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Anrebpanueckmne ypaBHEeHUS
NMPOU3BOJIbHbIX CTeneHen




1. BBeaeHue

Bcsikmm WKONBbHUK, Npex e BCero, yMeeT pellaTb YpaBHEHWE NepBOMN CTENeHWN: eCin JaHo
ypaBHeHue ax+b=0, rae a#o0, TO ero e4MHCTBEHHbIM KOpHeM byzeT uncno x=b/a.

LLIkonbHMK 3HaET, Takxe, GopMyny A5 pelleHns KBaAPaTHOMO YpaBHEHMS:
ax’+bx+c=0, rae azo0. IMeHHo, x = = <

Ecam koaddnumneHTbl ypaBHEHUSA — AEUCTBUTE/IbHbIE YUCA], TO 3Ta popmyna JaET ABa
Pa3/INYHBIX AENCTBUTE/IbHBIX KOPHS, KOFAa MO 3HAaKOM pajmMKaia CTOUT NOJIOKUTENbHOE
umncno, T.e. b>-4ac>0. Ecnm xe b*-4ac=0, To Halle ypaBHeHME UMEET /INLLb OA4NH KOPEHb; €ro
Ha3bIBaOT B 3TOM C/1yyae KpaTHbIM KOpHeM; Npwu b*-4ac<o ypaBHeHne BoobLLe He nmeeT

AEeNCTBUTEIbHBIX KOPHEWN.

HakoHel,, WKONbHUK YMeeT peLlaTb HeKOTOpble TUMbl YPaBHEHUI TPETbEN U YETBEPTOM
cTerneHeu, @ UMEHHO Te, peLleHMe KOTOPbIX Ierko CBOAMUTCS K PeLleHWNIo KBajpaTHbIX
ypaBHeHUN. MpumMepom MOXET CAYXUTb YpaBHEHME:

ax3+bx*+cx=0, KOTOPOE MMeeT OAMH KOPEHb X=0, @ 3aTeM Noc/ie COKpPaLLeHNs Ha X
NnpeBpaLLaeTcs B KBaApaTHOe ypaBHeHMe: ax’+bx+c=0.

K KkBagpaTHOMY ypaBHEHMIO TakXKe CBOAUTCS yPaBHEHME YeTBEPTOM CTEMNeH!:

ay*+by’+c=0, Ha3biBaemoe b1KBaApPaTHbIM; 4OCTAaTOYHO MNONOXMUTL B 3TOM YPAaBHEHUM y?=X,
HaWTW KOPHW NOJlYYEHHOrO KBajPaTHOIO YPaBHEHMSA U 3aTeM M3BJIeYb U3 HUX KBaZpaTHble
KOPHMU.



2. KoMnaieKCHble Yyncaa

MoTpebHOCTb B KOMMIEKCHbIX YAC/1aX BO3HUK/IA B CBA3W C TEM, YTO U3 OTPUL,ATENIBHOIO
AEeNCTBUTENIbHOIO YNC/Ie HeNlb35 U3BJ1eYb KBaAPaTHbIM KOPeHb, 0CTaBasch B 0biactm
AEVNCTBUTENbHBIX YNCEN. DTO, KakK Mbl 3HAeM, MPUBOAMUT K TOMY, YTO HEKOTOPbIE KBaApPaTHbIE
YPaBHEHUNA HE UMEIOT AeUCTBUTE/IbHbBIX KOPHEW; ypaBHEHME xX*+1=0 byaeT npocTenwnm 13
TaKUX ypaBHEHWN. Henb3a an paclumpuTb 3anac ymcen Tak, 4Tobbl 3TW ypaBHeHus obnaganu
KOpHeMm?

LLIKONbHUKY HECKO/IbKO Pa3 NPUX0AMI0Ch BCTPEYaTbCs C pacluMpeHMeM TOro 3anaca
ynces, KOTopbiM OH pacrnonaraet. OH HauMHaAN C U3YYeHUA B S1eMEHTAPHOM apudMeTmke
LLeNbIX NOIOXUTENbHbIX Yncen. O4eHb CKOPO NOSBUAUCH U Apobu. B kypce anrebpbl Hbiam
Ao06aBsieHbl OTpULATEIbHbBIE YNCAQ, T.€. bbl1a NoyYeHa cUCTEeMA BCEX PALLMOHAIbHbIX
umcen. HakoHew, npucoesmHeHMe MpPaLMOHAbHbIX YACEN NPUBEO K CUCTEME BCEX
AEeNCTBUTEbHBIX (MM BELLECTBEHHbIX) YMCEN.

Kaxgaoe 13 3Tux nocieZ0BaTeIbHbIX PaclMPeHUIA 3anaca YmMcel No3BO/IA/1I0 HAXOANTb
KOPHU AN51 HEKOTOPbIX U3 TEX YPABHEHUI, KOTOPbIE PaHblUe, 40 PAaCCMAaTPUBAEMOrO
pacWwmpeHunsi, KOpHen He umenu. Tak, ypaBHeHMeE 2X-1=0 CTaN0 0671a4aTb KOPHEM LB
nocne BBeAeHus Apober, ypaBHEHNE X+1=0 — NOC/1€ BBEAEHUS OTPULLATENbHbIX YMCEN, @
YpaBHEHMeE X*-2=0 — INLUb NOC/E NPUCOEANHEHUSA UPPALMOHAIBHBIX YMCEN.

Bce 3To BNo/siHe onpaBAbIBAET ewé o4MH Wwar Ha nyTu oborauieHms 3anaca Yncen, U Mol B
061X YMCIaM HAMETUM Ceryac, Kak 3TOT NOCNEAHUM LWar OCYLLECTBASETCS.



puc.1l

Kak n3BecTHO, eCn faHa NpsiMas IMHUS U Ha Hel AaHO MOJIOXUTE/IbHOE HanpaB/ieHwe,
oTMeueHa Touka O v BbibpaHa eanHMLa MaclwTaba (puc. 1), TO BCAKOM TOUKE A Ha STOM NPAMOK
MOXHO MOCTaBUTb B COOTBETCTBUE €€ KOOPAMHATY, T.e. AeNCTBUTEIbHOE YNC/I0, BbipaxatoLiee
B BbIOpaHHbIX eaAnHMLax MacwTaba pacctosHue oT A g0 O, eciv A 1€XUT B NONOXKNTENBHOM
Hanpas/eHun oTHoCcUTeNbHO O, AN PaccTosHME, B3ATOE CO 3HAKOM MUHYC, eC/iv A NeXUT B
OTpuLaTe/IbHOM HanpaB/iieHnn oTHocuTenbHO O. Bcem Toukamm NpsiMOn TakMM NyTEM
CTaBATCSA B COOTBETCTBME Pa3/INYHbIEe 4eNCTBUTE/IbHbIE YMCAA, MPUYEM MOXHO 40Ka3aTb, YTO
BCSIKOE AeNCTBUTE/IbHOE YNCI0 BYAET NMPU 3TOM UCMONb30BaHO. MOXHO cumnTaT,
CNIeA0BATE/IbHO, YTO TOYKM HALLEV NMPAMOW ABAAIOTCS M300PaXKeHUSIMU COOTBETCTBYIOLUMX UM
AEeNCTBUTENbHbBIX YNCEN, T.€. YTO 3TN YMCNA KaK Obl yI0XKeHbl HA MPAMYIO IMHUIO. Ha30BEM
HaLly NpAMYtLo 4NCNI0BON NpsSIMOMN.

Henb3a v pacwumpuTb 3anac Yncen Tak, YTobbl HOBbIE YNC/A CTOJIb XXe eCTECTBEHHbIM
obpa3om 1M306pa3nanCb TOUKaMKM NNOCKOCTU? Takomr cncTembl Yncen, bonee WMPOKOU, Yem
CUCTEMA AeNCTBUTE/IbHbBIX YMCES, Y HAC MOKA HET, €€ HY>XHO NOCTPOUTD.

MocTpoeHune cnesyeT HayaTb C YKa3aHWSA TOro, U3 Kakoro «MaTepuana» byaer «CTponTbCs»
HOBas CMCTeMa Yncen, T.e. kakme 0bbekTbl ByayT UrpaTb PO/ib HOBbIX YMCE/, @ 3aTEM HYXKHO
onpeAennTb, Kak Hag 3TUMKM 0bbekTaMu, T.e. Hag 3TUMK ByAyLLMMIN YNCAAMK, JOSIXKHBI
NPOV3BOANTLCA anrebpanyeckme onepauum — C10XKeHNe N YMHOXEHWE, BblYMTaHNE U
AeneHuve. Tak Kak Mbl XOTUM NOCTPOUTL Takme Yncia, KoTopble bbl n306paxkanncb Bcemu
TOYKaMM NJI0CKOCTAMM, TO NPOLLE BCEro CaMm TOYKM NJIOCKOCTM pacCMaTpUBaTh B KayecTBe
HOBbIX Yncen. 4na Toro, YTobbl 3TV TOUKUN JENCTBUTENBHO MOMN Bbl CYUTATLCA YUCNAMMY,
caesyeT b onpesennTb, Kak MPOM3BOAUTL Haj HUMKM anrebpanyeckme onepaumm, T.e.
KaKas TOYKa A0JI)KHA Ha3blBaTbCsl CYMMOM AiBYX TOYEK MIOCKOCTM, Kakasi — MPOMU3BEEHNEM U T.

A.



Moa06HO TOMY Kak MOJI0XKEHWe TOYKM Ha NMPSMOM BMOJIHE OnpeAensieTcst O4HUM AeNCTBUTEIbHBIM YNC/IOM — ero
KOOPAWHATOM, MOJIOXKEHWNE BCAKOM TOYKM Ha NJI0CKOCTU MOXeT ObITb onpeesieHO Napou AeNCcTBUTebHbIX Ymcen. Ana
3TOro BO3bMeM Ha MJIOCKOCTU JiBe B3aMMHO NepneHAMKYNspHble NpsMble, Nepecekatowmecs B Touke O, 1 Ha KaxA0M u3
HUX 3343a4MM MOJIOXKMTE/IbHO HanpaB/ieHWe U OTMETUM eAuMHMLY MacwTaba (puc. 2.)
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Ha30BEM 3TV NpsiMble 0CAMU KOOPAMHAT, B YaCTHOCTU, FOPU3OHTA/IbHYIO NPAMYHO — OCbiO abCLMCC, BEPTUKA/IBHYHO —
OCblo OpAMHAT. TaknM 06pa3om, BCs NA0CKOCTb pa3brBaeTcs OCIMU KOOPAUHAT Ha YeTbipe YeTBEPTH, KOTOpble
HYMePpYIOTCS TaK, Kak yKa3aHO Ha PUCYHKE.

MonoxeHue noborn ToukM A 13 NepBON YeTBEPTM BMNOJIHE ONpesenaeTcs 3aZaHNeM ABYX NOOXNTENbHbIX
AENCTBUTENIbHBIX YNCE — YNCAA @, BbIpaXatoLero B BbIbpaHHbIX eAuHMLax MacwTaba paccTosiHMe OT AaHHOM TOYKM A0
ocu opamnHaT (abcumcca Toukun A), 1 uncna b, Beipaxatollero B BbIbpaHHbIX eAnHMLAX MacluTaba eé paccTosiHMe 40 OCU
abcuwncc (opanHaTa Toukn A). ObpaTtHo ans ntobon napel (a,b) NONOXUTENbHBIX JENCTBUTENBbHBIX YNCE MOXHO YKa3aTb B
nepBOW YEeTBEPTM BrOJIHE ONpeAeNnéHHYI0 TOUKY, MMeloLLYto a cBoel abcumccor n b — cBoen opgmHaTon. AHaNOrMYHO
3a4,at0TCSA TOUKN U B ApYrux yeTBepTsax. OgHako, A5 TOro 4tobbl obecneunTb B3aMMHYO O4HO3HAYHOCTb COOTBETCTBUS
MeXy BCEMU TOYKaMM NJI0CKOCTU U MapaMm UX KOOPAMHAT (a,b), T.e. n3bexaTtb TOro, 4To6bl HECKONBKUM Pa3/IMYHbIM
TOYKaM MIOCKOCTU COOTBETCTBOBAJ/IA OAHA M Ta Xe napa KoopAMHaT (a,b), Mbl cumTaem oTpuuaTensHbiMK abcLmcchbl
Touek, nexaunx B yetsepTax Il u lll, n opanHaTel Tovek, nexatmx B yetBepTax |l v VI. 3ameTnm, uTo TOUKM, Nexalyme Ha
ocun abcumcce, 3a4a0TCs KOOpANHATaMM BUAA (3,0), @ TOUKM, Sexallne Ha OCUM OpAMHaT, - KoopauHaTamu Buaa (o,b), rae a
n b —HekoTOpble AeUCTBUTENbHbIE YNCAA.

MycTb Ha NAOCKOCTU AaHbl TOYKM (a,b) m (c,d). Jo cux Nnop Mbl He 3HaNW, YTO CieAyeT NoApasymMeBaTh Mo CYMMOM U
npounsBeseHnemM 3STUX ToOYeK. Ha30BEM Tenepb UX CYMMOW TOUKY € abcumccor a+c n opanHaton b+d, T.e. (a,b) + (c,d) =
(a+c,b+d).

Ha3oBém, ¢ 4pyron CTOPOHBbI, Npor3BeAeHMeM 3aaHHbIX TOYeK TOYKyY ¢ abcumccor ac—bd 1 opanHaTom ad+bc,
T.e. (a,b)-(c,d) = (ac—bd, ad+bc).



MycTb BCsKasa Touka (a,0) ocK abcumcc cayXunT nsobpaxeHnem AenNCTBUTENBHOIO YAC/1A @ — CBOEN
abcumccol, T.e. 0TOXAECTBUM TOYKY (a,0) C CAMUM YMUC/IOM @, TO OCb abcLMCC NPOCTO NPeBPaTUTCSA B
YMCNOBYIO NPAMYLO. Mbl MOXeM Tenepb CYMTaTb, YTO MOCTPOEHHAS HAMW U3 TOYEK NI0OCKOCTM HOBas
YMCNOBAS CUCTEMA COAEPXKMT, B YACTHOCTU, BCE AENCTBUTE/IbHbIE YNCIA, @ UMEHHO B Ka4yecTBe ToYeK
ocu abcumcc.

TOUKM OCM OPAMHAT YXKe He MOTYT BbiTb OTOXAECTB/IEHbI C A4eUCTBUTENbHBIMU YNCAaMK. PaccmoTpum,
Hanpumep, TouKy (0,1), 1eXallyto Ha OCM OPAMHAT Ha PACCTOSIHWM 1 BBEPX OT Toukn O. Obo3Haunm a1y
TOYKY bykBoM i: i=(0,1), " HAMAEM eé KBaAPaT B CMbIC/1€ YMHOXEHMSI TOYEK NJI0CKOCTH:
i’=(0,1)(0,1)=(0-0-1-1,0-1+1-0)=(-1,0).

Touka (-1,0) NeXNT, OAHAKO, He Ha OCM OPAMHAT, @ Ha ocM abcumcc 1 NosTomy nsobpaxaer
AEeNCTBUTENBHO YNCAO -1, T.e. i’=-1.

Mbl HawW, cnegoBaTeNbHO, B HaLLen HOBOW YMCI0BOW CUCTEME TaKoe YMC0, KBaZpaT KOTOPOro
paBeH AeNCTBUTENIbHOMY YMCAY -1, T.€. Tenepb YXXe MOXHO U3BNeKaTb M3 -1 KBaAPaTHbIN KOPEHb.
Apyrvm 3HayeHMeM 3TOro KOpHs byaeT Touka i = (o, -1).

MocTpoeHHast HaMK YMC0Baa cUCTeMa, Hosee WMpPOKas YeM CUCTEMA AENCTBUTENbHBIX YMCen,
Ha3bIBAETCS CUCTEMOM KOMMJIEKCHBIX YNCE/, @ CAMM TOYKM NAOCKOCTU C ONpeAenéHHbIMU BbiLle
onepauusMu Hag HUMW -KOMMJIEKCHBIMW YnCaMn. JIerko nokasaTtb, UCNOIb3Yys 3T onepaLmun, YTo
BCSIKOE KOMMJ/IEKCHOE YMC/10 MOXKET ObITb BbIPAXeHO Yepes AeNCTBUTE/IbHbIE YNCAA U UMCO i. TyCTb, B
CaMOM Zienie, AaHa Touka (a,b). BBuAy onpeseneHns cioxeHus cnpaBeAIMBO PaBEHCTBO
(a,b)=(a,0)+(0,b).

Cnaraemoe (a,0) 1€XUT Ha 0CK abcLmMcC M NOITOMY ABASIETCA AEeNCTBUTEIbHBIM YUCIOM a. BTopoe Xxe
cnaraemoe MoxeT 6bITb 3aMMcaHo No onpejesieHnto yMHOXeHus B Buge (o,b)=(b,0) - (0,1).

MepBbIi MHOXMTE/Ib MPaBOM YaCTM 3TOrO paBeHCTBA COBMAAAET C YNC/IOM b, a BTOpOW paBeH i. Taknum
obpasowm, (a,b)=a+b - i, rae cnoxeHne n yMHOXeHME HY>HO MOHMMAaTb B CMbIC/1e OMnepaL i Haj ToYKamu
MIOCKOCTW.

|_|OJ'IY'-IVIB 3Ty O6b|'-IHYI-O 3anncCb KOMMIEKCHbIX YNCE, Mbl cenyac XXe MOXXEM COOTBETCTBEHHO
nepenncaTb I'IpVIBe,ZI,EHHbIe BbiLle CI)OpMyj'IbI Aand onepau,vwl HaJ KOMMNJ1eKCHbIMN YNCN1aMW:

(@t+bi)t(c+tdi)=(a+c)+(b+d)
(@t+bi)—(c+tdi)=(@a—c)+(b—d)

(a + bi) - (c + di) =ac + b-cii + a-d'i + b-d"i* = (a'c — b-d) + (b-c + a-d) i;
a+b:i a‘e+b-d b-é¢—a:d

c+d-i  c2+az X cZ+d?




3. U3BneueHmne KkopHen, KBagpaTHble YpaBHEHUS

Pacnonaras KOMNAEKCHbIMW YUCAaMW, Mbl MOXEM U3BJIeKaTb KBaAPaTHbIN KOPEHb He TO/IbKO U3 YMCA -1, HO U
13 1tob0oro Apyroro OTPULLATENBHOIO AEUCTBUTEIbHOMO YNCAA, MPUYEM ByaeM noayyaTb ABa PasNINYHbIX
3HaYyeHus. MIMeHHO, ec/iv —a eCTb OTpULLATeNbHOE AEUCTBUTE/IbHOE YNCIO, T.€. a>0, TO

v—a= tva-li,
I'\-’E - NOJ10OXKNTEe/IbHOe 3Ha4vYeHKne KBaApaTHOFO KOpHFI N3 NONOXKUTEeNbHOIro Ynciaa a.

Bo3Bpallasnch K peLleHnio pacCMaTpPMBaBLLIErOCS BO BBEEHWUW KBAPaTHOMO YPaBHEHWS C A4eUCTBUTENbHBIMU
ko3 PULMEHTaMN, Mbl MOXEM Ternepb CKa3aTb, YTO M B C/ly4ae 3TO YpaBHEHWE MMeET /Ba Pa3/INUHbIX KOPHS, HO
y>Xe KOMMNEKCHbIX.

KomnaekcHbIxX yncen AOCTaTO4YHO 1 4214 TOT O, 4YTOObI N3BNEKATD KOPpHU 13 N0ObIX KOMMIEKCHBIX YNCen.

AMeHHO, ec/in aHO KOMMAEKCHOE YMC0 a+b-i, To
| |
/ . ’1 / > 2 : '1 f > )
vat b= l=(@dyatibb%) ki j=-{—atyat+bl);
\ 2 \ 2

rae oba pasa 6epétcs NoNOXKMTENbHOE 3HAUYEHME pajmKana . BuaHo, KoHeYHo, 4To Npu t0ObIX 3HAUEHUSX a U
b v nepBoe cnaraemoe npaBon YacTu n KO3GPUUMEHT | BYAYT AeNCTBUTENbHBIMU YNCAAMU. KaxabIn U3 STUX
ABYX PajMKanoB MMeeT ABa 3HaUYeHMs, KOTOpble KOMOUHMPYIOTCS APYT C APYroM Mo C/eAytolemMy npaBuy:
ecn b>0, To NONOXUTENbHOE 3HAYEHNE OAHOrO PaAMKaNa CKIaAbIBAETCS C NONOXUTE/IbHBIM 3HAYEHNEM
APYroro, a oTpMLaTeNbHOE — C OTPULLATENIbHBIM; €C/IN Xe b<o, TO N0N0XNTENbHOE 3HAUYEeHME OAHOIO PaanKaia
CK/1IaZblBAETCS C OTPULLATE/IbHBIM 3HAYEHMEM A PYroro.

Mpumep. M3BneyYb KBajpaTHbIM KOPEHb M3 YMCAA 21-20-i. 34eCh:
va? + b? =441+ 400 = 29,
[

[
c(@a+VaZ+b9) = [>-(21+29) =5,
\IZ

\I

[

|

|

\l

T. k. b=-20, T. e. b<o, TO KOMOMHUPYIOTCHA 3HAYEHWNS NOCNEAHUX PAANKANOB C PAa3HbIMU 3HaKaMK, T. €.
V21—20-1=+(5—2-i).

[
Zo(—a+VaZ+b%) = [Z-(—21+429) = +2,



Mepexoas k Bonpocy 06 n3Bae4yeHNN KOPHS 13 OO0 LLeNoN NOSIOXKUTENbHOW CTEMEHN N U3
KOMMJ/IEKCHbIX YUCEN MOXHO A,0Ka3aTb, YTO A5 Nt06Oro KOMMIEKCHOMO YMC/Ia o CyLLeCTBYET POBHO N
TakKMX Pas/IMUYHbIX KOMMIEKCHbBIX YUCE, YTO KaXA0€e U3 HUX NMPU BO3BEAEHMM B N-10 CTEMNEHb, AAET
4MCI0 a. VIHbIMK C/I0BaMM CNpaBeAs/IvBa C/1eAyHoLLas OYeHb BaXKHas Teopema:

KopeHb n-U cmeneHu u3 1106020 KOMNAEKCHO20 YUCAA UMeem POBHO N PA3/AUYHbLIX KOMNACKCHLIX
3HaYyeHuU.

oTa TEOPEMaA NPUMEHNMA U K ,ﬂ,el\/lICTBMTefIbeIM HYMCNaM, KOTOpPbIe ABNAKOTCA HaCTHbIM C/1y4HaeEM
KOMNJIEKCHbIX YNCEN: KOPEHb N-N CTeNeHn 13 I£|,el‘/’ICTBl/ITeJ'IbHOFO ymcna A umeet POBHO N Pas3/INYHbIX
3Ha‘-IeHl/Il\/JI, B O6LU,EM C/lydae KOMMNNIEKCHbIX; ﬂ,el\/’ICTBMTeanbIX cpean 3sTux 3Haqe|ﬂmﬁg|<a|< M3BECTHO,
6Yﬂ,eT A4Ba, O4HO NN HN OAHOI0 B 3aBUCMMOCTU OT 3HakKa YNC/la An ‘-IéTHOCTVI_‘-I?I%Wn.

Ta|<, KY6VI‘-IHbIl\/’I KOpPEHb 13 eANHNLbI UMEET TPU 3HAYEHUA: 1,

JIErKO NPOBEPAETCA, HTO KaXA0€ U3 3TNX TpéX 3HaYeHUM , B34AT0€ B |<y6e, ,ﬂ,aéT eaAnHunuy. 3HayeHnsammn
KOpPHA quBépTOM creneHn gna eanHunubl ABAAKOTCA YMCia 1, -1, i v—i.

Bbiwe 6bina npuBegeHa popmyna Ansi U3BAeYEHMSA KBaZAPATHOMO KOPHS M3 KOMMJIEKCHOTO YNC1a
a+b-i. 3Ta popmysia cBOAUT M3BIEUEHNE YKA3AHHOTO KOPHS K M3B/IEYEHWIO KBAZAPATHBIX KOPHEN 13
ABYX MONIOXMUTE/IbHBIX AENCTBUTE/IbHbBIX Ynce. K coxaneHuio, py n>2 He CywecTsyeT Gpopmyibl,
KoTopas Obl Bbipaxkasa KoOpeHb N-i CTeNeHn U3 KOMMIEKCHOrO Ynca a+b-i yepes gencTBuTENbHBIE
3HaYeHMA pajnKasoB U3 HEKOTOPbIX BCMOMOTraTe/IbHbIX AeUCTBUTEbHbIX YNCEN; A0KA3aHO, YTO TaKas
dopmyna 1 He MoxeT bbITb Mony4veHa. KOpHM n-11 cTeneHn 13 KOMMJIEKCHbIX YMCen N3BAEKAlTCA, Kak
NpaBu/io, NyTEM Nepexosa K HOBOW 3aMMCU 3TUX YNCEeS, T.H. TPUrOHOMETPUYECKOMN.



4.KybuuHble ypaBHeHUS

MycTb AaHo ypaBHeHWe X3+a-x*+b-x+c=0. [pecbpa3syem 370 ypaBHeHMe, NONOXUB X=y-a[3, rae y-
HOBOe Hen3BecTHoe. [10ACTaBUM 3TO BblpaXKeHMe X B Halle YPaBHEHME, Mbl MOyYUM KybnuHoe
ypaBHEHME OTHOCUTENbHO HEKOTOPOIro HEM3BECTHONO Y, MpMYém bonee npocToe, T.K. KO3GPULMEHT Npu
y? OKaxeTcsa paBHbIM Hy/t0. KoaddburuneHToM npu nepBon cTeneHn y n cBOHOAHbBIM YieHOM byayT
COOTBETCTBEHHO YMCa:

2:a® a'b

-+

- -
A, >

p = —aT'+b,q=

i

T.€. ypaBHeHMe COKpaLLeHHO 3anuLieTcs B BUAe y3+p-y+q=0.

Ecan Mbl HAMAEM KOPHM 3TOMO HOBOIO YPaBHEHUS, TO, BbIYMTAs M3 HUX MO a/3, MONYYNUM KOPHM
MCXOZAHOr0 ypaBHeHMs. KOpHM Hallero HOBOIro ypaBHEHWs BbipaXatoTcs yepes ero ko3dpuumeHTsl npu
nomoLu cnegytouiert Gopmybi:

Kax bl U3 BXOAALWMX B HEE KYOMUHBIX pasnKaIOB UMEET, Kak Mbl 3HaeM, TPy 3HaveHuns. Henb3s,
0ZHaKo, KOMBMHMPOBATb UX MPOU3BO/IbHBIM 06pa3oM. OKa3biBaETCSs, YTO A4/19 KaXA0ro 3HaYeHUs
NepBOro pajmkana MOXHO yKa3aTb OAHO eJMHCTBEHHOE 3HaYeHWe BTOPOro paAmnkana, 4To
npou3BeAeHne UX PaBHO YNCAY —p/3. VIMEHHO 3TU1 ABa 3HaYeHWUs PaZMKaN0B U HY>XXHO CKIaAbIBaTb ANS
TOro, 4Tobbl NONYYNTL, TakMM 06pPa30M, TpU KOPHA HaLlero ypaBHeHUs. Bcakoe kybuyHoe ypaBHeHMe ¢
No6bIMU UNCNOBBIMU KOIDDULMEHTAMN UMEET , CNe0BaTE/IbHO TPY KOPHS, B obuiem ciyyae
KOMM/IEKCHBbIX; HEKOTOPbIE U3 KOPHEM MOTYT, KOHEYHO, COBMACTb, T.e. NPEBPATUTLCS B KPATHbIN KOPEHb.
OaHaKo, NpaKkTUYecKoe 3HaYeHne NpmBeAEHHON GOpPMY/ibl BECbMa HEBEINKO.



5. O peweHun ypaBHeHUU B paguKasiax 1 o CyLecTBOBaHUU
KOpHen ypaBHEeHUU

Dopmynbl N5 HaxoxaeHUss OpMYyN ANS peLleHNs YPaBHEHNIN TPETbEN U YeTBEPTOM cTeneHen bbiiu
HangeHbl ewe B XVI Beke. B 370 xe Bpems Hayanncb nonckm 6onee c10XxHON GOpPMY/bl ANS peLleHUs
YPaBHEHWWN NATOM CTeneHN 1 6onee BbICOKUX CTeNeHeN. ITU NOUCKM Be3ycrneLHo NPOAOIXAANCE A0
Havana XIX Beka, koraa 6bln J0Ka3aH cieAyloWmiA 3aMeydaTe bHbIA pe3ybTar:

Hu 028 kako2o n, 60/1bUWe20 UaAU pABHO20 NAMU , HeAb38 YKA3amb OPMYAY, BbIDAWCAOULYHO KODHU
ypasHeHUa Yepe3 e20 K03 puyueHmsl Npu NOMoULU padukaios.

Ecnu 6bl cywecTBOBas O ypaBHEHME C YNCAOBbIMU KOSIPDULMEHTAMU, AEUCTBUTENbHBIMU NN
KOMMJIEKCHbIMW, TaKoe, KOTOPOEe He MMeO Bbl HM OAHOMO AEUCTBUTE/IbHOMO MM KOMMJ/IEKCHOIO KOPHS,
TO BO3HMK/1a bbl 3aja4a AanbHelLero paclumpeHuns 3anaca ymcen. B atom, ogHako, HeT
HeobX0ANMMOCTH: KOMMNIEKCHbBIX YNCEN J0CTATOYHO ANS peLleHms Ntoboro ypaBHEHUSA C YNCIOBbIMU
koapduuneHTamn. ViMeHHo, cnpaBejiMBa Cleaytollas Teopema:

Bcakoe ypasHeHue n-U cmeneHu ¢ Arbbimu Yuc108bimuU KO3 duyueHmamu umeem n kopHed,
KOMNAEKCHbIX UAU, 8 YACMHOCMU, delcmBumMebHbIX; HeKOMOpbIle U3 HUX MO2ym, KOHEYHO, COBNACMb, M.
€. oKa3ambCAa KpamHbimu.

JTa TeopeMa Ha3biBaeTca «OCHOBHOM TeopeMou Bbicluen anrebpbi». OHa bblna goka3aHa
Aanambepom n Fayccom ewé B XVIII Beke, xoTa anwwb B XIX Beke 3Tn foKasaTenbCTBa 6bl1M J0BeseHb
£,0 MO/IHOWM CTPOrOCTH.



6.4Yuncno pencTBUTENbHLIX KOPHEUn

MycTb AaHO ypaBHeHMe n-i cTeneHn. OHO MMeeT, Kak Mbl 3HaeM, n
KopHeMW. [epBble BONPOCHI, KOTOPble eCTeCTBEHHO BO3HMKAIOT, TaKOBbI:
MMeIoTCS N CPeAU HUX JeNCTBUTEIbHbIE, CKOJIbKO WX, e NPUMEepPHO
OHM pacnonoxeHbl? OTBET Ha 3TU BONPOCHI MOXET 6bITb MOYYeH
cneayownm nytem. O603HaYMM MHOTOU/IEH, CTOALLMI B IEBON HaCTH 8
ypaBHeHus Yyepes f(x). MocTponm rpadpuk MHorouneHa fx).

[Mpumep. MocTpounTb rpadpunk GyHKUNN fX)=X3-5-X>+2-X+1. 1

CocTaBuM TabmLy 3Ha4YeHU MHOTOuYIeHA f(X), CO 3HaYeHMUAMHN Q,
NeXalnuMmn Mexay -1 1 5 1 NocTpomM rpaduk.

]

2 3 415

a fla)
1 -7

0 1

1 -1
2 -7
3 -11
4 -7
5 11

0
Mpaduk NokasbIBaeT, YTO BCE TPU KOPHS HAXOAATCSA Ha MPOMEXYTKaX a
(-1;0), (0;1) 1 (4;5).
4
NHorpa nonesHbl ciegytoline TeopeMbl, JatoLine HEKOTopble
CBEAEeHMSA O CYLLECTBOBAHUM @NCTBUTE/bHbBIX U aXe MOJIOKUTENbHbBIX
KOpHeMu: 8
Bcakoe ypasHeHue He4émHou cmeneHu ¢ deicmsumesibHbIMuU
Ko3dduuueHmamu umeem xoms 6ol 00uH dedcmsumebHbilU KOPeHb. 12

Ecnu 8 ypasHeHuu ¢ delicmsumebHbIMU K03 duyueHmamu cmapuiuil
ko3gpuyueHm AU cB0600HbIU YNeH A _umerom pa3Hble 3HAKU, MO OHO
umeem xoms 6bl 00UH NoAOHCUMEIbHbIU KOpeHb. Ecau ue, ypasHeHue
umeem, KpomMe moao, YemHyr cmeneHb, Mo 0Ho obaadaem makuce u
Xoms 6bl 00HUM ompuUAMenbHbIM KOPHEM.




7. Mpuban>kéHHoe peweHne ypaBHeHUU

3Has 3Ha4YeHNA, MeXay KOTOPbIMU 3aK/IIOYEHDI KOpHVI ypaBHEHMﬂ x3- 5- XP+2-X+1= O, Mbl MOXXE€M YTOYHUTb KOpHVI YPaBHEHUS.
HYCTb HanpuMep, HaC MHTEpPeCyeT KOPEHb (X J'IE)KaLLI,MM Mexay HYJ'IEM n EAVIHMLI,EM Bbl‘-{l/ICJ'Iﬂﬂ 3HaYeHMA 1IeBOM YacTun YpPaBHEHUSA
npun x=0,1; o, 2 0, 3 ; 0,9, Mbl HaW/n 6b| ME)KAy KakKnmMun 4ByMA U3 3TUX ﬂOCerAOBaTEI'IbHOCTEM 3HaYeHNN Anax rpad)MK
MHOrou4/jieHa f(X) nepeceKaeT OoCb a6CLI,VICC, T.€. BbIYNC/INZIN KOPEHb (Xz Y>Xe C TOYHOCTbIO A0 OAHOVI AeCFITOVI.

Mpoaosixas Tak ganee, Mbl MO/ Bbl HAWTU 3HAYEHUE KOPHS C TOYHOCTBIO A0 O4HOM COTON, 1 A0 J060M HYXHOM TOYHOCTMU.
OfHaKo, TakoW MeTOoZ, CBA3AH C FPOMO3AKMUMM BbIYMCIEHUAMM, KOTOPbIE BbICTPO CTAHOBATCS HEBbLINOAHMMbIMU. BBUAY 3TOrO
pa3paboTaHbl pa3/iMyHble METOAbI, Onpegenstolme NpUGANNKEHHbIE 3HAUYEHUS AEACTBUTE/IbHBIX KOPHEN YPaBHEHWS.

MonesHo, cHavana HanTu bosee y3kue FPaHULLbl KOPHS. JN51 3TOro BbIYMCINM KOPEHb C TOYHOCTbIO A0 O4HOW AecsTon. Tak
fl0,7)=0,293, a f(o 8)=- 0,88, a TaK KaK 3HaKW 3HAYEHWUIN Pa3/IMYHbI, TO O 17<Q,<0, 8.

MeTog cocTouT B caeaytouieMm. MycTb 4aHO ypaBHEHMWE N-I1 CTEMNEHMU, IEBYIO YacTb KOTOporo o6o3Haumm Yyepes f(x), 1 nycTb
y>XXe U3BECTHO, 4To Mexay A 1 B nexuT ognH gencTBuTebHbIN KopeHb. Mo onpesenéHHbiM GopMy/1iaM MOXHO HANTU ANt KOPHS O
HoBble rpaHuLbl C 1 D. Mpu 3Tom bvaet uam C<a<D, nam D<a<C.
b-f(a)—-a-f(b)
MpaHuua C Boluncasetca rC = ——————
fla)=r(b)
Torpa, B Hawem npumepe:

~0,8+0,293-0,7+(-0,088) 0,2344+0,0616

0,293 —-(-0,088) - 0,381
®opmyna ans rpanunubl D TpebyeT BBegeHUs 04HOMO HOBOIO NOHSATUE, KOTOPOe ByAeT UrpaThb y HaC NLLbL CAYXeOHYIo ponb;
MO CyLLecTBY e OHO OTHOCUTCA K APYrov YacTu MaTeMaTukn, AnddepeHLnansHOMY NCHUCTEHMIO.

=0,7769

MycTb AaH MHOrOU/eH N-1 cTenenn fix)=a -x"+a -x""+a X"+ . . .+a -x*+a -X+a_

Ha3oBém Npon3BogHOM 3TOrO MHOro4/1eHa U 0603HauuM f'(x) cieAyrowWwnMin MHOroY/1eH (N-1)-1 CcTeneHu:

f(x)=n-a_x"*+(n-1) -a_x"?+(n-2) -a_-x"3+. . .+2:a_-x+a

OH nosyyeH 13 MHorousieHa f{x) no ciegytowemy NpaBuy: KaxXAbv YieH a, -x™ kK MHorouneHa fix) ymHoxaeTcs Ha
nokasaTtesnb cTeneHu n-k NPV X, CaM e NOKa3aTe/lb yMEHbIIACTCA Ha @ANHNLYY,; I'Ipl/l 5TOM CBOBOAHbIN YeH 2 MPONajaeT, Tak Kak
MOXHO CYMTaTh, 4TO 2 =a -X°.

OT MHOrouneHa f’(xX) MOXHO CHOBa B35iTb MPOM3BOAHY0. DTO OyAeT MHOrou4/IeH (N-2)-1 CTeNeHn, KOTOPbIV Ha3bIBAEeTCs
«BTOPOW NPOMN3BOAHOM» MHOrousieHa fix) u o6o3HauaeTcs (x).



Tak, Ans paccMaTpMBaeMOro Hamm MHorouneHa fix)=x3-5-x>+2-x+1 bygeT:
f'(x)=3-x*-10-x+2 n f"(x)=6-x-10.

MpaHuua d BbIYMCAAETCA MO OAHOW U3 cneayrownx Gopmy:

d=aq—32 d= p—IO

f'(a r')y
MepBas 13 HUX BbibMpaeTcs ecav 3Hakum f“(a) n fa) coBnagatoT. B npoTnBHOM Cayyae BbibMpaeTcs BTOpas.

B paccmatprBaemom npumepe BTopas npon3BoaHas f “(x) oTpuuaTenbHa Kak npu a=0.7, Tak n npu b=0.8. MoaTomy, Tak
kak fla)>o, To cneayet B3aTh ANs d BTOpyto popmyny. Tak kak f (0.8)= - 4.08, TO

d=0.8-(-0.088/(-4.08)=0.8-0.0215~0.7784.

Taknm 06pasoMm, Mbl HALWW ANS KOPHS @ CeAytoLyMe MPaHuLLbl, MHOTO Bo/1ee y3Kue, YeM Te, KOTOPbIe Bbl/n N3BECTHbI
Ham paHblue: 0.7769<a_<0.7785.

OTcloaa cieqyeT, 4To eC/I Mbl BO3bMEM ANA 4 CPejHee 3HaueHWe, a_=0.7777, TO CAeNaeM OWnbKy He MPEBOCXOAALLYIO
0.008 — MO/Tlypa3HOCTM FPaHuL, OTpe3Ka.

Ecam noayvyeHHaa TOYHOCTb HEA0CTATOYHA, TO K HaVIAeHHbIM rpaHnyamM MOXHO CHOBa MPUMEHUTL 3TOT METOA,.



9.3aKk/1t04yeHme

Mbl paccmaTpuBann BCE BpeMsl ypaBHEHMA HEKOTOPOW CTEMeHN C O4HUM HEN3BECTHbIM.
Hauano sTon Teopumn nexano euie B 3n1eMeHTapHOW anrebpe, rae nocsie nsyyeHus
YpPaBHEHW NepBOM CTeNeHM NepexoaaT K KBagpaTHbIM ypaBHeHUsM. OgHako B
3NemeHTapHou anrebpe 6bin caenaH ogMH War 1 B Apyrom HanpaBAeHUW: NOC/1e U3yYeHUs
OZHOIr0 YPaBHEHWS MepBOW CTEMEHN C OAHMM HEN3BECTHbIM NepeLLv K paCCMOTPEHUIO
CUCTEMbI U3 ABYX YPaBHEHUM C ABYMS HEM3BECTHLIMWU U CUCTEMbI U3 TPEX YPaBHEHUI C TPEMS
HeN3BeCTHbIMW. TO HanpaBAeHMe NoJyYaeT gasibHelLiee pa3BMUTHE B KypCe BbICLLEN
anrebpsbl, rae N3y4aloTCs METOZbI peLleHnst 1060 cMCTeMbl U3 N YPaBHEHWUN € N
Hen3BeCTHbIMU. Teopusi CUCTEM YPaBHEHW NEPBOM CTENEHU U CBA3AHHbIE C HUMW METOZA bl
peLlleHns, COCTaBAAIOT 0cobyto BeTBb anrebpbl — AMHENHYO anrebpy; no ceomm
NPUMEHEHNAM B FeOMETPUN U B A PYTUX OTPACASAX MaTeMATUKM, a Takxe B du3mKe 1
TEOPETUYECKOM MEXaHWKe OHA ABASIETCS MePBOM CpeAn BCeX YacTel anrebpol.



