPETUHECKON MeXaHuKy,
_ 2.8y _ 2xi4; _ 2 S _ 2 Vi,

Hanpumep, MeTog pasoneHus: = 5 Ve
24 24 24 24

3pech X, y,— KOOPAMHATbLI LEHTPOB TSXKECTU NPOCTbIX OUryp, AMNs KOTOPbIX OHW U3BECTHBI UMM NErko HaxoaAaTCs.
HanomHum npouenypy onpeneneHnsi NoNoXeHUs LEHTPa TSKECTU:

1. BbIBpaTb NPOM3BOIbHYIO (HAaYanbHY) CUCTEMY KOOPAWHAT X, V;

2. pa3buTb 3adaHHyo Gurypy Ha 6onee npocTele purypbi.

3. BbIYMCNIUTb CTaTUYECKME MOMEHTBI U UCMOMb30BaTh (DOPMYIbl KOOPAUHAT LIEHTPA TSHKECTU.

XC

Ocw, npoxoasiine 4yepes LLEeHTP TAXeCTU (*)Vlrypbl, Ha3bIBaKTCA UEeHTpPalbHbIMN. Mo>xHO nokasaTb, YTO OTHOCUTENBLHO LEeHTpalbHbIX
ocel cTaTu4eckme MOMEHTbI o6pau.|,aloTc;| B HOMNb.

Mpumep 1 — OnpenennuTb NOSIOXKEHNE LIEHTPA TSHKECTU YTrONKOBOMO NMOMEPEYHOro CeYEHMS.

4
y

mvie
12 c @

A 4
\ O B Y X

—>| X |—
X

20

=

1. Bbibupaem cuctemy KOOpAMHAT X, Y C Ha4arioM B HVKHEM FTIEBOM YITTy CEYEHWsI.

2. Pa3bueaem durypy Ha aBa NpSAMOYronbHUKa, A1 =4-12=48; X, = 2; V= 6;
BblYMCMseM NnoLiaam 20—4
N KOOpAMHATLI LIEHTPOB TSKECTU KaXaoro: A, =(20-4)-4=64;, x,= T +4=12; y, =12

3. BbluMcrnsiem CTaTUieckne MOMEHTEl  § = 3 4 = 6-48 = 288; S, = x4, =2-48=96;
1 KOOpAMHATbI LIEHTPa

TSKECTU BCETO CeYEHMs: S =14, =2-64=128;  § ), =x,4, =12-64=768;

XSy Sut+S, 96+768 864 371

= - _ _864 y:ZSx,-_Sx1+Sx2:288+128:416: |
YA A +4,  48+64 112 O |[C T4 A +4,  48+64 112 @

Xc
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=  MomeHTbI nHepLUMu Nnowanm NonepevyHoro Ce4YeHus: dy dA
_ (v274- _ [ 42 I = IxydA, - LEHTPOOEXHbIN MOMEHT
I, £y d4, £X dA.| - oceBble MOMEHTbI MHEPLMM MNOLLAAN, 4 y MHEpLMN NAoLAaN. .
_ 2 2 [ .2
- I(x +y7)d4 —Ip dd.| . NOMNSAPHbLIA MOMEHT MHEPLUN NITOLLAAMN. oy
A 4 Q X dx "
MomeHnmbi uHepyuu nnowadu ucnosib3yromcs npu onpedesieHUU HanpskeHul npu usaube u Kpy4YyeHuU.
MOoXXHO nokasaTb, YTO LLeHTPOGEXHbIA MOMEHT MHEPLIMN OTHOCUTENBHO OCEN, OHA U3 KOTOPbIX COBMAAAET C OCbI0 CUMMETPUN,
paBeH Hymnto. B camom fene, B 3TOM criyyae aneMeHTapHon nnowaake dA ¢ koopavHatamu X, y Bcerga OyoeT cooTBETCTBOBATL Takas e nnolaaka
KoopauHaTamu —x, y unu x, -y. CymmumpoBaHue (MHTerpupoBaHne) nponsBeaeHnii xydA aacT Hynb.
[anee 6yget nokasaHo, YTO Ansi NGO, B TOM YMCNe HECUMMETPUYHON, PUrypbl MOXXHO HANTU Takoe MOSOXEHME OCEN, NPU KOTOPOM LEEHTPOOEXHbIN
MOMEHT 0BpaLLaeTCA B HYNb.  [onspHbI MOMEHT MHEPLMM HE 3aBUCHT OpVIeHTaLl,VIVI KOOPAMHATHLIX OCEN X, y
W BCerga paBeH CyMMe 0CeBbIX MOMEHTOB UHEPLMMU: — Ipsz I(x +y )dA Ix dA +Iy2dA [ +1,.
= MomeHTbI MHepLUKM Nnowaan NPOCTENLLNX CEYEHUN: 4 y yC
=« [pAmoyronbHuk Y 5 m  TpeyronbHuK 4 7
Y Y. = IdeA = fhy2bdy = bjhyzdy = by_ = % OnemeHTapHas nrollaaka umeet |
Y ! 0 0 3 3 dy
y, 0 nepemMeHHYyIo LUMPUHY U 3aBUCUT OT T h
| T ee koopAanHaThl Mo ocK y: / C\ y
dy M3BECTHO, YTO LEHTP THKECTU NPSMOYTONbHUKA HAX0ANUTCS by h—y h—y C o - Xg
X. |C [y h Ha nepeceyeHnn oceit CUMMETpUK (X, = b/2, y . = h/2). 7 = T; by = Tb; Ye
® > Xc  [Ansa BblMUCNEHNS MOMEHTOB MHEPLMM OTHOCUTENBHO h—y v oy
y Yy LIeHTparbHbIX OCEN [OCTATOYHO CUMTATh, YTO KOOpAMHATa dA=b dy = —bdy. b
© Y UBMEpSIETCS OT LEHTPAITbHON OCU X, U U3MEHNTb Npeaenb h >
v v ' pHTerpuposaHus: = [y?dA = J‘ 1=y =L bdy =
b_, e e 4 h 5 3 ANL YE
2 2 2 2 y h,y 2 3 Y
Lie =[5y bdy =b[, ),y dy = = =—J(hy R e I s
s w2 ni2Y 0
3 /2 12 h 3 4 12
MOMEHT NHEepLMN OTHOCUTESBLHO LIEHTPAarbHOM OCH X, :
y hb? hb? 3 ANELE 3
AHarorM4Ho nomy4mm Ans Apyrux ocet: |7 — o= 2h/3 2 3)d b P % % bh
y ' y : = -y y=—|n—H—— =—
3 12 i3 i34, 36
LIeHTpOOEXHbBIN MOMEHT MHEPLMU (MO CUMMETPUN): Ixy =0.
MOMEHT MHepLMM OTHOCUTESNBLHO LIEHTParIbHOM OcK . -
MonAPHLIN MOMEHT UHEPLMK: bh®> b h  bh(h* +b?) h(b/2)* |hb?
12 12 12 ’ 12 48
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[ prrnoe cevyeHue: Bbluncnivm BHavane ﬂOﬂﬂprlVl MOMEHT UHepLUnn: - MoMeHTbI MHepuuM Nnowaam cCocTaBHbIX ceyeHun
- BbIMUCIIAIOTCS , TaK XXe Kak 1 Npu BbIYUCIIEHNN KOOPOVHAT LIEeHTpa
y 2 K 2 P4 R*  aD* TSDKECTU, METOAOM pa3breHust Ha NpocThle purypsbl, Anst KOTOPbIX
I,=[p?dA=[p*2npdp =21+~ =——="—"—. ’ P P ypsl, A P
P y 0 4 2 32 M3BECTHbI UMW NErko BbIMUCTIAIOTCS KOOPAMHATLI LLEHTPOB TSXXECTU U
MOMEHTbI UHEPLINN.
R MOMEeHTbI MHEPLIMM OTHOCUTENBHO LIeHTParbHbIX OCen Hanpvmep, MOMEHT MHEPLIMM KOMNbLIEBOTO CEYEHMS MOXET ObIThb
P « C y4eToM cMmeTpum: 2 2 BbIYMCIIEH KaK Pa3HOCTb MOMEHTOB MHEPLUM KPYrioro CrfoLWHOro
s =] - I, 7R* 7D ceyeHnst paguyca R 1 TaKoro xe CevyeHus, Ho paauyca r.
x —ty T 7 - T - H 3ameTum, 4To npun CIOXEHNM MONMeH(T*())B WMHEepLMN Mo KaXkaon u3s
KOOPOUHATHBLIX OCel ANns Kaxaow U3 uryp MOMEHTbI HepLun
Ep;eg::;z::jzoszgzgﬂ;:wa I o R 0,1d 4. JOIMKHbI BbIYNCNATLCA OTHOCUTENBHO OCEN, ABNSAOLLUXCS OOLLUMN
(MOrPeLIHOCTb MeHee 2%): ANsi paccMaTpyMBaEMOro CEYEHUS U BCEX COCTaBMSOLWNX uryp.
) I =1 ~005d* Otcioga cnegyet HeobBXxoANMMOCTb pacnonarate hopmynamu,
* > NO3BONSAOLLMMN NEPEXOANTb OT OAHUX OCEN K APYrM.

= KonbueBoe ceueHue: [10CTATOMHO U3MEHUTL NPEAESbl UHTErPUPOBaHUS:

y = 3aBMCMMOCTb MeXAy MOMEeHTaMu MHepLuu
p! . n(R* -=r")y wm(D*-d%) npv napannenbLHOM nepeHoce ocen
]p =2r— = = .
R | o 4] 2 32 xl—jyldA [(y+a)’dd=
. A
MOMEHTbI MHEPLIMM OTHOCUTENBHO LieHTParibHbIX OCEN 3 5
d 5 ¢ YYETOM CUMMETPUM: = .[y dA + 2ajydA ta IdA
KJ I _[ _]p_n_(R4_r4)_n_(D4_d4) ﬂ ﬂ ﬂ
) 4 64 I,
Ina moHkocmerHozo konbLa (f < 0,075R) MOXHO NPUBNMKEHHO 0
cunTaTh, YTO P = R = const no ero TonwmHe n A = 21'chpt: !
AHanornyHo

1
szjy:_P:ﬂijtz e
2 dopMynbl YyNpOLLAKTCH, €CIIN UCXOLHbIE OCU ABMNAIOTCA YeHmpasibHbIMU,
B TexHuKe uHorga nucnonbayoT 3 Tk.S .=S .=0:
~ xC yC _ 2 _ 2
NpUBNKeHHbIE 3HaYeHNs B BUAE: Ip 0’8D0pt' I, = Ixc +a A [yl = ch +b7A.

3
I,=1,~04D}1. Loy =1, +abd. @

D] t — 2 . — 2
- [p=p2jdA=Rczp27chpt=27rR§pt= 4cp | [Iu=1,+2aS, +a 4| Anaocuy; I,=1,+2aS,+b"A.
4 L, =[x 0dA = [(y+a)(x+b)dA.
J I D3t 4 4 Ly =1, +aS, +bS, +abA.
s
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v y 1
n 3aBucumocTb MeXxay MOMeHTaMun uHepumun npu noBopore ocen M dA
KOOpJJ,I/IHaTbI SJ'IeMeHTapHOIZ nnowaaku dA B cucteme KoopAuHaT U, Vv BblpaXaloTCcA 4Yepe3 NUCXOOHble u
KoopAuHaThl X, ¥y IMHENHLIMW 3aBUCUMOCTAMMU: |u — xcosa + ysina; v — —xsing + ycosa.| 4 . cosa
OceBble MOMEHTbI UWHepUunn OTHOCUTEJIbHO ocemMumnyv: L PO Sina
I, = [v’dA=[(ycosa —xsina)’dA = 1, = [u*dAd=[(ysina +xcosa)’dA = a . X
) X \</ysma

Y Y Y 4

=cos’ a[y’dA-2sinacosa [ xydA +sin” a [ x*dA. =sin’ o [ y*dA +2sina cosa [ xydA + cos” a [ x*dA.
4 ﬂ sin2a 4 ﬂ 4 ﬂ 4 @ sin2o A ﬂ 4 ﬂ

I, I, I, I ﬁ I, I,

2 2 > 5 Cymma oceBbIX MOMEHTOB nHepLuun
I, =1,cos"a+1,sin"a—1I,, sin2a. I, =1,sin"a+1,cos"a+1,sin2a. oTHocUTenLHO ABYX )
nepneHOUKynApHbIX OCeén He 3aBUCUT

_ OT yrna o ¥ Npv NoBOPOTE Ocei
LleHTpO6eXHbI MOMEHT I, +1,=1+1,. I, +1, =const=1Invar| coxpaHseT NOCTOAHHOE 3HaYEHMeE.
MHEPLUM OTHOCUTENBHO ) , , ,
ocenumnv: 1,, = [uvdAd = [(ysina + xcosa)(ycosa — xsina)dd = sina cosa (| y*dA— [x*dA)+(cos” o —sin” &) [ xydA.
A A A A
L inoo ﬂ ﬂ cos2a ﬂ
» [naBHbIe OCK 1 rMaBHble MOMEHTbI MHEPLMU — [ToMyYeHHbIE 3aBUCUMOCTM 2
NoKa3bIBaIoT, YTO NPU M3MEHEHMM yITa NOBOPOTa 0Cel 3HAUYEHNS MOMEHTOB MHEPLIMM N3MEHSIIOTCA, I, I, I,
NpW 3TOM CyMMa 0CeBbIX MOMEHTOB MHEPLIMM OCTAETCS NOCTOSAHHOIA.
OT0 03HAYAET, YTO MOXHO OMPEENUTL TaKoe NONIOKEHWUE OCeiA, MPU KOTOPOM OfIMH N3 OCEBbIX MOMEHTOB 7 —
[OCTUraeT MaKCUMAarbHOMO 3HAYEHUS, a APYrol — COOTBETCTBEHHO MUHUMATBHOTO 3HAYEHUS: I, =——2sin2a+ 1, cos2a.
MakcuMarnbHble U MUHUManbHbIE OCEeBble MOMEHThLI MHEPLIMM Ha3bIBalOTCSA MMaBHbLIMU

MOMEHTaMN MHEPLMK, a OCU, OTHOCUTENBHO KOTOPLIX OHU BLIMUCNSAIOTCS, — MMaBHLIMU OCSAMM.
[lns onpeaeneHns NosnoXeHWs rmaBHbIX OCel AOCTATOYHO MOMOXUTL HYIO NEPBYIO NPOU3BOAHYHO _9J
0CEBOro MOMEHTa MHEepLMK Mo Yrmy noBopoTa: e

B > ) ) oI, sin)2oc sin 2o .
I, =1 ,cos"a+ Iy sin” o —]Xy sin 2a. |[|:> P =/ (-2cosa)sina + Iy2sm(x coso — Iyx2cos2oc =—(1, —]y)sm2oc - 21xy cos2a = 0.
lMonyYeHHbI pe3ynsTaT NokasbiBaeT, YTO AT UICKOMOTO MOMNOXeHUsl 0celi LIeHTPOGeXHbI MOMEHT obpallaeTcs B Hynb.  OTcloga xe creayer:
MocKOomnbKY TAHFEHC UMEET OJIMHAKOBbIE 3HAYEeHWs s YIIoB, OTNMYaIOLLMXCS ApYr OT Apyra Ha 180°, 21Xy
nosy4YeHHoe BbIpaXKeHWe onpeaernseT ABa NosioXeHWs ocen, oTnudaroLmecs apyr ot apyra Ha 90°, tg2a = 7 _1 6
Taknm obpasoM, obe rnaBHble OCU B3aUMHO NepneHANKYNAPHbI. x Ty
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[na onpenenexHnst BeNMYMHbI MakCUMaribHbIX 1 MMHUMaIbHbIX MOMEHTOB UHEPLUM (IMaBHbIX MOMEHTOB MHEPLIMIN) Hado HalTU 3HaYeHUs yria Yyepes
arctg(...) n NogcTaBUTb B UICXOAHOE BbIpaXKeHWEe ANl OCEBbIX MOMEHTOB MHEPLIMU, UM HENOCPeACTBEHHO MCMOSb30BaTh TPUFOHOMETPUYECKE (DOPMYTIbI
[OBOWHbIX YIIOB, KaK 3TO GbINO CAenaHo, Hanpymep, Npy onpeaerneHnm rMaeHbIX HanpshkeHu (nekumust 10). 3gecb nonpobyem YyTb MHaYe.

lMpeactaBum 0ceBoO MOMEHT B BUAE: 7 7 7 7
I +1 I -1 Tt x 1
— 2 2 . _tx y x y . — Y y
I, =1,cos>a+1,sin"a—1,sin2a.| =y I, = 5 + 5 cos2a —|/,,sin 2a —)> I, 5 + 7 lcos2al
= 21
1+ _ Xy B
cosq = cos2a ﬂ tgza__l . @
2 x 1y
. 1—cos2a
2 .
sin aziz _Ix_ly sin 2o + 1+tg22a
2 cos2a tg20 :_i. g
MoncTasnsAs nocrneaHee BbipaxeHue 1 cokpallias I +17 1 5 I,-1,
Pa3HOCTb MOMEHTOB MHEPLMM MOMyYaeM OKOHYaTenbHo: |/, = R —\/(lY -1 ) + 413 .
2 2 ’ Y ~ 1 2 2
+— /U, —Iy) +41xy
3Hak nntoc nepen BTOPbIM criaraeéMblM OTHOCUTCS K MakCUMarnbHOMY MOMEHTY, 3HaK MUHYC — K MUHUMAabHOMY. I, - Iy

= 3ameyaHue. [lonyyeHHble be)pMyJ‘Ibl 05191 MOMEHTOB MHepLuuu, Ix =600 Iy :=200 Ly :=100 ol im0t a)z i sin(o:)2  Iy-sin(2-0)
CBsi3aHHblE C NOBOPOTOM OCEN, a TakxXe AN rMaBHbIX MOMEHTOB " :=U,2—H.. 3o
NHepLMU, NPaKTUYECKN aHanormyHbl Mo CTPyKType
COOTBETCTBYHOLUMM hopMynam A5 HOpMarbHbIX U KacaTenbHbIX Tuv( 6} =
HanpsKeHW No HaKNOHHbIM NoLWaakam 1 ANs rMaBHbIX
HanpsikeHnn. OTcloga MOXHO 3aKMOYUTb, YTO NOMOXEHNUS OCeN, 1000 : : : : : : : : :
COOTBETCTBYHOLLMX IKCTPEeMaribHbIM 3Ha4YEHUSIM MOMEHTOB
MHEPLIMU Y CaMM 3HAYEHNS MOXHO HAXOAUTb C NOMOLLILIO Kpyra
Mopa, NoCTPOEHHOro AN MOMEHTOB NHEPLIMN.

Iv( 0) :=Ix-sin 0)° + Iy-cos( &) + Ixy- sin(2- 6}
Ix‘z 1Y sin(2-0) + Ixy-cos(2-0)

30ecb Xe NpounmnocTpupyeM xapaktep U3meHeHnsi MOMEHTOB
MHepLUun Npu nocrnegoBaTenbHOM MOBOPOTE OCEN B Anana3oHe
0 - 21 (rpadukm noctpoeHsbl B cucteme MathCAD):

XopoLlo BUAHO, YTO NPU JOCTMKEHUN OCEBBIMU MOMEHTaMM
MHEePLUUN MaKCUMarbHbIX U MUHUMAaIbHbIX 3HA4YEHUN -500 | vl |
LEHTPOOEXHbIN MOMEHT MHepLMM oBpaLlaeTcs B HOMb. 0 40 80 120 160 200 240 280 320 360 400
A Npu JOCTUXKEHUM LLeHTPOBEXHBIM MOMEHTOM MHEPLUU 580

MaKCMMarnbHOro 3Ha4YeHus (Npu NOBOPOTE OT rMaBHbIX OCen

Ha 45° oceBble MOMEHTbI CTAHOBSATCSA PaBHbIMU MeXy COBOIA. 1
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= Paguyc nHepuum — ectb BennunHa, CBA3bIBaIOLLAS MOMEHT MHEPLUUU C NOLLaAbI0 MOMNEPEYHOro CeYeHus 1 onpeaensieMas U3 paBeHcTs: |/ = ifA,
Pagnyc nHepuumn npegcraBnsieT coboi paccTosiHue OT paccMaTpMBaeMon OCK 4O TOW TOYKM, B KOTOPOW YCITOBHO MOXHO COCPenoTOuUTb
BCHO MJioLLaZb NONEPEYHOro ceveHns. ATa BENUUMHA XapakTepm3yeT HACKOMbKO XOPOLLO “pa3BUTO” ceveHne, Kak ganeko OTCTOST OT OCH I =it4
oTAeNnbHbIEe obnactn ceyvyeHund, 4To B CBOKO o4epeb XapakTepndyet SKOHOMUYHOCTb Ce4YeHnd npu n3rmde n cxxaTum ¢ U3rmoom. t J
Pagnycom nHepumm ygobHo nonb3oBaTbCA MPU OLEHKE TMOKOCTM CXKaTbIX CTEPXKHEN. Ji Ji
KoHe4HO ans aToro paguycel MHEPUMW NpeaBapuTernbHO BbIYMCASIOTCS ANS TUMOBbLIX U MPOKATHLIX CeYeHnn no hopmynam: ix = j“ iy = j’

Paguyckl nHepumn, COOTBETCTBYIOLLIME [MABHLIM OCAM, Ha3biBAOTCA | . Ik . i
rmaBHbLIMW paAvycaMy MHepPLMK 1 ONPEeaensioTcs no dopmynam: | max 4 || min 4

BbluMCrieHMe MOMEHTOB MHePLIMU CIIOXKHbIX (OMryp — BbINOMHAETCS B CrieaytoLeM nopsake:
CeveHue pa3buBaeTcs Ha YacTu, AN KOTOPbIX U3BECTHbI KOOPAMHATLI LIEHTPOB TSKECTU U MOMEHTLI MHEPLIMU UIN NErKo HaxoasATCs.
BbIGMpatoTcs HavarnbHble OCK, OTHOCUTENBHO KOTOPBIX BbIMUCIAIOTCA KOOPAMHATbI LEHTPA TSXKECTU CEYEHUS.
BbluncnsaoTcs kKoopauHaThl LLEeHTPa TSXKECTU CEYEHMs].
MpoBoasiTcs UeHTparnbHble ocK (MPoXoasLIMe Yepes LEHTP TSHKECTU CEYEHUsT), OTHOCUTESNBHO KOTOPbBIX BbIMUCHSIIOTCS MOMEHTbLI MHEPLIMN.
BbluncnaoTca oceBble U LeHTPOGEXHbIE MOMEHTBI MHEPLIMM CEYEHMS] OTHOCUTENBHO LieHTParbHbIX OCEN.
BbluncnaoTcsa rnaBHble LeHTpanbHble MOMEHTLI U ONpeaenseTcsa NonoXeHue rmaBHbIX ocei.

-~
Il
-
|

n 1-

pumep OnpenenuTe rmasHbie a=20 h:=12 ti=4 n:=2 - RommuecTBEo ¢MDYp pasbuenma 1i:=1.n ORIGIN =1
LieHTpasibHble MOMEHTbI
W NOSOXEHMWE rMaBHbIX OCel Koopmus ’
YrOSIKOBOrO MOMEPEYHOr0 CeYEHMs. 2 Iy = lyy=  Ioy=
I'Ipl/lmep [aeTcd B Buae JOKyMeHTa X= { 12 Home] I'napHEIE MOMEHTE MHEDPIOMM CEeYeHMA:
B cpene MathCAD. Ero moxHo
ncnonb3oBaTb Ans nboro apyroro Koopnmus, Imax = C+IyC 1 J 2 . _DC+IyC 1 J 2

= 22 Y L (G - IyC) ¢ 41 Imin =2 Y 2 - Iy 4+ 41
COCTABHOTO CEYEHUS. 2 2 ( ¥e) e 2 2 ( ¥e) e
¢ 2 Imax = 3.403 107 Imin = 1.369-10°
2 Yc HomeH|
yr '\ Monoxe HUE -2 IxyC 130
1 L tga =Y 4eae=1429 o2 =atan(tgled) —— o2 = 55008
A 1 DIABHEIX OCEeM: IxC - ch 7
1 IC = 2 >
; Q= — o =27.504
h c Xe 7 2
o t x Mpopepra:  IxC+IyC =527210°  Imax+ Imin = 5.272+10°
\ A\
— e v =22 1C gnfoa Y 4 ye-cos{oz 2 luv = 1.137-107
< 2, 2 180 180 @
a
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. N3rmb 6anok. OCHOBHbIe AONYLLEHUA:
L MNpoponbHble BONOKHA CTEePXHSA (MapannernbHbie ero 0CY) UCMbITbIBAIOT NULLL AecopMaLmm pacTAXKeHUA-CKaTus :
1 He OKa3sblBaloT AaBneHus Apyr Ha gpyra (rMnotesa o6 OTCYTCTBUM CAABNUBAHMS NPOOOMbHbLIX BOMOKOH). M M

MepBas runotesa npeHebperaeT BNUSHNEM HOpPMarbHbIX HaNpPsXKEHUA OX U Oy Ha NPOAOOIbHYI0 AedopMaLmio arieMeHTa,
BTOpas — aedopmaumamu casura. O6e rmnoTessbl NOATBEPXKAAKTCA SKCNEePUMEHTArNbHO Ha OCHOBHOWM YacTu ANVHbI CTEPXHS

X X
2. Kaxgoe nonepeyHoe cevyeHne CTEpPXHSA, NNockoe Ao Aedopmauuni, ocTaeTcs NIIOCKUM Y HOPMarnbHbIM ‘ ’ . ’
K AedOpMMPOBaHHOM OCK CTEPXHA nocrne gedopmauun (rmnotesa NIOCKNX CeYEHUN). %
o
z %

B o6uwem cnyyae 6anka MOXeT UCMbITbIBATb M3rMb nog AeicTBMeM U3rnbaroLimx MOMEHTOB OTHOCUTENBHO OCEN X U .
Ecnun oguH 13 HUX paBeH Hynio, a A
W OZHY W3 FMaBHbIX LEeHTParnbHbIX g
1 3TO O3HaYaeT oMCcymcmeue rorie
= HopmanbHbIe HanpsxxeHUs np)
Heonpeaenumon, Ons peLleHns KoT

» A

M

X

o
MoncTtaBum HanpsiXkeHue 1 M M
B BbIPAXEHWE s usrnbatolero Jf = _I _g ydA =—] Iysz. II]I:> —=—". |ﬂ:> C=- 7 = .
MOMeHTa (y, =y ) : y p Pl p EIL x
=/

1. Cmamuka: Bblgenum manbiii anemMeHT OByMA HOPpMalibHbIMU K OCU 6pyca CEYHUAMU N 3aMEHUM OEeNCTBUE
OT6pOLLIeHHbIX yacTten HOpMarnbHbIMU HanpAXeHNAMN. Mo ux gencTememM aneMeHT HaxoguTca B paBHOBECUN.

PaHee npusedeHuem pacripedesieHHbIX Cusl K UeHmMpPYy U UeHmparsbHbIM OCSM BbINo NOnyYeHbl MHTErpanbHble

COOTHOLLEeHNA, cBA3biBaOLWLMe HOpMalibHOe ycunme u n3rmbaroLwmm MOMEHT C HOPpManbHbIMU HANPAXEeHNAMU:

A
A

oy sz—jcrzydA.
A

dz

MogcTaBum HanpsikeHue
B BblpaXkeHue
AN HoOpManbHOW CUnbl:

3. ®usuka: Mo 3akony lNyka: (o, = F¢g._. I[I:> o, = —E&.

A

[ dAY

y

y

3ameyaHue: 3HaK MVMHYC y4nTbIBAET NPaBUIIO N = jdsz; Tak kak HopMarbHoe ycunue J-o_ dA =0
3HAKOB AN N3rmbatoLLero MOMEHTa U HanpPsHXeHUN. y y z

npu n3rnbe paBHO HyrHo, TO:

lMocnenHee ykasblBaeT Ha TO, YTO B CEYEHUN BO3HUKAIKOT HaMNpPshKeHUs pa3HOro 3Haka u cnegyeT npeanonarathb,
YTO CYLLECTBYIOT BOSIOKHA, B KOTOPbIX HAaNPSPKEHNST paBHbI HYIMIO (HENTpanbHas ochb).
M3 3TMX COOTHOLLEHMIN HAWTU HanNPsXXeHUs U NOMNOXeHNe HEMTPanbHOM OCK NOKa HEMb3si, MOCKOIbKY 3aKOH
N3MEHeHNA HanpsaXXeHnn No BblCOTE Ce4eHNA HEN3BECTEH.
2. leomempus; CornacHo rmnoTese NIT0CKMX CEYEHN, NPOAOSbHbIE BONTOKHA UCMbITLIBAKT Aedopmaunm
pacTsXeHUA-cxxaTus, NPonopLMoHanbHble PaCcCCTOSAHUIO OT HENTparnbHOW ocu. HenTpanbHasa ocb, Kak n

-

(EXogq=_E
D

Jo}

LeHTpanbHas oCb CTEPXKHSI, uszubaemcs  UMeEET pagnyc KpUBM3HbI P (T. A — LEHTP KPUBU3HDI).
AGconioTHOE yaNMHEHMEe BOMOKHA, HaxoadaLerocs Ad

- “ dz ‘yo‘ ¥ Z Yo
Ha NPOM3BOSIbHOM PACCTOSHUN OT HENTPanbHON Adz =222 =20 |[|:> g =—=-=2,
ocu, U3 nogobusa TpeyronbHUKOB PaBHO: 2 p Io} dz p

Taknum 0b6pas3om, HopManbHOE HaNpPsHKEHWE NIMHENHO 3aBUCUT
p | OT paccTosHus Ao HewTpaneHow ocu. Mpu y, > 0 — cxatue.

4 z

IyOdA =0 3707 MHTEerpan npeacraBnaeTt cobol cTaTn4eckmin MOMEHT nroLwagun n paBeHCTBO
A

€ro Hyrno 03HayaerT, YTo HeUTparnbHasi OCb MPOXOAUT Yepe3 LIeHTP TAXKEeCTH. @
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yAaneHHbIX OT Hel7|TpaJ'IbHOl7I OCW, pacnonoXeHHbIX No obe CTOPOHbDbI OT Hee: M

Mpy CMMMETPUYHOM CEYEHMM OTHOCUTEITbHO HEMTPaNbHOM OCY abCOMTHbIE X
BENMYUHBI HAMOONBLUNX PacTAMMBAKOLLNX U CKUMAOLLMX HAMPSXKEHUI paBHbI

1 MOryT BbITb OnpeneneHsb! No dopmyrne: B npyrvx gr%;y( HepbxoauMo creumansHoO
nckatb y , HO hopmMyra ocTaeTcs B curne. max Y max
X

BenuuunHa, 3aBucaLasn TonNbko OT pa3mMepoB ”n (*)OprI norepe4vyHoro ce4eHusd, Ha3blBaeTCcA oceBbiIM MOMEHTOM CONPOTUBIIEHUA: VK ==

MoMeHT conpoTuBneHust Npu usrnbe — M3 bopMynbl HanpsKeHUiA Npyu M3rMbe cnegyer, YTo HanGonbLluve (MoNoXuTeNbHbIe —
pacTarMBaoLne) U HaMMeHbLLne (OTpULLATENBHbIE — CXXMMAIOLLIME) HAaNPSXKEHWs B NONepeYHoOM ceYeHUn BO3HMKAoT B TOUKax, Haubonee

1

y max

C ncnonb3oBaHMEM OCEBOrO MOMEHTA conpoTueneHna MakCcnMarbHble HanpaXXeHUA BbIMUCIIAKTCA KakK:

MomeHTOoM conpoTmBneHnsa yaobHO NonNb30BaTbCs NPy pacyeTe Ha NPOYHOCTL (Moabop ceyeHnst) 6anku npu nsrmode.

KoHe4yHo OnA 3TOro MOMEHTbLI CONPOTUBIEHNA NpeaBapuUTENbHO BblYNCNAKOTCA OAN1A TUNOBbLIX U NPOKATHbLIX CceyeHunn no I'IpeLI,bI,CI.yLIJ.ePI cbopmyne.

u MomeHT conpoTuBIrieHnA TUNOBbIX U NPOKATHbIX CeYeHuMn:

1. TpsiMmoyronbHoe cevyeHue: 2. Kpyrnoe ceyeHue:
7R’
y bh3 y - 3 3
7'y yy Ix 4 7TR ﬂ:d 3
I — th Wx = = = = =~ O,ld .
W, o=—x = 1h2 _ _ Vimax R 4 32
h X YVmax — 6 d .
2 R x 3. [Ins npokaTHbIX CeYeHUN BCe reoMeTpuYecKne XapakTepUCTUKN,
B TOM YMCE N MOMEHTbI CONPOTUBMEHUS, YXXe BblYUCIEHBI N coaepXaTca
B creumarbHbIx Tabnmuax — copTaMeHTax.
v
- b - Bo Bcex criyyasix, KpoMe Kpyrroro cevyeHus, crieqyet UCrnonb3oBaTb MOMEHThLI COMPOTUBIIEHUS, COOTBETCTBYIOLLME OpUEHTaLuUK
h - Mnockoctu gencTeus narnbaroLLiero MoMeHTa. Hanpumep, npyu AerictBum Ha 6anky NpsiMoyroribHOro CEYEHUS MOMEHTa My
NpW BbIYUCINEHNN MaKCUMaTbHbIX HOpMaribHbIX HAaNPsKeHNM Heobxo4MMOo UCMNoNb3oBaTb Wy: 7 Wb’
— Y —
= YcnoBue NpPOYHOCTU MO HOPMalibHbIM HanpsXXeHUsIM: Mx M( y - - 6
Gmax = < R' Gmax = - < [G]‘ xmax
MakcumanbHble HanpsiXkeHUs1 He AO0NMXHbl NpeBbIWaTb x x
pacyeTHbIX U AONYCKaeMbIX HanpsiKeHUN. B cny4yae, Hanpumep, NPSIMOYronbHOro ceYeHus
Ortcropa npu noabope ceveHus onpeaenserca Tpebyemas Heobxoanmo 3aaaTtb OAWH U3 PAa3MEPOB UMM COOTHOLLEHNE
BENMMYMHA MOMEHTa CONPOTUBMEHNA AN NPOKATHBIX CEYEHNN 1pe6 Mx mexay Humu. Myctb h/ b = k.
I XapakTepHbIX pa3aMepoB And opyrnx cevYeHui: Wr > R . Torp.a Tpe6ye|v|a;| BbICOTa cevyeHus: h'rpeﬁ —3 l6kWTpe6
X
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[ ] MoHATHe paunoHarnbHOro ce4yeHusa npu n3rmnbe — 13 d)OpMyJ'IbI Hal'lpﬂ)KeHVIVl npu narnbe cnefnyer, uTo HanbonbLune (HOJ'IO)KVITeJ'IbeIe -
pacmrvnsarou.me) N HanmeHblline (OTpI/ILJ,aTeJ'IbeIe - cmmmarou.me) HanpsaXeHna B nonepevyHom ce4eHnn 3aBnCAT OT BeJIM4YnMHbl OCEBOIo MOMEHTA

WHEepLMN NI OCEBOTO MOMEHTAa COMPOTUBMEHNS: M Y
Opax = d N0 =

max t: max
I, /8

[ ] an N3MEHEHUN pa3MepoB CEYEHNA NBIMEHAKTCA KaK 0CEeBOWN MOMEHT COMNpOTUBIIEHNA, TaK niowagb Ce4eHuns. I'Ip|/| 9TOM BEJIM4NHA O0CEBOIO
MOMEHTa COonpoTuBIieHNA 3aBUCUT, Hanpumep, and NnpAMOYrofibHOro ce4eHud, OT KBagparta BblCOTbl CEe4eHNd, a ninowanb — NUHENHO. YBenuyeHue
nnowaan ysenn4nmBaeT pacxod Martepumara Ha U3rotoerieHne 6ankn. bonee paunoHalibHbIM CE4EHNEM CHUTAETCA TaKoe cevYeHune, npm KoTopom
OTHOLUEHNE MOMEHTa CONMpOoTUBIEHNA K Niowaan MMeeT Oonbluee 3Ha4YeHne. [ns atoro crnegyeTt BO3SMOXKHO 60ﬂbL1JyPO YacTb niiowaan
norepe4vyHoro ce4yeHna pacnonaratb Kak MOXXHO Aanblie oT He|7|Tpaan0|7| ocu. Hnke nokasaHbl 5 nonepeyHbIX ceyeHu 6arnku, coctaBneHHbIX U3
HepaBHOGOKVIX YroJyikoB 1 NniCTa, nnowaab BCex CeYeHunin ogMHaKkoBa, a MOMEHTbI COMpOTUBIIEHNA Pa3JINYHbIL

! ‘ | B cBsa3u ¢ Tem, 4TO Nnowann aTUX cedYeHu oaMHaKoBbl,

‘ Haunbonee paunoHanbHbIM U3 HUX ABNAETCA TO,

Yy KOTOPOro MOMeHT conpotusnenus W, 6onblue.

AL
L

ceyeHund no ee AnnHe B COOTBETCTBUUN C UBMEHEHUNEM BENTNYUHbI VI3I'VI68}OLIJ,eI'O
| MOMEHTAa.
MockornbKy antopa narnbdatoLero MOMeHTa MMeeT B 00LeM criyvae KpUBOSIMHENHOE
oyepTaHue, To ANns MoryyYeHUs paumoHaribHOro cedeHus pasmepbl, Hanpuvep BbicoTa
NI TONLWwMHa NOonokK, OOIMKHbI Hel'lpeprBHO N3MEHATLCA.
M3 TexHonornyeckux coobpaxeHuit BMECTO STOrO MCMOSb3YHOT CTyNneH4aToe
n3MeHeHune TornLwnHbl, AoCTUraemoe anBapKon nnn I'IpVIKJ'IeI'IbIBaHVIeM
l l AONONHUTENbHbIX FOpVI30HTaJ'IbeIX JINCTOB.
REE 1yi Ha pucyHke nsobpakeHa, Tak HasblBaemasi, anopa MaTtepuarnos,
OpAVHAaTbLl KOTOPOW paBHbI MPOM3BEAEHMNIO MOMEHTA CONPOTUBIEHNSA
nonepequro ceyeHnd Ha ,qonycxaemoe HanpﬂmeHme:
M, =W,[o]

r 2 m  [1oGutbcsa cHWXKeHWs1 Beca Gankyv MOXHO Takke NyTeM U3MEeHeHWs! pasmepoB

@
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Mpsamon nonepeyHbIN N3rMG — B NoNepeyHoM ceveHnn 6anku, Kpome narndaroLero MOMeHTa, AENCTBYET Takke nonepeyHas cuna.
Mpy NpsiIMOM NonepeYHOM M3rnbe M3rmdatoLLMin MOMEHT OEUCTBYET B NIIOCKOCTW, COBNaatoLLen ¢ OAHOM M3 FMaBHbIX NIIOCKOCTEN MHEPLMM NOMNEPEYHOrO

ceyeHus Ganku. I'IonepeqHaﬂ cuna npu 3Tom 00bl4HO napannenbHa ninocKoCcTn OencTBms narnbaroLero MoMeHTa.

m  KacatenbHble HanpskeHUA Npu nonepeyHoMm usrnde - B obiem cnyyae npu nonepevyHom nsrnbe 6anok NPonsBorbLHOrO Npodunisa MoryT

BO3HMKaTb ABE€ KOMMOHEHTLI NMOJIHOIMO KacaTeribHOro HanpsxXeHnqd B ce4eHun. KomnoHeHTa sz [ONsl TAKoro Ce4eHns He MOXET ObITb HanaeHa MeTogamu

conpoTuBrieHna MmaTtepunanos. KacartenbHble Hanps>xeHna sz, BO3HMKaLLMe B nonepe4HOM ce4yeHnun, ceAa3aHbl C I'IOFIGpB‘-IHOVI CUINOWN, D,el‘/'lCTBYIOLLI,eIZ
B 3TOM Ce4yeHunn 6pyca, MHTeraﬂbHOVI 3aBUCUMOCTbIO:

_ JA MockonbKy 3aKOH M3MEHEHWs! KacaTemnbHbIX HaNPSHXKEHUIA NO CEYEHUIO HEN3BECTEH,
Q Qy =104
A

TO U3 3TOIO ypaBHEHUA HaWTW KacaTernbHble Hanps>XeHna ans N3BECTHOWN nonepequﬁ
F M CUMbl HeMb3s.
z Bbligenvm manbin aneMeHT ABYyMSI HOpMarnbHbIMK K OCK Bpyca U 3aMeHUM OENCTBUE OTOPOLUEHHLIX YacTemn
HOpManbHbIMU HaNPSXXeHUAMM 1 KacaTernbHbIMWU HanpsxXeHnsamu. Nog nx AerncTBueM SnemMeHT HaxoauTcs B
paBHOBeECUW.
dz . o o
Mpu gencTeumn NonepeyHon Cunbl N3rnbaroLwnn MOMEHT B CEHYEHNN, OTCTOSILLIEM HA PAcCTOAHMU dZ OT OpYroro
o T Ay ceyeHns, UMeeT npupaweHne dM .
z _sz zy ngz"'do'z sz pupaty X
ﬁ/ fore d M de
: zx CornacHo 3aBMCUMOCTN |G = HOPM@IbHBIE HAMPSHKEHNA TaKKe NonyYarT NpUpaLieHus: do =
—_— > — A1 I [
T x *
yz
z X o
- OTtceuem OT paccMaTpMBaeMOro afieMeHTa HEKOTOPYHO €€ YacCTb MOPM30HTalNbHOWM MOCKOCTBIO U 3aMEHUM

ee JelicTBue KacaTernbHbIMU HanpsikeHUsIMU (HopMaribHble HanpsKeHUst B COOTBETCTBUM C rMNoTe3ol 06
OTCYTCTBMW CAABNMBaHMS NPOAOSIbHbLIX BOSIOKOH HE paccMaTpuBaloTcs).

OcTaBLlunincs anemMeHT no-npexHemy HaxoanTca B paBHOBECUN. YpaBHeHme paBHOBECKA B NpOEKUUN Ha OCb Z:

Z,=0; - do_)dA dA dA = 0. - Jdo.dA+ |7,.d4=0.
dz ‘ b z i ,[(o-z+ O-z) + J.o-z +;!.1Tyz nnu j‘ ;[1 V.

Aore Aore oTe

3pecb AOTC — nnowaab 0TCEYEHHOMN YacTu nornepe4vyHoro ce4yeHus, A1 — nnowaab ropu3oHTaJ1IbHOINo Ce4eHnd anemMeHTa, paBHad baz.

MepeHeceM NepBbIii MHTErpan B Npasyto YacTb U MOACTABMM B HETO BbIPaXEHWE A5 HOPMaIbHbIX HaMPSHKEHWIA: .[T _dA = j dM ydA.
MpupalleHne n3rnbaroLLero MOMEHTa 1 OCEBON MOMEHT UHEPLIMN CEYEHUS HE 3aBUCAT OT MIoLLaam 4 g dore Lx
OTCEYEHHOW YaCTU U UX MOXXHO BbIHECTU 3a 3HaK MHTerpana. OcTasLieecs NoAnMHTErparnbsHoe BbipaXeHue dM dM
COBMaJaeT C BbipaXKeHeM [rs CTaTUYEeCKOro MOMEHTA NIoLaan OTCeYEHHOM YacTy NONepPeyHoro CeYeHus: _[TyZdA = X _[ya’A = =S
[Monarag kacatenbHble HanpsaXXeHuna rnocmosiHHbIMU No nnowann A1, YTO COOTBETCTBYET NpeanofioXeHuo 4 x  Aorc X
MOCTOAHCTBaA ,qeq)opmaumﬁ casura no WmnpuHe nonepedyHoro ceveHund, y4nuTbiBasa 3akoH rnapHocmu
KacameribHbIX nepemeuweHuli n dughghepeHyuanbHy0 ore gore dopmyna >Kypasckoro
3a8UCUMOCMb MoNepeyYHol Ccurbl, Nony4aem: szbdz = %S;’T‘:, I[I:> » = M, S, wnn |t = Q};

X ) dZ IXb ? ]xb .
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Pacnpep,enel-me KacaTelbHbIX Hanpﬂ)KeHVlﬁ no BbICOTe ceyeHusa — N3 (bOpMyj'IbI )KypaBCKOI'O cnenyer,
YTO KacaTeribHble Hanps>XXeHnsd B BOJTOKHaAX nornepevyHoro ce4yeHunn, pacnosioXXeHHbIX Ha HEKOTOPOM pacCTOAHUN OT OCH,
3aBUCAT OT BESIMYNHBI CTAaTUYECKOr0 MOMEHTAa NnoLwagm OTCEYEHHON YacTu 1 LUNPUHbI Ce4eHnA Ha BbICOTE CeKyLLl,el7I NJTOCKOCTWU:

nOCTpOI/IM AMNOPbl KacaTeNbHbIX Hal'lpﬂ)KeHVIVI OnAa HeKOTOPbIX NPOCTbIX CEYEHUI:

MpamoyronbHoe cevyeHue

A

oTC

N BblHUCITUM CTaTM‘-IeCKVIﬁ MOMEHT
OTCeYEeHHOM YacTu:

=X

MpoBeaem ropM3oHTanbHoe cevyeHme Ha BbicoTe y

MoactaBsum B hopmyny XKypaBckor(

i\ x

MoxHo y6eanTbes, 4TO 06beM aNPbl HAaNPSHKEHNN sz(y)-b/Qy paBeH 1, 4TO 03HaYaeT BbIMNONHEHWE

m ToncTocTeHHbIW ABYyTaBp

[ —————>

"

BblpaXXeHna Oona ctatu4eckoro Momg
M MOMEHTa nHepuuun:

Mony4eHHasi 3aBMCMMOCTb SIBMSETCA
keadpamuy4HoU OT KOOpAMHaTbl paccmaTpuB
Taknum obpa3om, KacaTenbHble HanpshKeHus

CeveHnst 3MeHsoTCs No keadpamHol napaborne: y = h/2, Ty = 0;y=0,1

CedeHune nmeer cTyneH4YaToe U3MEHEHNE LUMPUHBI U NO3TOMY G
n3meHeHusi koopamHatel: 0 < y,< h/2 — cTeHka n h/2 < y,< HI2 -

B

0,57
2T
h y
5 h 1 1( h?
ST =y A =ly+ 2B Ly =@y h)b(h—-2y) = =| =~ 7
v =Vodge =Y (2 y) 8(y )b( y)24y
A N B:=01 H:=06 1©:=006 h:=03 Qy:=10°
== 3 3
., e o [ BRI | g = H B H
3 4 12 12 2 2 o0 a
Aok h1 1 [n? 1 fu?
Sy(y) =i il £ ok B - POl B o) Y M) oML ) -
2 ¥(3) Af{ly|<2,4{ ) +2(4 y} =il y)
s h . Qy-3y(y)
oy(y) =ifl [y| <=, b,B = QF¥(y)
167 (Iyl<2, , ) T

KoopamHaThl BOMOKHa. B MecTax pe3koro nsmeHeHus LWMPUHbI cedeHnsa

Yy ns cTeHku: H-h )
1 H H-h 1 A
| [ S;)TC: 7_ g B( 5 J"‘E 7_ l2
A
Tl
H r . 1 1( h?
h =—(H2—h2)3+5 7‘)’12
Y
2
Ons nonku:  §7 =l LA ; B.
Y X
y_ | b | 2\ 4
-~ Ha o6ounx yyacTkax cobniogaeTcst KBagpaTuiHas 3aBUCMMOCTb OT
e E——

B COOTBETCTBUM C hopMyrion XKypaBCKoro antopa MMeeT CKadKu:

03

0.2

0.1

|"'(

o 210

#1100 st 20t

w=(¥)

&)
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[ ] ToHKOCTEeHHOe cevyeHune — SmOpa BepPTUKalibHbIX KacaTellibHbIX Hal'lpﬂ)KGHVIﬁ sz CTPOUTCA aHalIorM4HO pacCMOTpPEHHOMY paHee and

ICTOCEEHHOTO AByTaBpa.

max thb

g

Otcropa paccmaTpmnBaemMble rOpnU3oHTalIbHbIE KacaTellbHble
HanpsaXXeHna NSMEHAKTCA TakKe no J'ILIHeleOMy 3aKOHY:

MakcumanbHble KacaTenbHble HanpsaXeHnaA:
Ol .

B nonkax Bo3HuKatoT rOPU3OHTAarbHbl€ KacaTernbHble HanpsaXXeHna sz , KOTOpbl€ MOIyT ObITb onpeaeneHbl
no cbopmyne )‘KypaBCKOFO, npu 3TomM cTaTU4YecKNin MOMEHT nnowagwn, oTcekaemom BepTI/IKaJ'IbHOIZ MIIOCKOCTbIO
Ha pacCToAaAHUN X1, BblHYMCNAETCA No-npexxHemMy OTHOCUTESTbHO OCU X: ore
oS
yox

OT10 cnegyeT 13 TOro dhakTta, YTo Npu CeYeHUn BepTMKanbHOW _

NMOCKOCTbIO B MPOAOSIbHOM CEYEHUN BO3HMKAIOT KacaTemnbHble = 1.6

HanNpPsHKEHWSA T, PaBHbIe KacaTenbHbIM HaMPSHKEHUAM T, -

B Nonepe4YHOM ceyYeHnn Ha paccTosiHuu x,. [lanee, cnenys npouenype o,

BbiBOAA chopmyrbl >KypaBCcKoro, MpuxoguMm K Tom xe opmyne. »\\ ® % % XX X X %X %X %
T

T T zx “6

XZ‘

o+ dcrz
™

B otnunune ot npegbigyuiero (onpe,u,eneHMe BEPTUKaIIbHbIX
KacaTteribHbIX Haﬂpﬂ)KeHI/IIZ) Tenepb CTaTUYECKUIA MOMEHT OTCEYEHHON
4acTun N3MEHAETCA Mo ﬂUHeleOMy 3aKOHY:

ST = 4

h

OoTC =
2

bz, —x1)5§. dz

h
_QyS;)Tc _Qy(b—zo—x1)55 Qy(b—ZO

1.5 15 B 21
Y N L x
0——+bd— h(—+b
Qy( 74 2):Qy (4 ) max

s 21

T,

X

O,hb
21,

x;=—2

zy 7

Takum obpasom,

MpuBeneHne cnuctemol kKacatenbHbIX
HaNPsS>KEHUN K paBHOAEWCTBYIOLLEN AAET:

nepBbIVl MHTEerpan paseH nnowiagn antopbl KacaTterbHbIX
Hal'lp;l)KeHI/Iﬁ sz’ yMHO)KeHHOﬁ Ha TONLWWMHY NOJNKK: x

KPYTALLNA MOMEHT paBeH: M _ =T h+ Qy

7 zQy

[onyyYeHHbIN LEHTP NpUBeAEHUS onpeaenseT NofioKeHne paBHOLENCTBYIOLLEN
KacaTernbHbIX HanpsXKeHUN N Ha3blBaETCH LIeHTPOM M3rnba. [lnsg paccMOTPEHHOro =T, Qy
CEYeHNs1 OH HaxoauTCsl BHE KOHTypa ceyeHus. Mpun npoxoxaeHUn nonepevyHomn
CUIbl Yepes LeHTp u3rnba KkpyyeHue ceveHusi He BO3HMKaeT.

X

TCH Kak anrebpanyeckas cymma:

Qv S ;TC
- +
15

Qx S ;rrc
I

0,hb’s
47

X

T =

BUe NMPOYHOCTU Ha Cpe3:

1
~r™hG =
2 .

_HeR, =

r = cYeTHoe conpoTmBneHne
prnandta CPE3S

@ cp?
41,

M hb’s DHKOCTEHHbIX 6aroK NoKasbIBakOT, YTO B MONEPEYHOM CEYEHUU
f=——tz,. daribHOM OCblo Banku, T.e. CUCTEMA BHYTPEHHNX CUI

Qy 41, EeHTY. OTO 03Ha4aeT, YTO KPOME CABMUra B NMITOCKOCTU AENCTBUIS

Harpyska HaxoguTcs B rMaBHOW NIIOCKOCTU MHEPLUU.

+z,

MocneaHwin uHTerpan

Z, paBeH rnonepeyHow

M. =2 [r.d4, b, [r.d4
2 cune Qy.

zy
4 4
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PacueTbl Ha NPOYHOCTL MO KacaTeNbHbLIM HanpsKeHUAM U ycunusam caeura — CoctaBHble M3rnbaemMble aneMeHTbl cobuparoTcsa Ha ocHoBe
KrneeBbIX, CBapHbIX, 3aKNenoYHbIX U BONTOBbIX COeaUHEHWIA, MO3BONALLIMX CO3AaTb pauUMoHarnbHble cevyeHusl. AT coeanHEHUSI HEMOCPeACTBEHHO
BOCMPUHMMAIOT KacaTerbHble YCUMUs (HanpsikeHus).

w4

KneeBble coegnHeHus — paccynUTbIBAlOTCA Ha CoONpoTuBIeHNne COBUTY COCTaBHbIX yacTen.

rae RKJ‘I — pac4yeTHOE COoNnpoOTUBIIEHNE KIed Ha Cpes.

roe ch — pac4eTHOe conpoTueneHmne

T max,1 QmaxScTc
Al | = Ycnosue NpoYHOCTU: [pmaxl — =y X o p ,
zy — T hkn
” X %ﬂax - 7 max| z 1.6
5 {+— Kpome Toro gomkHa 6biTb 0becnevyeHa NpoYHOCTb Ha Cpe3 OCHOBHOIO MaTtepuarna no HanbonbLwnm
G I D g T max KacaTernbHbIM HarnpshkeHUsm g
g e Ha ypOBHE HeMTPanbHOro Crnost: | _max _ oS, <R
zy = flepo
L 15

maTepuana Ha cpes.

Ecnun matepuan gepeso, NPOYHOCTL KOTOPOrO Ha CKasbiBaHUE HIKE YeM Ha Cpea rorepek BOMOKOH, TO GepeTcs pacieTHoe CONpOTUBIEHNE
Ha cKarnblBaHue, MOCKOMbKY 7, = 7, MO 3aKOHY NApHOCTY KacaTeslbHbIX HaNpsHKeHMiA.

——

Y

I

t

CBaprle coegunHeHUsa — paccynTbIBakOTCA Ha NPOYHOCTb CBApHOro WBa, BOCNpUHMMarLwlero npoaonbHoe casuraroLllee ycunume.

OnacHbIM cevyeHreM ans YrnoBOro CBAPHOIO LLBA ABIISIETCS CeYeHne, npoxoasdilee no éuccekrpuce
NPSIMOTO yrna, COOTBETCTBYOLLEE HaMMEHbLLEN NMNoLwaan cpesa wea. 3a pacyeTHoe cedeHme NPUHNMaETCa
A, =b, I =h -cos45%] , rnel - anuHa wea (cerMeHTHas YacTb NNOLIAAM NOMNEPEYHOTO CeYEHMS LB
oTbpacbiBaeTcs, kak obnacTb, B KOTOPO He obecnevmBaeTCst Ka4ecTBO LUBA).

D o= A

—

Mpun pacyeTe Ha cMsTUE crieQyeT nonarath, YTO cABUraroLLast
cuna, Kak paBHOOEMWCTBYOLWAa KacaTenbHbIX HanpsXXeHUn

B NJ1IOCKOCTU cABUra, Bbl4UCIIEeHHad KaK ongd CnfowwHoro
ceYvyeHund, Bbi3blBaeT CMATUe 6oKoBOM NOBEPXHOCTU
3aknenok. PacyeTHon nnowagbio CMATUA SBnsieTcs
HaMmeHbLlas 13 nnoLllagen, o6pasoBaHHON CEYEHNEM
AnameTpanbHOW NAOCKOCTbIO Tena 3aknenku. B gaHHom

cnyvae A, = d. -6, rae 6 —

TOSMLLWHA CTEHKN. YcrnoBue

NPO4YHOCTUN Ha CMATUE, nogobHoe yCnosuio Npo4YHOCTU Ha

cpes, NpUHMMaeT Bug;

G:M — Qy Sx — aQy Sx S R:M
1 @ de35
Y a

OTtctoga MoXHO onpenenntb Tpe6yeMb||7| Lar 3akrneriok no
cmaATuno. OKoHYaTenbHO NpUHNMaeTCcAd HaWMEHbLUUI war u3
onpeaeneHHbIX Nno yCrioBnudaM cpesa U CMATUA.

pacyeTHOM cevyeHunn LiBa,

> 5
28R

DM CeYeHMU 3aKnenku,
Ha cpe3 mMatepuarna 3aknenku
aknenku):

o 2R
QrflaxS)(()Tc .

y

TUBJIEHUA HaA Cpe3 MaTepuana wBa:

= hm-,B-lm, roe ,B - K0achrLMEHT E*)OprI YrIOBOTO LWBA, 3aBUCALLNIA
ABTOMATUYECKON MHOronpoxogHon ceapku B =0,7).

QI}1aX5§TC _ y
1.2b, I2Bh, ~— "

3

Q max S oTC
X
= <

ur

2 — KONMYECTBO LLBOB y3na

NTbIBAOTCA Ha Cpe3 N CMATUE 3aKI1EeNnoK (6OJ'ITOB), BOCNPpUHUMAKLWNX

nkamu ogunHakoB. B aTom criyyae, B 6onee Tskenbix ycrnoBusix pabortatoT
BHT OTCEYEHHON YacTu Ans HUX Gonblue, Yem Ans 3aKrnenok Ha Moske.

max 0TC max oTC
Qy Sx 2an Sx cp
T, = — = — <R
. I nd;
1.2 :
4a
1
2 — KONM4YecTBO Cpe30B 3aKnenkun 9




W9 Jlekumns 15 (npononxerune — 15.2) [

M
— X
= AHanu3 HanpsXKeHHOro COCTOSAHWA Npu N3rnée — PaHee GbINM NOMyYeHbl U PACCMOTPEHbBI BbIPAXXEHUS A4S HOPMarbHbIX 6= I Y.
N KacaTernbHbIX HaMpshKEHUI, BO3HUKaOLWMX Npu narnbe. MNpu pacdeTax Ha NPOYHOCTb AOSMKHbI ObITb ONpefeneHbl TE CEYEHNsI U Te al
BOJIOKHA, B KOTOPbIX 3TV HanpsXXeHWst OCTUraloT MakcumarbHbIX 3Ha4eHUIN. M 3TO pasHble cedeHunst U pasHble BonokHa. Hanpumep, npu gore
nonepeyHoOM 13rnde OBYXONOPHON Banku MakCMMarbHbIN N3rmbaLLmii MOMEHT BO3HMKAET B cepeavHe NposeTa, a MakcumarnbHas = Qy x
nonepeyvHas cuna — B ONOPHbIX CEYEHUSX. zy = Ib
[Mpn aTOM MakcMMarbHble HOpMasbHbIE HAMPSHXKeHUS BO3HUKAOT B Hanbornee x
TR NN RN Y yOaneHHbIX BOMOKHaX, 8 MakcuMarbHble KacaTenbHble HanpshkeHnst —
Ha HenTpanbHOM Ocu.
z
f:‘r [] B anemeHTe 6Gankn, HaxogsaLencs B HEKOTOPOM CeYEHMM, B KOTOPOM OOQHOBPEMEHHO OENCTBYIOT
‘ %%Y\ [0CTaTo4HO DonbLlume n3rnbaroLwmMm MOMEHT U NonepeYHas cuna, Ha NPOM3BOSIbHOM PACCTOSIHUK OT
E Zg HEeWTpanbHOM OCU, BO3HUKAIOT OOHOBPEMEHHO HOPMAaribHbIE U KacaTenbHbIE HanNpPsKeHUs.
4 [MaBHble HaNPsXKEHUS B 3TOM 3fIEMEHTE U TaHrEeHC o +0 1
yrra HakroHa rmaBHbIX NoWaA0K onpeaensTcs c,,= Mi—\/(a, -o )2 +47° .
BbIPaXXEeHUSAMMU: : 2 2 ! 7 »
@ / Mpn nonepe4yHOM NOCKOM M3rnbe 27
= = = = =71 _ X
(rjlén géelv?" OO T e =T c.,1 3 2 2t tg20 = ————.
@ y ' 0, =—t—Vo +4r° .| |tg2a =—. 6,0,
y T2 2 o
Onpenenvs BeNUYMHbI MMaBHbIX HaNPsHKeHUN X @ MockonbKy anopbl KacaTenbHbIX HAMNPSXXEHUA UMEIOT
Ons psiga ToveK JaHHOTO CeveHus . @ CKayku B MeCcTax pe3Koro U3aMeHeHusi LUIMPUHbI

Ha pasfMYHOM PacCTOSAHUM OT HENTPanbHOWM ocu,
MO>XHO MOCTPOUTb 3MNIOPbI IMAaBHbLIX HAMPSHXKEHUN:

nonepeYvHoro ceveHns (oByTaBp, LWBENEp), To 31O
HangeT CBOe OTPaXeHMe Ha dnpax rMaBHbIX
HanpsXeHUN.

HarnsgHoe npegcraeneHve o NOToke BHYTPEHHUX cun B Tene (CTeHke) 6anku MoryT AaTe TPAaeKTOPUM MMaBHbIX HaNPSXKEHUN — NIUHWM, B KaXKO0W
TOYKE KOTOPOro KacaTernbHasi COBMagaeT C HanpaBneHneM MMaBHOMO HaMpsXKeHUs B 3TOM TOYKe. Ha pucyHke nokasaHbl TpaekTopumn pacTarMBaroLwmnx

rnaBHbIX HanpshkeHnin. OHK NepecekaroT HeMTpanbHy ocb nog yrrom 45°.
Mpn apmmnpoBaHum 6eToHa CTanbHbIMK CTEPXKHAMU YYMTBLIBAETCH XapaKkTep
3TMX TPAEKTOPUN, T.K. BETOH NNOX0 CONPOTUBISETCS PACTSKEHMIO:

TpaeKTOpI/II/I CXKUMakLWKX rmaBHbIX HaFIpFl)KeHIAVI Y4UTbIBAKOTCA NMpu NOCTaHOBKE

pe6ep XEeCTKOCTU And npenorespalleHna Bbiny4nBaHNUA TOHKUX CTEHOK, BCneacTeBune

Hanuums cxxatblX obnacTen B CTEHKe.

N
2

AHanu3 HanpsPKeHHOro COCTOSHWSA Npu u3rnbe 6anku nokasbiBaeT, YTO HEOBXOAMMO NPOBEPATL YCIIOBUS MPOYHOCTY MO HOPMaribHbIM
HanpsHKeHUAM B KpanHMX BOFIOKHAX CEYEHMI C MaKcUMarbHOW BenmymMHon narnbatowlero MmomeHTa ( B cepegmHe nporneta), no kacaTenbHbIM
HanNpsHKEHUAM — Ha HerUTparibHOM OCK OMOPHbLIX CEYEHUIN U MO rMaBHLIM HaNPsSXeHNsIM — B TOYKaxX COeMHEHNS CTEHKU U MOSKN CEYEHUN, B

KOTOpbIX AENCTBYIOT U3rnbaroLLnii MOMEHT M NornepeyHas cuna.
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M3rn6 cTtep:Hsa B ynpyronnactuyeckom cragum — PaccmMoTpeHHble paHee yCroBUsi MPOYHOCTM OCHOBbLIBAOTCS HAa CPaBHEHUM MakCcUMarbHbIX
HanpPsPKEHWU ¢ pacYETHLIM COMPOTUBIIEHNEM B NPEAMNONOXEHNM YNpyroi paboTbl MaTepuana. [ina xpyrnkux MaTepuarnoB 3a pac4eTHOe CONPOTUBIEHNE
NPYHUMAaETCs BENUYNHA, CBSA3aHHAas C rMpedesioM rMpoYHOCMU, AN MAacmuyHbIX — ¢ npedesioM mekydecmu. Ons Xpynknx matepuanoB BO3HUKHOBEHUE
MaKcUMMaribHbIX HanpsikeHWi, 6onbLIMX pacHeTHOro CONPOTUBIEHWS, 4ENCTBUTENBHO O3HAYaET UcHEpPNaHNe HecyLel cnocoBHOCTM paccMaTpMBaEMOro

ceyeHuns 1 banku B LENoM. y o
A

370 He Tak Ans maTepuarnos, UMELLUX CTaaulo TekydecTn. MOXHO 3aMeTUTb, YTO @
B criyyae mnsrnba npu JOCTVXKEHUM HanpsXKEHUsIMU B KpaiHUX BOMOKHAX NpeaesibHbIX 5 |
3HaYeHUIA, BOMOKHA, HaxoasLmecst bnuxe K HeTpanbHON OCU, UCMLITHIBAIOT MEHbLUKE, X

BNJIOTb A0 HYMS, HAMPSHKEHWS. > o, /\

Q

Onsa atux mMaTepunanoB, BOSBHUKHOBEeHHMe Hanp;m(el-wlﬁ, paBHbIX npegeny
TeKy4eCTU, He sABnseTca npenesfibHbIM COCTOAHUEM, MNOCKOIbKY Apyrine BOJ1IOKHa
elle OCTakoTCd ynpyruMmm n MOoryT BOCNpuUHMMaThb yBeJriM4eHmne Harpysku.

I'IpM yBeNU4YeHMn Harpyskm 3oHa Teky4ectn Ha4ynHaeT yBenminBaTbCd, NpoaBUradachb K HeVITpaﬂbHOVI ocu.

UcuepnaHune HecyLen cnocobHOCTU ceYeHuUsi MPON3oNAET B MOMEHT, KOr4a 30Ha TEKYYEeCTM pacnpoCTpaHUTCS
BMMOTb 4O HENTPAnbHOW OCU 1 MaTepuan no Bcemy ceyeHuto byaet nedopmMmpoBaTbCs NPU NOCTOSTHHON Harpyske.

\/

COCTOSIHUE CEYeHMs, KOTAa BO BCEX €ro TOYKax pasBMBAOTCS MnacTuyeckme AedopmMaLvm, HasbiBatoT
NNacTUYECKUM LapHUPOM. [Py BO3HUKHOBEHUM MNACTUYECKOTO LapHMpa Barnka He MOXET OCTaTbCsl B PABHOBECUM U1
NpeBpaLLaeTcs B MEXaHU3M: F
IMpu 06pa3oeaHuUU NIACMUYECKO20 WapHUpa Hynesasi IUHUS 3aHUMaem MooxeHue, pasdesnsioee ceyeHue
Ha 08e pasHosesuKue yacmu. 3To crieayeT U3 paBeHCTBa
HYITI0 CyMMapHOTO NPOAOMLHOMO YCUMKST: N = IGTdA - IGTdA =01 Apaer —O1 Ay =0

Apacr A
Passuswuiicsi inacmuyeckut wapHUp He sienisemcs udearnbHbiM (CoBepLLaeT paGoTy Npy B3aMHOM MOBOPOTE CMEXHBIX CEYEHMUA, T.e. OKa3blBaeT
onpeneneHHoe COI‘IpOTI/IBJ'IeHI/Ie). MomeHT conpoTueneHna NOBOPOTY CMEXHbIX CEeYEHUIN MOXKHO onpenennTb npueeaeHnem Hal'lpﬂ>KeH|/|l7| OTHOCUTEITbHO
nio6oit ocy, HanpUMep, LiEHTparbHON (PaBHOAEVCTBYIOLLME CXUMAIOLLMX 1 PACTSMMBAIOLLMX HANPSHKEHWI 06pasyioT napy):

BbipaxeHue B ckobkax MOXHO paccMaTpuBaThb Kak NnacTUyYeckuit

npen _ _ _ pact pact
Mx P IGTydA + AJ. GTydA O jydA TOr jya’A Ot (Sx ) Sy )- MOMEHT COMNPOTUBIIEHNSA, NPOBOAA aHaNorMw ¢ MOMEHTOM
pact 2 Apacr e COMPOTUBIIEHMS CEYEHUS B YNPYron ctaguu:
M npen
i npea __ _ X . max __ Mx _ Mx
Wx g - GT - ’ o - Ymax =
w I /4
o - X X
lMnacTnyeckun MOMEHT CONPOTUBIIEHUS Bceraa 6onblue MOMEHTa CONPOTUBIIEHNST CEYEHUS B YNPYTon X
cTtagun. Hanpumep, Anst NpsiMOyroribHOro CeYeHust: h h bh\ h YAV ERINE bh?
o R S M Sl Y FRi - i 7 B (s
Takum o6pasom, NNacTU4ECKMn MOMEHT COMPOTUBIIEHUS NPSAMOYrONbHOro ceveHus B 1,5 pasa 6onbLue ynpyroro, 1 3170 03HA4YaEeT, YTO Hagpy3Kka
Moxxem bbimb yeenudyeHa 8 1,5 paza ¢ MOMeHmMa 803HUKHOBEHUST meKydecmu 00 r0/IHO20 ucYepriaHusi ero Hecyulel criocobHocmu.
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MoHATMe o unctom casure — Kpome gechopmaumum pactshkeHus Unm cxxaTust Matepuan Harpy>KEHHOTO arieMeHTa KOHCTPYKLUA MOXET
ucnbiTbiBaTh deghopmayuro cdsuaa. NMprMmepom 3TOMY MOXET CRY>KUTb HANPsHKEHHO-AeOPMMPOBAHHOE COCTOSIHME ANEeMeEHTa CTEHKM B6anku B

Nnpon3BOJyIbHOM Ce4eHnn, pacCMOTpEeHHOE B rlpep,bl/:l,yu.l,eﬂ nekumn. Tam xe 6bino nokasaHo, 4To B OMOPHbIX CEYEHUNAX Ha HeVITpaJ’IbHOVI OCWn Ha
rpaHaAx anemMeHTa OTCYTCTBYHOT HOpMalibHble HanpaXeHud, a KacaTelbHble HanpaXXeHna MakCnMaribHbl.

OpyrMM npyMepoM, MOXHO CKa3aTb KITAaCCUYECKUM, SBNSETCS KpyYeHUe TOHKOCTEHHOW TPyObI,
npy KOTOPOM NIOBON ANEMEHT HAaXoAUTCH TOMNMbKO NOA A4ENCTBUEM KacaTemnbHbIX HAMPSKEHNIA.

fn

zy
y A —
HanpsixeHHo-aecdopmrMpoBaHHOE COCTOSAHME, XapaKTepn3yemMoe TeM, YTO Ha rpaHAX r |
3nieMeHTa BO3HUKAIOT TOJNIbKO KacaTesibHble HanpskeHUs, Ha3bIBalOT YUCTbIM COBUIOM. vz |y
" 3akoH lNyka caBure — [lehopmauym YMcToro casura SKCNepMMeEHTarnbHO U3y4aloTCs ¢ dz T
nyTeM Kpy4yeHusi Tpybyatbix obpasuoB. SKkcnepMMeHTanbHas gnarpamma casura,
CBA3bIBaIOLLIASA HAMNPsPKEHWS U Yron CABWra, AN NiTacTUYHOW CTanu MMEET Takow e XapakTep dy yz
N3MEHEHWS], KaK U anarpamma pacTsKeHUs: A T
[o HanpsbkeHus 7, » Ha3blBaEMOro npedenom rnpornopyuoHanbHocmu X id
T3 npu cdsuze cnpasennuea NMHeENHasa 3aBUCMMOCTb
(3akoH lN'yka npu caBure): —
. A
306Ch Y/ - OTHOCUTENbHBIN CABUT: |y ~ fgy = y' KacartenbHoe HanpsikeHue, Npu KOTOPOM Yron casura
d BO3pacTaeT Npu NOCTOSAHHOM HaMNpPsKEHWUN Ha3biBaeTCSA
T G - moaynb casura. y
npedesiom meKy4decmu rpu cosuee.
T
nu m CBsA3b Mexay moaynem caBura U1 Mogynem ynpyroctu npu pactsxeHum — Mogynb casura v Moaynb
YyAPYrocTy Npu pacTsXXeHnn aBnaTcs UandeckumMm NoCTOSHHbLIMU MaTepuana, XxapakTepusyoLwmmm
XKECTKOCTb B KaXX4OM U3 3TUX AByX BUAoB Aedopmaumn. [NockonbKy yanuHeHne anaroHanun arnemMeHTa,
BbI3BaHHOE CABMUIOM, MOXET ObITb MOMYYEHO TaKKe pacTsXKEHMEM STOr0 BOSIOKHA Noa AenCTBUEM
HOpMasbHbIX HANPSHXEHWIN, 3TN KOHCTaHTbI JOSMKHbI ObITb CBsI3aHbl MeXay OO0 HEKOTOPbIM COOTHOLLEHNEM:
|4
. YanuHeHvne anaroHanu anemeHTa Bcneactsne aecdopmaunn cagura (dy = dz): Ads = Ay cos 450_
tga=G —> 0 0 0 2 40 T T
Ads = ydy cos45". =) Ads = y(dscos45")cos45” = ydscos” 45", ||1:> Ads = —dscos? 45° = —ds.
r Ads G 2G
—{ 4y |‘_ —_— YanuHeHve guaroHanu anemMeHTa BcneacTteve gedopMaLmm pacTskeHns (01 =T,0,=-T ):
I
y ds Ads 1 1 (I+p) 1+ )t 1+ 1
T g =——=—(0,—uo,)=—(—u(-1)) = . = AdS:Mds. > w:_.
l 7 ds E E E E E 2G
unm
dy ’ Taknum o6pa3om cylecTByeT COOTHOLLUEHUE MeXAay MoayremMm caBura u moaynem ynpyroctu npm E
A pacTsXeHUM C ydacTnem koadpdpumumenTa lNyaccoHa. J1iobyto n3 aTnx BenmMYnH MOXHO onpeaennThb, = T
T €CInn U3BeCTHbI Be Apyrue. (a+p)
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HanpsXeHua 1, npuBoadAlneca K KpyTdawemy MOMEHTY Mz'

Kpy4eHue cTep:kHel Kpyrnoro nonepe4yHoro ceyeHus — KpyyeHune xapakTepHo TeM, YTO B MONEPEYHbIX CEYEHMSAX BO3HMKAIOT KacaTerbHble

[ecdopmMaumsi CTEPXKHS NMPU KPYyYEHUN BbIpaXKaeTcsl TEM, YTO NOMepeYHble CEYEHUS MOBOPAYMNBAOTCH BOKPYT OCU CTEPXKHS

Z Ha HeKoTopble ymMbl ¢ = ¢(2) , HasbIBaeMble yaramu 3aKpy4usaHus.

z

KacaTtenbHble HanpsbkeHUs npu Kpy4yeHum — Kak ykasbiBanocb paHee, 3agava
ONpeaeneHust HanpsKeHUIA SBMNSETCA CTaTUYECKU HEONPeaenMOn, st PeLLEeHUs! KOTOPOIA
HeobXxo4MMo nocrefoBaTeribHO PAacCMOTPETL TPU CTOPOHbLI 3aaauu:

1. Cmamucka: Bblgenum manbiii 3f1eMeHT ABYMsSI HOPMarnbHbIMK K OC/ Opyca ceyeHnsamm
N 3aMEeHNM OeNCTBNE OTOPOLLEHHbIX YacTen KacaTenbHbIMU HAMNPSPKEHUSIMMU.
Mo ux gencTBmMemM aneMeHT HaxoguTCHa B paBHOBECUM.

Panee npusedeHuem pacripedenieHHbIX cun K UeHmpy U yeHmparbHbIM 0CsiM BbIno
nony4yeHo nHTerpanbHoe COOTHOLLEeHne, CBA3biBaloLLne prTFlLIJ,VII7I MOMEHT

y C KacaTtellbHbIMU HanpsaXeHnamu: Mz — :,;(szx _ szy)dA
sz o
KacatenbHoe Hanps>XeHne npoun3BoSyibHOIo HarnpaBneHna B KaXXOaon To4ke
/ ,\ X NJTOCKOCTKU nonepe4vyHoro cev4eHmna MOXXHO pasnoXnTtb No ABYM APYTruMm
1; 5 P T HanpaslneHnam, a UMeHHO, No pagunycy P, CoeaUHAKLLEMY TOYKY C LEHTPOM
AV vV X THAXEeCTU ceveHund, 1 No nepneHanKynapy K atomy paguycy. MowmeHT

obo3Havyaemas ogHUM cumsonom T. Torga:

« N

M. = [tpdA

OTHOCUTEINbHO LI,eHTpaJ'IbHOI7I ocn z 6y/:|,eT co3aaBaThb J11Mlb BTOpasd KOMMOHEHTAa,

/13 3TOro COOTHOLLEHWSI HANTU HaMPsPKEHME NO U3BECTHOMY KPYTALLEMY MOMEHTY noka
Henb3si, NOCKOSbKY 3aKOH M3MEHEHMUS HaMNpPshKEHWI NO pagnycy cedeHUsi HeU3BECTEH.

MonyyeHHas hopMyna NokasbIBaET, YTO KacaTeNlbHbIE HAMPSXKEHUSA NMMHENHO 3aBUCAT KMMK (CNpaBeAsSIMBO NULLb AN KPYITbIX CEYEeHUI).
OT pPacCTOSIHUS paccMaTpMBaeMOoro BOSTIOKHA 40 LiEHTparbHOWM OCU U MPUHUMAOT 1BaOTCS HA OAWH TOT e yron (Yron 3akpy4unBaHus).
MakcumarnbHble 3HaYeHusl Npyu p =p__ . d
max M. M, [yka npu caswre: => 7 =Gp ¢
T = — = . .
YcnoBue max Ji Pmax W rpan: dz
p p d d
NPOYHOCTHU
P =G Lp2a=GLT, = |y M=y
npu KPyYeHuu: M [1] - monyckaemoe kacaTenkbHoe dz *, dz " (0) Gl 4
T ax —HanpsHKe m% aTepuana CTepXxHs, P
WW-pnonﬂpH I/ MOMEHT R D oKEHE M,
A Wp = = . T = p
2 16 1 »
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= AHanu3 HanpsXKeHHOro COCTOSIHUA NPU KpyYeHun — o 3aKOHY napHOCMU KacameribHbIX HanpskeHUl nonyyeHHasi popmyna ans kacatenbHbIX

Haﬂpﬂ)KeHVIIZ, BO3HUMKaKOLWKMX B nonepe4HOM ce4eHmn, oqHOBpPEMEHHO onpeaendeT KacatelribHble Hanpsa>XeHnA B NIIOCKOCTH, I'Iepl'leH,D,I/IKyﬂﬂpHOIh

MPOAOMLHOMY ANAMETPANbHOMY CEYEHUHO:

do =

Kaxgbin I'IpﬂMOyFOJ'IbeIIZ ANneMeHT MmaTepuana UCnbiTbiIBaeT HanpsAXeHHoe COCTOoOAHUe YNCToro caeura.

N
. = OnpepgeneHue yrnoB 3akpyunBaHus — [pu BeiBoae hopMyIibl KacaTenbHbIX HAaNPsKEeHWI

N npu Kpy4eHun Gbina nonyveHa avddepeHumanbHasi 3aBUCUMOCTb:

2 Yron 3akpy4MBaHUA onpenensieTcsl U3 sToro
7 anddepeHUnanbHOro COOTHOLLEHNUS UHTETPUPOBaHNEM
—’T NeBoW 1 NpaBoy YacTu:
f'qM%d yr%'l nosopoTa npu z = 0.

M

B yactHoM cny4dae npu NnOCTOAHHOM MOMEHTE M NOCTOSIHHOW XXECTKOCTM G/ M HenogBMXHOM

ceyeHnu B Havane koopauHar (¢, = 0) nonyqaeM

OTon (bOpMyJ'IOVI MOXHO NOJ1b30BaTbCA Npu onpeneneHnn yrna anga sana rnocmosiHHO20 Unn

cmyrieH4ameo roCMmosIHHO20 Ce4EeHUA, Harpy>KeHHoro COCPGOOITIO‘-IGHHbIMU MOMEHTaMW.

I'IpM 3TOM Ha KaXaoM 13 y4aCTKOB, Ha KOTOPOM prTFILLl,MVI MOMEHT, )X€CTKOCTb NMOCTOAHHbI, Yrosn 3akpy4inBaHuA
N3MEHAETCA No .I'IUHeL7HOMy 3aKOHY. Kak cnenyert n3 obuwen CbOpMyJ'IbI onpeneneHnd yrna 3akpyvmBaHua, npum
NOCTPOEHUN 3NOPbI YIIOB 3aKpy4YnBaHNA OpOvHATLI 3MOPbl OTKNaAbIBAOTCA OT YPOBHA Npeabiayulero yrna
3aKpy4dnmBaHuA, T.€. CTPOATCA Hapacmaruw,um umoesoM, Y4UTbiBad yron 3akpydymnBaHnA npenbiayuiero y4acrka.

I'Ipwmep: nOCTPOI/ITb SMNOPYy yrnoB 3akpydmBaHnAa OnA CTep)KHﬂ Harpy>eHHoro cocpeoTo4eHHbIMA MOMEHTaMu:

M,=5M, M,=4M, rae M — napameTp Harpysku, Ip2/1p1
I-1
1.Ceverne (0 <z, <l):  MITT =S M =M, —~M, =5M —4M =M. ¢ = GZI Zl| :GAIﬂ
rlo |, pl
2. Cevenme II-11 (0 < z,< I): MZ””” =Y M =M, =—4M. !
_ Mz (—4M) Ml
Q=0+ ——— = + =

Glp2 Glpl 2G]pl GIPl

1=l
PacuyeTbl Ha XeCcTKOCTb — Banbl MalInH ncnbITbiBalOT nepemMeHHble (ﬂ,VIHaMVI‘-IeCKVIe) Harpys3ku. anI Manoum

XEeCTKOCTH BaJ10B MOIyT BO3HUKATb HeXeraTtellbHble KpYyTUIlbHble konebaHus. I'IoaTomy, NnOMUMO yCJ'IOBl/IIZ NMPOYHOCTU

OOJTXHbI BbINOJTHATLCA YCIOBUA XECTKOCTU, OrpaHndmneBarolimne BeriM4nHy MakCuMaribHOro yrina 3akpydmBaHus,
OTHECEHHOrIo K AgJinHe (FIOFOHHOFO yrma 3apr‘-WIBaHVIF|)Z M

0px =——=<0

max
GI,

pacu*

/
gD—MZZ M
GIp . GIP
— A 2
1 y4
z, L2t
) [ /

Mi

4 am
GI,,
G,
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CraTtnyecku Heonpegenuubie 3agadun npu KpyvdYeHn — peLllatoTCA TakK XKe, Kak 1 nNpun apyrux snaax /J,ecbopmau,mm, T.€. nocnenoBsarteribHO

pacKpbIBalOTCA TPU CTOPOHbLI 3a4a4u (CTaTuka, reometpus u dusuka). Cneundmka nyilb COCTOUT B TOM, YTO COCTaBNATCA Apyrne ypaBHeHus
paBHOBECUS, COMOCTABAAOTCS YINOBble NepemeLleHuns (Yrmnbl 3aKkpyunBaHus) 1 UCMonb3yeTcsa Prsnyeckne COOTHOLLEHUS YNPYrocTy,

CBs3bIBalOLLME AedopMaLIMU U YCUIUS PU KPYYEHUM.

Mpumep. Ban kpyrnoro ceveHus nmeet ctyneHyatoe nameHeHne aunametpa (d = 0.707D) n HarpyXeH TpeMsi CKpydYMBaroLLMMnU MoMeHTamu M.

1. Cmamuka — OT6paCbIBaeM XeCTKne 3agesku, 3aMmeHdaemMm nx peaktuBHbIM MOMEHTaMK:

COCTaBJ'IFleM MOMEHTHOe ypaBHeHwe paBHOBeCVIH OTHOCUTEJIbHO OCU Bana.
DM, =0, M,-M-M-M+Myz=0. W M,-3M+M,=0.

OT0 ypaBHEHNE eQNHCTBEHHOE, KOTOPOE CBSA3LIBAET HArpy3ky U peakTUBHbLIE MOMEHTbI.
Bce gpyrve (cymma npoekumin Ha KoopauHaTHbIE OCY Y CYMMbl MOMEHTOB OTHOCUTESNBHO
ocen X, y) obpalyatotcs B ToxaecTsa. CnegoBarerbHo, 3agaqa siIBNsieTcsl cTaTuydecku
HeonpeaenMmon ¢ OgHUM “NULLHUM” HEU3BECTHbIM.

2. lreomempus — MNpun HanuumMm Ha 06omMX KOHLIAX Bana HeNOABWXKHbIX 3a4e0K CyMMa YrioB
3aKpy4MBaHNS Ha KaXKOoM M3 Y4acTKOB Npu NOOOM Harpy>XeHun JosmkHa ObITb paBHOW HYIHO

- bMauun): ]
YpaBHeHue cosmecTHocTM npuHumaet Bua: | 2@ =05 @ + @y, + Py + ¢y, =0. Z(Pi =0, @+, +0;+9,=0.
( 30eck nepBble TpY crnaraemMble eCTb YrTbl 3aKpy4MBaHWS, BbIMUCTIEHHbIE ANS ceveHns B, o _ M:[ll _ M ,a _32-4M ,a
OT AGNCTBUA TPeX 33AaHHBIX MOMEHTOB N0 OTAEMBHOCTA. MocnenHee cnaraemoe — yron ? GI | 7r(0,707D)4 GnD"
3aKpy4nBaHus OT AEMUCTBUS HEM3BECTHOTO OMOPHOTO MoMeHTa M, P G372
ﬁOOTHOLUeHMH ynpyrocTtu: ) (pM _ Ma _ 32 0 4Ma ) (p M__”lz (MA _M)a 32’4(MA _M)a '
O CTaHOBKa 3TUX COOTHOLLEHMW nocrie 1 D 4 D4 ’ = = i 7 5
HEKOTOPbIX COKpaLLEHWN OaET: G % o G[P2 G M GnD
32
4M +8M +9M —10M ;5 =0, Dy = M2a _32-8Ma M:”'l2 (My+M)a 32(-M,+M)a
oTkyaa nonywaem:  [Af =2 1M. = . 7(0,707D)*  GaD* T lge Gl - G Dt GnD* ’
[anee HaxoguTCcs U3 ypaBHEHWS paBHOBECUSI 32 oKpaTuM: 32
NeBbI ONOPHbIN MOMEHT U CTPOUTCSA 3rtopa Oy = M2a + Ma — 32-9Ma M. =0 M_"vl4 (=M ))a 32(-M ,)a
KPYTALLMX MOMEHTOB 0bObIYHLIM 06pa3om nnm Ms 71((),707D)4 7;D4 Gﬂ:D4 ’ B ' Oy =— = - T 1: .
€e MOXHO NoCcTpouTb 6e3 HaXOXAEHUSA NEBOTO G 30 G 30 0. G1p4 Gﬂ GrD
32

OMNnopHOro MomMeHTa, ABUrasachb cripasa. [
Ons NOCTPOEHNA 3NOPbI YIrINoB 3aKpyyYnBaHNA

A paBHoBecus yepes M,

%

npnaeTca BblMUCNUTD ONA KaXXO0ro U3 y4acTtkoB

npu npegbiayuiem nogxoae K peleHuto.

= GaD*  [5)-3M -2M, =0. =) (M, =2.1M.

OTHOCUTENbHbIE YIMbl, KaK 3TO BbINO NokasaHo 7(0,707D)* D*
G G
32 32 |
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= OCHOBHble pe3ynbraTbl TEOPUMU KPYUYEHUSA CTEPXKHEN NPAMOYTofbHOro cedyeHusi — [Npn paccmoTpeHnn gedopMaunm KpyYeHns cTepxHen
KpYrroro cevyeHust ncnonb3oBanach aurnomesa rniockux cedeHud. Mpu Kpy4eHUN CTEPXKHEN NPSIMOYTONbHOIO CEYEHNS BOSHUKAET AennaHauus cevyeHus
— TOYKM MIIOCKOro A0 AechopMaLIMm NonepeyHoro ceYeHns AOMOMHUTENBHO NepeMeLLatoTcs M3 3TON NNOCKOCTU NO HEKOTOPOMY HENMMHENHOMY 3aKOHY:

M

m

y w=w(x, ).
X W3 pucyHka [1] BUOHO, 4YTO yron casura anemMeHTa, BblAeNeHHOro Ha
/ noBepxHOCTU Bpyca, NPOMCXOAMT He TOMbKO 3a CHET HakrnoHa 06pasyoLLmX,
HO W 3a CYET HaKIoHa CTOPOH, NeXallmx B NonepeyHbIX CeYEHUsIX:
z

]
w=w (X,y) >

L—] 5 az _ < dz .

/ - g

[pn BblYMCNEHUN KacaTeNbHbIX HanpPsKeHW B YIMOBbIX TOYKax No hopmyne, BbiBe4eHHOMW Mpu
NCNONb30BaHWUM rMNOTE3bI MIOCKUX CEYEHUI (KPYrMble CeYeHUs ), B yrnax NpsiMOYronibHOro cevyeHus

[AOJDKHbI MOyYaTbCsl MakcMasibHble KacaTernbHble HanpshkeHus (p = p

max)

TOYKax I'IpﬂMOI;I yron octaeTcd nNnpAMbIM N KacaTellbHble HanpaXeHua paBHbl HYIHO.

Takum obpasom rmnot
OOnyLUeHWI, NpuHuma
(kTO HE cgacT conpom
MpvBegem Hekomopsbl,

1. Hanbonblune makc
npeacTaBreHbl B BUAeE
y

A 2

2

d

4. B yrnax ceyeHuns Kaca
HanpPsXXeHUs paBHbI Hyr

MemGpaHHasa aHanorus — No3BONISIeT yCTaHOBUTb KAYECTBEHHYIO KapTUHY pacrnpeneneHus kacaTenbHbIX
HanpshXeHnn. B Teopuu ynpyroctn gokasblBaeTcsl, YTO NOSTHOE KacaTeNbHOEe HanpsKeHWe NponopLmMoHansHO
TaHreHcy yrna HaknoHa KacaTenbHOW K MOBEPXHOCTU naearnbHON rmbkon membpaHbl, HAaTAHYTOM Ha KOHTYP CeYeHus,
paBHOMEPHO pacTArMBaeMom BO BCEX HanpaBneHUsIX U Harpy>KeHHON MOCTOSAHHO pacnpeaeneHHon nonepevyHon
Harpy3kou. HekoTopoe npeactaBneHne OT Tako MeMbpaHe JaeT MbifibHas NieHka, BbloyBaeMasi Ha NPOBOMOYHbIN

KOHTYP.

[

N

MonepeyHas Harpyska, Hanpumep, AaBlieHre Bo3ayxa (OyTbe), Bbi3blBaET NPOrndbI
noBepxHOCTU. CeYeHns NOBEPXHOCTU FOPU3OHTaNbHBIMU NIIOCKOCTAMU AAOT FIMHUN
paBHbIX MPOrMboB (rOpU3oHTanM), PacCTOAHUS MEXOY KOTOPbIMU 06paTHO
NpOoNopLUMOHarnbHbl TAHTEHCY YITa HaKMoHa KacaTenbHOM 1, 3HaYUT, BENMUYMNHE
KacaTenbHbIX HanpspkeHWi. HanpaBneHne BekTopa KacaTernbHbIX HanpsKeHW
COBMagaeT C KacaTemnbHbIMU K TOPU30HTansM.

C nomoLLbio MeMBpaHHOM aHanorMm MoXHO Ka4eCTBEHHO npeackasaTh NonoxeHue
TOYEK, B KOTOPbIX BO3HMKAIOT MaKCUMarbHble KacaTenbHble HanpshkeHns (CrylieHne
ropusoHTanemn) u MMHUManbeHble (Hynesble). Ha pucyHke nsobpaxeHsl (Mo
TEXHUYECKMM NPUYNHAM) SNNUMCHI, HA CaMOM Aene Npu NpUBAKEHNN K KOHTYPY
OOIMKHbI OblTb HEKOTOPbIE OBaribl. TeM HE MeHee MOXHO YBUAETb, YTO B yrnax
NMPSIMOYTrONIbHOMO KOHTYpa KacaTerbHble HanpshkeHWst 4OMKHbI 06pallatbCs B HOSMb.

, d Ha caMOM pJerie B 3TUX

eTCA

1/3

0,749

1/3

.




" EE————

ABTOp Bnarogaput Bac, yBaxaemMble CTYOEHTbl, 3a TO, YTO Bbl
BOCMNOMb30BannCchb 3TUM Marepuanom Ans NoAroToBKU K 3K3aMeHaMm
N0 paCCMOTPEHHbIM pa3aernam ConpoTUBNEHUSA MaTepuanos.

OTO TOMbKO NepBasi YacTb yBreKaTenbHOW U BaXXHOW OUCLUMNUHBI.
[anblwe byaet elle MHTepecHee Anst Tex, KTo NPoaomkKuUT oby4yeHune.
Tem, KTO ocTaBUT Hac — ¢ TeMu nonpotlaemcs 6e3 obug (“Kaxxgomy —
- cBoe” BbIfI0 HaNncaHo Ha BopoTax byxeHBanbaa).

O6 aBToOpe
Cnucok Tpyaos

Ecnn npegcraBneHHbIn matepuarn NoMoXeT

MOSioabIiM npenogasaTesniaM ConpoTUBIIEHNA MaTepUanos
NOAroTOBUTLCA K YTEHUIO NMEKLIUN U

NOCIY>XNT OCHOBOW ANs pa3paboTku COOCTBEHHOIO Kypca nekunn,

TO aBTOpbI OyayT TONLKO pagbl. Ycnexa scem!



