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buHapHble OTHOLLEHUS

BUHApPHLIM  OTHOLLEHMEM Mexay anemMeHTamum
MHoXecTB A 1 B Ha3biBaeTcsa nobdoe MnogMHOXECTBO
RS AxB.

Ecnn mHOXectBa A n B coBnapgawotr A=B, 10 R
Ha3bIBalOT OMHAPHbLIM OTHOLUEHMEM HA MHOXecTBe A.
(oQHOpPOAHOE OTHOLLEHNE)

Ecrin (X, Y)€ER, 1O 3TO 0003HayalT euwe xRy u
rOBOPAT, YTO MeEXOy dfieMeHTaMu X Uy YyCTaHOBIIEHO
buHapHoe oTHolweHue R.

N-MeCTHbIM (N-apHbIM) OTHOLUEeHWeM, 3agdaHHbIM Ha
MHOXeCcTBax M1 , Mz, ey Mn, Ha3blBaETCH
NOOAMHOXECTBO  NPAMOIro  MPOU3BEOEHUA  ITUX
MHOXEeCTB.

IHOoroa nNOHATME OTHOLWEHUS onpeaenseTrcs TONbKo
ans yactHoro cnyvas M=M.=M.=...=M _.



[Tpumepbl

OTtHoweHne a= {(4, 4), (3, 3), (2, 2), (4, 2)} Ha
MHoXecTBe X = {4, 3, 2} MOXXHO onpeaennTb Kak

cBouctBo "Menuntca” Ha 3TOM MNOAMHOXECTBE
LenbiX Yncen.

3 WKonbHOro Kypca

Ha MmHOXecTBe uenbix Yncen Z oTHoweHusa "genutea’,

Ll,eJ'II/IT" "paBHO", "Oonbuwe", "MeHbLe", "B3aUMHO
NpoCThbl";

Ha MHOXECTBE NPAMbIX NPOCTPAHCTBA OTHOLLIEHNS
"napannencHbl”, "B3aMMHO NeprneHankynspHbl",
"ckpelwmBatotcs”, "nepecekatorcs”, "coBnagatoT’;

Ha MHOXeCTBe OKPY>KHOCTEMN MIMOCKOCTH
"nepecekatrorca’, "KacatoTrca", "KOHUEHTPUYHbI".



[Tpumep

[lyctb A=B=R, napa (X, y) 9BNsSEeTCcA TO4YKOWU
BELLECTBEHHON NMNOCKOCTU. Torga 6©OuHapHoe
OTHOLLEHNE

Ri={(xy)|x*+y? <1}
onpeaenser 3aMKHYTbIl  KPYyr  €OUHUYHOrO
paguyca ¢ ueHtTpom B Toyke (0,0) Ha
NIOCKOCTU, OTHOLLEHNE

R,={(x,y)|x2y}
NONYnyOCKOCTb, @ OTHOLLEHNE

R={xy) | [xyl=1}
rnosocy.



Crnocobbl 3agaHuna

[lepeyncrieHne Bcex nap n3 6asoBoro
MHOXecTBa A n 6a3oBoro MHoXXectBa B

A={a, ,a,} B={b,,b,,b.}, ={(a,, b,), (a, ,b,), (a,, b,)}
OTHOLLEHNSA MOryT 3agaBaTbcst doopMyramMu:
doopmynebl

y =x°+5x -6 wnu x +y <5 3agator GuHapHble
OTHOLLEHWNS Ha MHOXXeCTBE AeNCTBUTENbHbIX YNCEN;

doopmyna

X + y = noboBb,
3agaeT buHapHoOE OTHOLLEHME Ha MHOXECTBE
nogen.



[ padpnyeckmn MmeTo 3agaHus

a={(a, d), (a, ¢), (b, b), (c, a), (e,d), (e, a)}
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[ padpoBOE npeacTaBrneHne

[padp - durypa coctosiwaa M3 Todek (BEpPLIMH) COEANHEHHbIX TMHUAMMN
(dyramu). BeplunHbl rpada COOTBETCTBYHOT 3fieMeHTaM MHoxecTBa A, TO
eCTb x a Hanu4ve Oyru, COeAMHSIoWEN BEPLUMHBI X U X, O3Ha4yaeT, 4To
(x X)€E R. YTo6bl nog4epKHYTb YNOPSAOYEHHOCTb Napbl Ha oyre ctaBuTCA
cTperka.

A={(a, b), (a, ¢), (b, d), (c, e), (e,b), (e, e);
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MaTpunyHaa dpopma 3agaHus

[TlycTb Ha HEKOTOPOM KOHeYHOM MHoXecTBe X 3agaHo
OTHOWeHMe A. Yrnopsoodmm Kakmm-nnbo obpasom
arnemMeHTbl MHoXxecTtBa X = {x1, X,y ones xn} n onpegennm
Mampuuy omHoweHus A = [aij] criegyoLwmm obpasom:

{], €CITH (x;, X ;) MPHHAIEK HT &,

a, =
? |0, ecrmH (x,,x,) He IPHHAJ JIEKHT (.
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OnpepnenexHus

[naroHanb MHOXecTBa AXA, T.e. MHOXECTBO
A={(x,x) | x€A},

Ha3blBaeTCsd €eAWHUYHbIM OMHaApPHLIM  OTHOLUEHUEeM  UNn
OTHOLLUEHWEM pPaBEHCTBaA B A.

OGnacTtblo onpegeneHna dSMHapHoOro oTHoweHna R HasbiBaeTcs
MHOXECTBO

OR={xE€A| yEB, (X,¥) €ER}. DomR = {z | Jy((z, y) € R)}.

Obnactbilo 3Ha4YeHUMU OUMHaApHOro OTHoWweEHMs R Ha3sbiBaeTcd
MHOXECTBO

PR={yEB | x€A, (X, Y)€ER }.ImR = {y | 3z((z, y) € R)}.
OGpa3zom mMHOXecTBa X OTHOCUTENLHO OTHOLWIEHUSI R Ha3blBaeTcs
MHOXECTBO

R(X)={yEB| x€X, (x,y)ER};
npoobpa3om X oTHocuTensHO R HasbiBaeTcs R -1(X).



Onepaunn Hag bHapHbIMU

OTHOLWEHNAMN

[NepeceyeHune aByx OMHapHbIX OTHOWEHUA R, 1 R, - 31O
OTHOLLUEHUnEe
RNOR,={(x,¥)| (X, Y)ER, n(x, y)ER,}.
>N==>
ObbegnHeHne AByX OMHAPHbLIX OTHOLLEHWUI R, MR, -2310
OTHOLLEHUE
R,UR,={ (X, y) [ (x, Y)ER, unun (x, y)€R, }.
PasHocTbio oTHOWweHUN R, 1 R, Ha3biBaeTcst Takoe
OTHOLLUEHUE, 4YTO:
RAR, ={ (X y)|[ (X, Y)ER, n (X, y)R, }
[lononHeHne K OTHOLLEHMUIO
R (X y) | (X, y)EAXANR}. s_.



ObpaTtHoe OTHOLLEHUE

ObpaTHOEe OTHOLLEHMNE
R ={(x,y)|(y,x)ER}.
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KoMno3numa oTHOLLEHUW

o —-1
[1BoricTBeHHOe oTHoweHne R4 =R

Komnosnuua (cynepno3vumns) oTHOLLEHUN

R=R,0R, coaepxut napy (x, y) Toraa 1 TOnbko
Toma Korna CYLLECTBYET Takoe ZzEA, 4TO

(X, Z)ER, 1 (z, y)ER,.
{(z, y) | Jz(xSz A zRy)}

=G 39 we(iod) (0D

1 1 0



CBoucTBa OTHOLLUEHUW

R, comepxutca B R, (R, & R,), ecnu
nobasa napa (X, y), Kotopasa npmHaonexuT
OTHOWEHMIO R, Takke nNpUHaanexuT u

OTHOLWeHM R,
PedonekcnBHOCTb
VXxEM (XRx)
AHTNPedNeKkCNBHOCTb
VXxXEM =(xRx)



PednekCMBHOCTb OTHOLLEHUI

Obo3Ha4Ynm 4yepes Ix oTHoLEHME Ha MHOXECTBE X,
COCTOSILLlee U3 nap Bmaa (a, a), rae a € X:

Ix ={(a, a)l a € X}.
OTHoLweHue IX 0bbIYHO Ha3bIBAKOT AMaroHasnbko
MHOXecTBa X U oTHoLLEeHMEM ToxaecTBa Ha X.

O4eBnaHoO, 4YTO oTHOoWweHMe R Ha MHOXecTBe X
pedfieKCUBHO, eCnNu gmnaroHanb IX aBnaeTcs
NOAMHOXXECTBOM MHOXEeCTBaA a:

IXx € R.

OTHOLLEHME aHTUPEMIIEKCUBHO, €CIN AnaroHarb IX u
OTHOLWEHNE R HE NMMEKT HXU OOHOro OBLLEro 3riEMEHTa:

IXx N R =0.



CBoucTBa OTHOLLUEHUWU

CUMMETPUYHOCTb Yz, y € M(2Ry = yRx)
xRy —»yRx nnn R=R""
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CBoucTBa OTHOLLUEHUW

AHTUCUMMETPUYHOCTb

Vo, y € M(xRy NyRx = x = y)
[TycTb A - MHOXECTBO noaen B gaHHom odyepeagn. OTHoweHue R "He
CTOSITb 3a KEM-TO B ovepean” oyaet aHTUCUMMETPUYHBIM.

[Myctb x=BACH, a y=MIBAHOB. Tot dpakT, 4T0o (X, Y) €ER 03HayaeT,
yTO "BACH He ctouTt B ouepegu 3a MBAHOBbBIM", (y, X)ER -
"IBAHOB He ctouT 3a BACEW". O4eBngHoO, 4TO OQHOBPEMEHHOE
BbIMOMMHEHUE 00OOUX BKIHOYEHUIN MOXET OblTb, TONbKO ecnn BACHA un

ectb IBAHOB, 1.e. x =Y.
OTHoweHne "=" Takke aHTUCUMMETPUYHO: €CITN X2y N Y2X, TO X=Y.

ACNMMETPUYHOCTb
"‘7";17, = A [( T RU = ﬁ(:yR;lf) '

ACUMMETPUYHOCTbL 3KBUBASIEHTHA O4HOBPEMEHHOW aHTUPEedNEKCUBHOCTU U
aHTUCUMMETPUYHOCTN OTHOLLIEHUS.



CBoucTBa OTHOLLUEHUW

[nsa nodoro oTHoweHUsa R BBOOATCH NOHATUSA
CUMMETPUYHOW YaCcTN OTHOLLIEHUS

*= R MR’
U aCI/IMMeTpI/I‘—IHOI7I YaCTU OTHOLLUEHUNA
R*=R\R®.

Ecnu oTHoweHne R cummeTpuyHo, To R= R®,

ecnu oTHoweHne R acummeTpuyHo, 1o R= R?,
Npumepsbl. Ecrm R - "2", To R - "<" RS- "=", R? - ">",
TpaH3UTUBHOCTb OTHOLLEHWUN

v, y, z € M(zRy A yRz = vRz)



HeTpaH3nTMBHOE OTHOLLEHKE

OTHoweHne R, onpegereHHoe Ha HEKOTOPOM
MHOXeCTBe W oTnuyarouleecda TemM, 4YTO AOnA
NOObIX X, Y, Z 9TOro MHOXecTBa U3 XRy n yRz He
cnenyeTt xRz.

[Tpumep HETPAH3UTUBHOIO OTHOLLEHUA:

«X oTey y»
HeTpaH3UTUBHbLIM ABNAETCH OTHOLLEHUE "#".
[lycTb X=2, y=3, z=2, Torga cnpaBeanmBo X#y "
y#Z, HO X=z, T.€. (X, 2)¢R.



HeraTpaH3MTUBHOCTb OTHOLUEHUN

(xy)$§Run(y,z) ¢ R—(x,z2) ¢R
B rpade HeraTpaH3MTUBHOIO OTHOLLEHUSA OTCYTCTBUE OYr
OT XK ¥ N OT ¥ K Z NPUBOANT K OTCYTCTBUIO OYIN OT X K Z .

OTHoweHna R, - ">" u R% - " #" HeraTpaH3uUTUBHbI, TakK
Kak oTHoweHna R, A" -"<", R A°" - "=" TpaH3nTMBHbI.

BO3MOXXHO OOHOBPEMEHHOE  BbINOMNHEHNE  CBOWCTB
TPaH3UTUBHOCTM N HEraTPaH3UTUBHOCTM.

Hanpumep, oTHoweHre R, OQHOBPEMEHHO TPAH3UTMBHO
W HEeraTpaH3WTUBHO, a R,, KaKk N3BECTHO, TPAH3UTUBHbLIM
He ABnseTcA.



CBounctBa bMHapHbIX OTHOLLEHUN

[TonHoTa
V (X, y) € X nubo xRy nnbo yRx, nmbo n 10 n gpyroe
OOQHOBPEMEHHO —  TOSIHOCBA3HOE  WNU  CBS3HOE
OTHOLLEHME

ALUUKITNYHOCTb

OTHoweHne R HasbiBaeTcsd auuKnuU4yHbIM, €crnv u3s
HanMuna  Kakoro-nubo nytm Mexay BeplunHamM
COOTBETCTBYIOLWErO0 rpada cnegyer  OTCYTCTBUE
obpatHonm AOyrn (obpaTHoro nyTn) Mexay OTUMM
BepLUnHamu (B rpade OTCYTCTBYIOT S00ble LMKIbI ).

vn X, RX, A X,Rx;A X;Rx,A... A x_,Rx_HO He
Ha00O0POT.



Komno3unuus TPAH3NTUBHOIO OTHOLLUEHUA

CnpaBeanvBa Teopema:

,D,J'IFI ntdoro oTHoLEHUSA TPaAH3NTNBHOE 3aMblKaHUE
pPaBHO rnepecevyeHno BCeX TPAH3UTUBHbIX OTHOLUEHUN,
BKINMKOYakloWnMX B Ka4ecTBe NogMHOXECTBA.

Komno3sunuusa TPAH3NTNBHOIO OTHOLWUEHNA —
TPaH3INTNBHOE OTHOLLEHUE.

OTHoweHne R1 HasbiBaeTcHa TPaH3UTUBHbIM
OTHOCUTENbHO OTHOWEeHUA R2, ecnu:
n3 (x, y)€ R1 u (y, x)€ R2 cneayer, 4to (X, z)€ R1,;
n3 (x, y)€ R2 un (y, x)€ R1 cneagyer, 4uto (X, z)€ R1.



CBaA3n mexagy OMHapHbIMU OTHOLLEHUAMMU

OTHoWweHNe R CMMMETPUYHO TOrAa U TOMbKO
Torga, korga R =R,
Ecnn R pedpnekcmsHo, 1o RY

aHTUpednekcnBHO, ecnun R aHTUpednekCcuBHo,
10 RY pednekcunsHo.

OTHoweHne R cnado nomnHo Toraa v TonbKo
Torga, korga RY aHTMCMMMETpPUYHO.

OTHowweHne R acumMeTpuyHO Toraa v TOMbKO
Torga, korgaa RY nosnHo.



OTHOLLEHNA 3KBMBANEHTHOCTW (Nogobus,
PaBHOCUIILHOCTH)

OTHoweHne R Ha MHOxecTBe A?
Ha3blBaeTCH OMmHoOWeHUemM
3KeuesasiIeHmHocmu, eciv oHo obragaet
cnegyrowmmmn CBOUCTBaAMU:

PEdIEKCUBHOCTb

CUMMETPUYHHOCTDb

TPAH3UTUNBHOCTDb

O6o3Ha4vaeTcd =, =, ~, =



OTHOLUEeHne 3KBUBANEeHTHOCTU

X = X ans Bcex XE A (pednekcuBHOCTb)
Ecnn x=y, TOy = X (CAMMETPUYHOCTb)
Ecrimx=yuny=z 1tox=2z
(TPAQH3UTMBHOCTL)



[Tpumepbl

OTHOLLEeHWe ToxpaecTsa [, = {(a, a)la €EX} Ha HeNMycToM MHOXeCTBe
X;

OTHOLLEHME napannesibHOCTM Ha MHOXECTBE NPSAMbIX NMIIOCKOCTY;
OTHOLLEHME Nogobusa Ha MHOXeCTBE oUryp MNOCKOCTH;
OTHOLLEHME PaBHOCUITbBHOCTM Ha MHOXECTBE YpaBHEHUH;

OTHOLLEHME "MMETb OANHAKOBbIE OCTATKM NpU AENEHUN Ha
domkcupoBaHHOE HaTypanbHoe YMCno m" Ha MHOXECTBE LenbiX
ypcen. ITo OTHOLLIEHME B MateMaTMKe Ha3biBalOT OTHOLLEHNEM
CpaBHUMOCTIN MO Moaynto m n obosHavatoT a=b (mod m);

OTHOLUEHMEe "npuHagnexarbs ogHOMY BMAOY" HA MHOXeCTBe
YXUBOTHbIX;

OTHOLLEeHne "ObITb POACTBEHHMKAMWN" HA MHOXXECTBE JOOEWN;
OTHOLLEHME "ObITb OQHOro pocTta" Ha MHOXECTBE JOOEWN;
OTHOLLUEHME "XNTb B 0QHOM AOMe" Ha MHOXEeCTBe Ntoaen.



Knacchel 3kBBaJ1IeHTHOCTU

Cuctema HenycTbIX NOOAMHOXECTB

M, M, ..}
MHO)XecTBa M Ha3bIiBaeTcs pa3bueHuemM 3Toro
MHOXECTBa, ecrnu

M=M,UM,U

nnpun I#

Mlﬂl\/lj =@.
Camu mHOoXXecTtBa M, M., ... HasblBalOTCS Npy
9TOM KriaccamMu OaHHOro pasouneHus.



[Tpumepbl

Pa3noxeHune BCcex MHOIOYroJjibHMKOB Ha rpyrinbl Mo 4Yncry
BEPLUNH - TPEYTOJIbHUKA, HETbIPEXYTOJIbHUKMN,
NATUYTOJIbBHUKU N T. .,

Pa3bneHne Bcex TpeyrornbHNKOB NO CBOMCTBAaM YITOB
(OCTPOYronbHbIe, MPSIMOYTrOrbHbIE, TYNOYTrONbHbIE);

Pa3buneHmne Bcex TPeyroribHMKOB NO CBOMCTBaAM CTOPOH
(pa3HOCTOPOHHKE, paBHODeOPEHHbIE, PABHOCTOPOHHUE);

Pa3bueHne Bcex TpeyronbHUKOB Ha KaccChl NOA0OHbIX
TPEYrofbHUKOB;

Pa3bueHne MHOXecTBa BCEX Y4alLNXCs AAaHHOW LUKOIbI
No Kraccam.



[Tpumep 1

‘UMUK, ecau X =y

R(x,y)= {

"ROXNCY | ECAUX FE Y



[Tpumep 2

a n b paBHbI NO MOAYIO N, €CNN UX OCTaTKU NpU
OeneHnn Ha N paBHbl.

Hanpumep no moaynto 5 paBHbl 2, 7, 12 ...

‘uemund , ecan x = ymodn

"noxce , ecanx # ymodn

R(x,y) ={

[0]={0, n, 2n, ...}
[1] = {1, n+1, 2n+1, ...}

[n-1] = {n-1, n+n-1, 2n+n-1, ...}



Knacc akBuBaneHTHOCTU

Knaccom 3KBMBaArieHTHOCTMU C(a)
dfiIeMeHTa a Ha3sblBaeTcs MOAMHOXECTBO
OJIEMEHTOB, 3KBMBaAlieHTHbIX a. W3
BblLLENPUBEOEHHOIO onpeneneHuns
HeMeOdneHHO Ccreayer, 410, €ecnm W

be C(a), To C(a) = C(b).



Teopema

OTHOLLEHNE 3KBMBANEHTHOCTW, 3aJaHHOe
MeXxay anemeHTamm 6a3o0BOro MHOXECTBA
X, onpegensieT pa3duneHne MHoxectBa X
Ha HenepeceKkalLmnecs Knacchbl
9KBMBaANEHTHOCTN 6a30BOro MHOXeCTBa



daKkTop-MHOXECTBO

[lony4yaiowleecsad npu 39TOM MHOXECTBO
KInaccoB Ha3blBaeTCH doaKTop-
MHOXXeCTBOM {C, }.unn X/~



Teopema

[1Ba Knacca aKkBMBarieHTHOCTU NMMOO coBnagator,
nmbo He nepecekatoTcs.

Llokazamernbcmeo. [lyctb A 1 B - oBa knacca
akBmBaneHTHocTn n3 X. [lonyctnum, 4To OHU
nepecekarTcs N ¢ - OB 3NEMEHT, TO €CTb C
€ A, ¢ € B. Ecnn x - npon3BOnbHbIN 3NEMEHT
n3 A, 7o x ~c. l'lockonbky c € B, Toun x € B.
Takmm obpasom, A C B. AHanNorn4Ho
nokasbiBaetcd, UtTo B C A. Ntak, A = B.
Teopema gokasaHa



[lpeaocTtaBuTenb Knacca

Kak y>xe oTMe4anoch, KaXgbl 3NeMeHT a
n3 MHoxecTtBa X NOSIHOCTbLIO onpeaenser
KIacc 3KBUBArIEHTHOCTMU, ero
coaepXkallunin, KOTopbin ganee
obo03Ha4YaeTca CMMBOSOM 38, TaKk YTo a € 3
(M a =y, ecnu 1 TONMbKO ecnu a = y).
ONeMeHT a Ha3bIBaeTCs npeacraBUTeNem
Krnacca A, ecnm a € A.



