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llonnHoe npupauieHuUe pyHKUUU
2-X nNepeMeHHbIX

Ecnn 0benm nepemMeHHbIM gaTb

npupalleHne, To PYHKLUUA NonyynT

nonHoe npupatleHune

Az=f(x+Ax,y+Ay)— f(x,p)



OnpeoerieHue
ougbgbepeHyupyemou byHKUUU

®dyHkuma z = f (X, ) HasbiBaeTcs

dugppepeHyupyemoti 8 modke M(x,y), ecnn ee
NosiHoe NpupalleHme MOXHO NpeacTaBuTb B Buae

Az = AAx+ BAy +o(p) ,

roe Ax n Ay -npounsBOSibHble NMpUpaLLleHns apryMeHTOB
X UMY B HEKOTOPOW OKpeCTHOCTU Toukn M(X,y), Aun B —

NOCTOSAHHbIE, He3aBucsLmne ot Axu Ay , o(p)-
beckoHe4YyHO Managa bonee BbICOKOro nopsaaka, Yem

p = \/sz n Ay2 -paccTtogaHue mexay M(x,y) v
M (x+Ax,y + Ay)
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OnpedeneHue ouggepeHyuana

[ NaBHas NMHeNHas OTHOCUTENbHO AX K
Ay 4acTb NOMHOro npupalwleHna pyHKLMKn

z = f(x, y)Ha3biBaeTCs rosiHbIM
ougpepeHyuarnom 3Ton PYHKUMN U
obo3Ha4vaeTcs dz nnu df(x,y) .

Taknm obpasoM, dz = AAx + BAy.



dopmMyra Orisi 8bIYUCIIEHUS
dugpepeHyuana

Ecnu doyHkuma z = f(x,»)
uvlcbcbepeHumpyelvla B Touke M(X,y),TO OHa
MMEET B 3TOMN TOYKE YaCTHblE

np0|/|3Bong|ef (X, y)u f (x,y)
npudem f,(x,y) =A, a f, (x,y) =B.
Taknum obpasom,

dz = fi(x,y)Ax + f(x, ¥)Ay .
Ecnv nonoxuTe Ax =dx, Ay =dy ,T0

dz = f(x,y)dx+ f(x,y)dy
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dupepeHyuannsi ebicuie20
rnopsioKa

[OndpdpepeHymanom BTOPOro nopsaaka

doyHKUunm z=f(x,y) Ha3biBaeTCH
d’z =d(dz)

Boobuie: d"z=d(d"'z)
Ecnv X 1 y He3aBMCHMble NepeMeHHble, TO

d’z=1z"dx’ +2z" Jdxdy + z dy



JJocmamo4Hbie ycrioeus
dugppepeHyupyemocmu yHKuyUU

[TyCcTb QoyHKUMNA z = f(x,y) B
HEKOTOPOU OKpeCcTHOCTU Toukn M(X,y)
MMEET YacTHble npous3sogHble

. (x,y) ,KQTORbIE HENPEPbIBHbI B
camoun Touke M. Toroaa yHKUUA

dughbpepeHyupyeMd BcFPIN TOUKE.
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JJocmamo4Hbie ycrioeus
dugpepeHyupyemocmu yHKUyUU

Orp. PyHKUNA, MetoLlas B
HEKOTOPOU TOUKE HenpepbIBHbIE
YyaCTHbIe NPOU3BOAHbIE, HA3bIBAETCH
HeripepbieHO ougghepeHyupyemou
B 3TOW TOYKe.



IKcmpemMyMbl OyHKUUU d8yX

rnepemMeHHbIX

OnpedesneHue. [OBOPAT, YTO B ToUKe P, (x,,V,)
dyHKUMA f (X,y) UMeeT MakCUMyM, eCnu
CYLLECTBYET Takasd OKPECTHOCTb 3TOU TOYKU, YTO
Onsi Bcex Todek P(x,y) 9Ton OKPECTHOCTH,
OTNNYHbIX OT F,(X;,Y,), BbIMNOSTHEHO

HepaBEeHCTBO
f(B)> f(P)

AHanorn4yHo onpegensaeTca MUMHUMYM OYHKLUMN.

MWHUMYM U MAaKCUMYM (PYHKLWUWN Ha3bIBaKOTCA
ee 3KCTpemMmymMmamu.
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IKcmpemMyMbl OyHKUUU d8yX
rnepemMeHHbIX

Teopema (Heob6xoOumoe ycriosue
akcmpemyma). B Touke akcTpemyma
dDYHKLUMN HECKOSBbKUX NEePEeMEHHbIX
KaXkaasi ee 4yacTHasa npomasogHas nmodo
paBHa HYIo, NGO He CyLLEeCTBYET.

ToYKK, B KOTOPbIX BbIMOMHEHbI 3TU
YCINOBUS, Ha3bIBAOTCA KpUMUYECKUMU.
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JJocmamoyHbie ycriosusi akcmpemMmyma
pyHKUUU 08y X rnepemMeHHbIX

Teopema. IycTb yHKUMA z=f(X,y) onpeaerieHa u
NMeeT HenpepbiBHbIE YaCTHble NPON3BOAHbIE BTOPOIo
nopsagKka B HEKOTOPOU OKPECTHOCTU TOYKU M (x,,V,) B
KoTopoit z, =z, =0 . Ecnu npu aTom B 3TOW TOUKE
BLIMONMHEHO ycrosie A = z” z" —(z" )* > () To Touka M,
SIBMSIETCS TOYKON aKCTPEMyMa DYHKLAN, NpyUyem TOUKOM
Makcumyma, ecnu Z;’x < 0 , 1 ToYKOM MUHUMYMa, ecnu

z' >0
Ecnvxe B aToi Touke A=z z" —(z1)> <0 ,T0
9KCTpemMyma B Touke M, HeT.

B Tom cnyyae, ecnn A — szz;'y _(Z;'y)2 —() BTOYKE M,
TeopemMa OTBeTa He Jaer.
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Haubosnbwee u HauMeHb W ee

3Ha4YeHuUs1 yHKuuUuU

OnpeoderieHue. HanmeHblLee nnu
Hanbonbluee 3Ha4YeHne PyHKUNN B
OaHHon obrnacTtn Ha3blBaeTCs
abCONOTHBLIM 9KCTPEMYMOM OYHKLIUN
(abcontoTHBIM MUHUMYMOM UNK
abCONOTHLIM MakCUMYMOM
COOTBETCTBEHHO) B 3TON 0bOacTu.



CornacHo Teopeme Beuneplutpacca

HenpepbiBHAA B 3aMKHYTOU

orpaHnyeHHon obnactn oyHKUUS
OOCTUraeT B HEN CBONX HAambornbLUEro

N HANMEHbLUEero 3Ha4YeHuMn.

ADCONIOTHLIN 3KCTPEMYM

nocTturaetca dpyHkumen nmbo B
KPUTUYECKUX TOYKaX, rNMMbo Ha

rpaHuLe obnacTu.
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CkasnsipHoe rnoire
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OcHoO8HbIe ornpedesrieHust

[TycTb B obnactn D npocTpaHcTBa
Oxyz 3agaHa yHKUna u=u(x,y,z). B atom
Criy4ae rosopsrT, 4To B obnactn D 3agaHo
ckaJsisipHoe rnoJie, a caMmy oyHKLMIO
u=u(Xx,y,z)Has3blBatloT QyHKLMEN Nnons.
Hanpumep, none gaBneHuUn, Temnepatyp
nT.ao.



OcHoO8HbIe ornpedesrieHust

MHoxxecTBo Todek M obnactu D, ansa KOTopbIX
CKargpHoe nomne coxpaHsieT NOCTOAHHOE
3HayeHune, T. e. U(M)=C, Ha3bIiBaeTcH
108EPXHOCMbIO YPOBHS ( NNK
N30MOBEPXHOCTbLIO) CKaNApPHOro nosg.

Ecnun obnacTte D pacrnonoXeHa Ha NinoCcKOCTU
Oxy, To none u=u(x,y) ABnseTcs NNOCKUM.

[loBEPXHOCTM YPOBHS Ha3bIBAKOT B 3TOM
cnyJae /IUHUSIMU YPOBHSI.
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JIuHUU ypoeHs

Mpumep: NycTb z=x"+y° . JIMHUK
YPOBHS 3TON NOBEPXHOCTU UMEIOT BUA
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lIpou3eoOHasi No HaripassieHUro

[lycTb 3agaHa
o depeHumpyemas
doyHKLUMA CKanapHoro
nons u=u(x,y,z) .

e [Ipou3eodHOU amou
yHKYUU o
HanpaeseHuro |

Ha3blBaeTCcH
. Au  Ou
lim — = —
A0 Al

¥ =me



BbiyucrnieHue npou3800HOU o
HarpaeJsieHUro

[Ipon3BoOHYIO NO HaMpaBnNeHUIO
BLIYUCNAOT Mo doopmyrne

ou ou ou ou
— =—cosa +—cos f +—=cosy

ol 0Ox oy Oz

rge cosa, cosP , cosy-HanpasnsoLme
KOCUHYCbl BEKTOpa MM, .

[1na nnockoro ckandapHoro nons

ou Oou ou .
— = —COSQ +—sIna

ol Ox oy




padueHm ckKkasisspHO20 noJsisi

'padueHmom ckansipHoOro rnons
u=u(x,y,z), rae u=u(x,y,z)-

andpepeHumnpyemasa oyHKLUS,
Ha3bIBAETCHA BEKTOP C KOoOpAMHaTaMU

ou ou ou
Ox Oy Oz
Takum obpasom, gradu = (&l , u ; 6u)
ox Oy Oz
% graduzg—u;+8—u;+6—u%
ox Oy~ Oz



lpumep

HanTtn rpagneHT pyHKLNK u=\/x2 + y2 + 22

B
Touke M(6,2,3).
PeweHue. Bolumncnmm rpanmeH; doyHKUMN.
X '
/ _ u =
u =
X Y 2, .2,.2
\/x2+y2+22 \/x Ty tz
, A
T T 2 2
\/x +y°+z
- 4 X ; y ; z ;
orga grad u = + + R
Aa g \/x2+y2—|—22 \/xz—i—yz—i—zz \/x + 2+ 27



HanpaeneHue epadueHma

Teopema. lNpousBoaHas 1y,
doyHKUMKM MO HanpaBneHno paBHa
NpoeKLnn rpagneHTa STon
dyHKLUMM Ha OaHHoe
HanpaeneHue (B

COOTBETCTBYIOLLEWN TOUKE).



HanpaeneHue 2padueHma

Tak kak Nnpon3BoAHasi MO HanpaBiEHUIO
npeacTaBnsgeT cobom CKOPOCTb M3MEHEHUS
PYHKLUMM B JAHHOM HanpasreHnn , a NPoeKLUus
BEKTOPa Ha APYron BEKTOP UMEET
MaKcuManbHoe 3HavYeHue, ecnn oba BekTopa
coBMagaloT Mo HanpaBIieHUIO, TO

rpagueHT PyHKUUN B JaHHOU TOYKe yKa3blBaeT
HanpaBrieHne Hanbdoriee dbICTPOro Bo3pacTaHUs

doyHKUUMN. .
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Bernu4yuHa epadueHma rniockKko20
CKaJIsiPpHO20 107151

BennymnHa rpagmeHTa nNnockoro
cKandapHoro nongd ,T.e.

2 2
) (o
grad u | = \/(aj (ay]

obo3HavaeTca tg¢ u onpenensieT
KPYTU3HY HanbonbLUero ckata unm
nogbemMa noBepxHoOCTU U = £ (x, y).




lpodosmkeHue

[ paaueHT cKandapHOro nonga B JaHHOW
TOYKEe MO BENNYMHE N HanpaBleHUO paBEH
MaKcuMMarnbHOW CKOPOCTU NU3MEHEHNA NONM4
B 9TOUN TOYKe, T. €.

ou ou

max — =

Lol or
rne [ 1 gradu

= ‘ gradu"
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HanpaeneHue 2padueHma

Touka P, B kotopou gradu(P)=0, Ha3blBaeTcq
0coboU ToYKOM ckandapHoro nosng. B npotuBHOM
cllydae 3Ty TOYKY HasblBalOT Heocobou nnu
0b6bIKHOBEHHOU TOYKOWU Mons.

Teopema. Bo Bcakon Heocobomn Touke
NS1OCKOro cKansapHOro nons rpagueHT rnosns
HanpasBsieH Mo HopMarnm K IMHUN YPOBHS
NpOXoAasLLleEN Yepe3 3Ty TOYKY, B CTOPOHY
BO3pacTaHusa nons.



